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a (Alpha) § (Beta) Y (Gamma) 

d (Delta) 6 (Theta) »(Bai) 

4> (Phai) V (Psi) 4 ( Mta ) 



<SOTF*r arww 

5fT«ira<i m 

( Trigonometrical Equations and General Values ) 


in. to wft ^r< ct, c*fr 

wtwtw? cwi ^tf^i *Kfai «tforr*f ^fitotsr *rtR 
sri; ferrs woi 1 cro, sin 0=1 

0-* *TR ( *lt=f) 30° ; <*WC*l *HpW 

^ ^1w <|W* wl, sin 150° - sin 30° = £ ; *(jWfo CT TO C*Fh 
uflR 30° ^1 150°-^ W 360°-4PT ^T« $f*fW TO 

ortitt *rtfci (tos:, to ) ^f%3 ^c« i 30°, 

150°, 390°, 510° ^SJtfw W -330°. -210° 3^1% ^CNSJ^ft C*W3 

^ T-^ TO ^r< i ^wppi'stWi cos 0-* ?rft - 1 * 

V * 

0Wl «ITfwn, e-j ^ + 45°, + 315*, 1 405°, 315°, - 40°. 

^SJtfe TO CKW 4#? ’Ufa ^US *ltra I «t*nmr, tan 9- J3 
9-* ^t=t 60°, 240°, 420°, - 300° t'SJtfi* TO <9flft5 

’rm ^r® *im I 


112. C=Pt=I ifiMli C^t«tt=5**lfo >^t 3> a^C*!, 
c.*3»t v 't'^sl*‘W( srt 5 *! (General Expression of 

all angles, one of whose trigonometrical ratios is zero) l 


« TO CTMft* *TI^T *JpRT TOR TO 

C^t*T®% CT-OVR \tU5 

«m to* to Mi ^ cro«Pra 

TO/TOi* ftPnrl Tfe* i wm, ^ to cw«ft *-4* ^ *1 

*ftc* i 

Sin mft c*, 

Wwa sr *1 <m«fi *i 4Mt nTO ‘ 




fawMfifs* - *1 n 5 TTO 6 ! TO 

»M* .*W3pH CTOiM *fr?7 M *ITO C>it JiW C-tH*f*U 
<j!qT <S*irafae ^ ^ «CTh >iTO *«< 

*<TO * rs. 'l«1*M «F? $»C<1 i CfHt#f»K 

TO o <! 1]*$*™. " ^1 !;^* *pA ”1 

iJ 4J «J 

afspT $»fa®4> S$C<1 I ^IS C'fHafa *-‘A i^'JT ifae* *?C1 1 
Sns-IK, cos 0-0 5^W, 0-(2n+l)* tlw, tt M*nS **8 m«i 

■m w <11 tH®rt ** «r*9 toti i 

ian 0 —0 3f£E*f, ^f<»pl sin 0-0 0«»njr. 

^W©lt<T, cot 0«O ?JW, cos 0=*O. m<, 0“(2r +1) f 

• z 

to oc. 0 m<11 sot 0 <PHQ «I9F *lfc* * I, 

^tc-H ^rfc* to toi ^>s»*r «i*hm 1 

11*3. OT C^Sfc®t^ 3=rt^=q ( =T| C=^tCTOJ5t«fe ) 

^t*=7, 3^tssrt^®i TO 5 * fcl®fe ( General expres¬ 

sions of angles ha\ ing the same sine or cosecanl ) 2 

TO *f«, a 4^/5 SRT^ ^1 <««mar^ C^t 6 ! sin a SftSQ 

nfa (Tiftfa ^tfr* to *rc*r«n ^ 3 ^ *nfro *i ) jw* 
ito i TO^rft<r ^f<TO ^ ^itTOi^s cq f7^r cnm to-t &-«*«■ 
fto, a *m ^r 1 to ^ 0 ii^ft cw, 
rtro^H/r-^ *ito 1 

sm Nsina *rl, sin 0 - sm a~ 0, 

*TI, 2 sm i (0 — a) cos i(0 + a) = 0. 

^®<TK, sm l(0-a)^O Tl, cosi(0 + a)-O. 
sm M0~a)~ 0?$F\, 

i(0-a)~sr4*^^'^*fiW-«f»* — (1 

cos i (0 + a) = 0 ^C^T, 

*(0 »-«)- *-^^^fW-«(2ro + l) *••• (2 





bit' 

( 1 ) wift, 

6 — a — Qmn ; *’. 0 = a + 2m7i • ■ • (3) 

(2) TOti wtfsr, 

0 + a = (2m + l)« ; .*. 0 ——a + ( c 2m +l) 7i ••• (4) 

(3) * (4) ^T5 ^ fe*f?N5 ^ CT, 

0 = ( - l) w a + nn, *•• **• (o) 

c^rtw n *mf ^5 *top* sntopp a-cTO ^<5 
*pto i 

cosec 0 = cosoc a sin 0-sin a ; W*W, Ol W*3 C^m 

a-^r c^tOTFfefor *[TO, *pw c*tw* *rwr*i TO« 
(6HW frfa Wl I ft 

^rtk, a w cTO®fa >ii^ c^Tw^Tifo to TO^w a-* 
Tl C*lTWll*i>* *lft® *lTO, <?it * 1 TO Ht=T 

2nn + a Tl, (2» + l) n- a, 

Wl, n*+(“ D" a. 

(n *\^$ ^ W 1 C^Pt=T TOW Ti WW TOJ 1 I ) 

114. CT C=3StC®i^ C^TOlt^ ( =31 ) 

y?srr=4, sTOft^H fTOt%l (General expres¬ 

sion of angles having the same cosine or secant) % 

to =rf%, a tow cw TOH crofts epre stPr h (toi* 
^Tfw TO > lH *iTO ; to o ^ cswft CVM TOt^r 
cTOt^f k-j *iro i 

^WPT, cos 0 — cos a =T1, cos a - cos 0 -- 0. 

*Tl, 2 sin & (0 + a) sin £ (0 - a) * 0. 

W*T<, sin i (0 + a) = 0, Tl, sin |(0-a)-0. 

sin h (0 + a) - 0 ^ (0 + a) - *-4* CT-CTO W» «ft W - nn 

"* (1) 

sin i (0 - a) - 0 ^C»T, ^ (0 - a ) = nr^S flKTO W® 'Sfl^-nn 



TvSWNT‘T^* TOKTO W TO«N n W 




(i ) sri to o + a 2 r* o t 2n'i-ti (0 

(’) ** * » «, 0-a 2)*z 0 2?n I a (l) 

(3)^“(0 o 2 m + « •• (>), 

( n «RT ■a* < ,s ’pi <11 *1 It r * Si *1 *rn <11 *1*51 ) I 

*j< *f«w h' "**«« to, to j to* 

C^tC«tn a-* TOR, «!5f r «t*I *ir<l*J s l qfo** f))^1 

WtriT ftffo w« i 

wn, to to« c^rm c<n*rt$*j *1 ctoi^ tork» a i torijr 

*n Mp«w tor Ow, «t*rcfro *iKtTO *r 

2n*r + a. 

i « TOlsi* ««fl W, 3* ’ll *•*« ’MM *B l ) 

11 I *Jf*i <£*r« ft n TOf *J1 r<|«| <T?RI 

^1 TO <*>fa a TO-TOR TOtt ’TRR C*RR-f ST* <1if*l 7 3 

TOR, S5f T 1 l <os 0 /os (i TO h HC #i 0-« •Jrtl'?* TORI* 

TOM i Wl I 

11*5. c*\ 3=?=^^ c=^tz:®l^ ^Tt*KlC^?«fe (=51 C=^t^5t=R 
C^r c fe) 3^t=q, ^3?tS:5T^ 3it-srt^®i foefe (General 
expression of angles having the same tangent or cotangent) % 

*fr, r ’ftfvRllK TOR TlrR i»RTO*1> <TOs *ff - k-A 
TOR , W 0 TO TOR TOR CRR bjRW A <r TOR I 



... ~i sin 0 «-iu a 

I'm#"tan a xl, - - 

cos 0 cos a 

o, 

<1, 

sm 0 cos a - c os 0 sin a „ , 

- "O. 4'* 

cos 0 cob a 

‘•in (0 - a) = q 
(os 0 < os a 


sinl0-aj = O , 



0 - a = n ^ C^R Sf«T®<f «« 

0 — njr-t a (l) 


fcvrto* 3 <?R§ *j* *itCT *u, <m*i, 

cos 0 cos a 

TORf&JM «TR %t?R ^ ^tf*i ntTO 5(1 I 
*rdn? c^3F«fro srft <*ctpw. a toiw TOffrrRi 



c^TferfTOP&ff TO=f, ^tto^i TO'Q (i)-toi Mt® 

I 

towr, a ctobt T>nTO*t> ti cvt&titoH? *itoto u-c^tci^ 
T>JtTO$ Tl C*TT>JTTOri>* *fTO, ®TTO*ni ’TOt^*! TOT nx + a. 

(n CN-CTO ^fs Tl ^TOS 5 ?, ^5 Tl W ^TOI, <TO1 ^ |) 

11 *6. fTO^TO^ (Special Cases) S 

ii*3 wjzm ^r® «rrr*i TO to a, n ynt ti < 5^5 *rtTO 

31 CTO 


sin 0 — 1 — sin — 0 — 2 nw+- — ( 4 n+l) ^ 

sin (9 - — 1 — sin ( " ^ ) 0 - 2 n*- | -( 4 n - 1 )| 

-( 4 k + 3 )|« 

[ n On h - w - 1) CTO ^<3 *Rt^ Tl tUTOlF? 3TO1 Tl ^ I ] 

TOfi^TO ii’4 ^jzm ^® etroi to a, 
cos 0 — 1 ^C®T, 0 — 2 n* 

cos 0 - -1 && T, 0 -( 2 n+ 1 )*. 

[ n ^ ^smi C*KTO <TO3 *Rt^PF ^1 t«TOPF WJl I ] 

^rcros* froft c^m e-^1 tof®t TO^ 3ns® ^ i 


11 - 7 . 



0 ) *rrt*r c ^i <^tcTO*i*) fif»r& cTO tow 
* wi c^tc«ftr *rfTO*l TO fro6i s 


TO C 3 opR CTO $(Tf%C® TOtST sine «HW Tff*l 
V-3T TO3I 

XOX\ YOY' C*KTO ^f5 *ITOTO* TOfm’f <TOI *f%TI 
O-CTO <*pf? Mi toTO *t^i ^i^f51® «jf%® to i 
oy ^r® on cto a’-^ >tto »tto ^r i 

;c y OY' ^c® TrfSc® ] I n fror TO fro 



tawllfcfo* TOR*! TO 






PNQ CTO \0\' >tf*s5 TOftf <#n 1 TO1 *?C«T, ^'1 ifafiw 

r w\ q cvs csw TO*j i 

«WI Z.P0\ —a W TOpf, « ^ft CTO ^§U I TO C 1, 

sill a oiu OPN - QP = J “ u 

ft* CTO TO CT, C^t«t, TOft TOH '« 'ITO, s!TO 
iim^-aH *ito y 

fwi a=ON TOtfa 5$C*T, 

c^fTO c^m to /— 

(3»-a)<T *TO **OT v£|<K Q /^ & \ P 

$TO fajOTHfafo* TOl l\ nm ' a / // '\ 
Iw-aM *lTOl ' | X^^XV* I 

SvsTO, V-^W TO K 1) Y 7 * 

yoy yr._ly 

fc*r* n-^ toTO* 3 ftffo X_ 

toj (TO*, o w y' 

2*-4r toj) ctotTO 

CTO, a dw (» - aH *rtp{ *fpR WU I* 

4TO, 2* 4* CTO'S '®f s h®*F CTO <n fotTO TOc*T <R-CTO C^tTO 
cTOmt^sfsr TOWfo to* i [ to. 5 10 ] 

^TO, <R *WW CTO«R a-C*tTO *rfrpR *ITO, TOlRl 

2w» f-a TO 2w» + n-a ( to ^ Tl C*f CTO *RTTO Tl SlItTO 

^^5 wn )—^ caflfr to^sp i ^ caftr c*m%* 
*KCT»C*r n*+(-l)"a, ^ *W TO^ TO *f ^5 TO* , (TOC* 
7Z> ^ TOfl tfKTO *TO* Ti TOTO ** Tl TO'© *TOJ1 ) I 

(n) fSfwfc CTOTt^iT ( q\ )-^f»tfe C*tTO^S 5 

TO TO, ©t*® CTOT^r V-4* >fTO I TO OX 


* (eo terminal) sfl *$G?l, 5$f& <3«R CTO Wf W. 

.safa^A sSns «Hn sri. 9t?<i amcx jrsfir^ fnraw B^fe n^m i 



fesK-srlKifir® frjrrsBtejfir 




V-^w aata afaai on vtfeai »rwn (‘a’ *m*ajt «n 

art* ox' aifero^ca , i 

TNQ a**tmi YOY-4* 
aat^at^r af**i few a^i; 
fel O-CW W vW aXtaTf 
fafti nfafata r ^a° 
^ Q-t^ c§* afa«T i 

TO*f*, /.VOX -cr, S5t* 1 
*&»[ a «iwft fefaicVN I 

vtat* to *tr$ wj *s*l at* 
ca, em Ftfafe atca* 

(W *T8f ^fe CVM o, 2n - a 

vrc§, at*tc*r*cvfflfea V-^* aata i‘ 

talw* af?® 2 »-^* caff at facata afea caai at* 

ca, ca aav cat* 6 !* caratla <Kvtm rvtatTO* aata, astma *P 

2mn I-a W 2mn + 2n-a t —4$ ^ €*!%* I *p*1*, ^ 

:at%fe 2nx±a (n *$j vaai ca-cvtaaam ai *i s tm avail 

r-^ var-atai faafo afea i 

(iii) al cvtfen^OT^ fiftfc cvw*i«p ? 



aw aFft, ftfti feitTOPfe* 
ara v. ox at ox 7 $*r® 
<aaa brfjfafife on atftai 
aw *&*ri on- 4* af^$ 
toni np v- 4 * aata 
^firei np vrftr veal i 
‘a’ aaatfn *&a on np, 
*atw at affluv atft 
a^ca; zxop «wa 

jaaai ^Shr. ate* v*fv® 



, ft*V nmft alca 
^XOP Ml* wi s?<f ate* vaM *$ca 




farcTOfifer TO mTO 6 ! TO 




TOTR, fijaf ^^5 ^1 *ITOt ^n TO a, 0 TO 2»-^W TOT 
CTOlTO C*T*ft ft’SJTO I* 

ffa **i¥f 'fTl TO CT, ^fe C^Pim TOT TOfi> a 3$£*T, 

TOlft j* + a ^PT I 2n-^ C^KTO *1*8* CTO Tl fatTO 

^sf%r®T CSf^tt TO c*r, CT *PW C^t 6 !! fcrROTfr a-CTOTO ftrRWWNr 

*ITO, C y ( TOT 1 ® CTO 2mn + a 2wwi + (« + a)—^ ^ffr ^Ci59 
'rfimi P*fc &5* Csflfc*$ nn + a —^ ^<3* 

TO TO, TOPI n *p TOH CT-CTO SfTO 5 ? Tl <im, ^5 Tl «TpI 
*1^1 I 


11*8. Ex. 1. Solve 2 (cos 9 0 - nn*0) = 1. 

«nre ^ifhR 6 ! to*i fafare ntf% 

2 cos 20 = 1;* .’. cos 26“ \ — cos in. 

20 = 2?wi ± &» ; .'. 0=nn±^». 

mk^fi s *i<*% fro p i, fircTOfife* ftfen 

fiTO *TCtTO TO TO ; TO *|TO1PW *flf ife fe ifft* 1^1 
TO$ C2% CTO$ •fTTO I $T*W fe’ICTO* ^rKS'fft TOfe 
t%5 ftTO TO s 

«ra firaftfa®-?sc*i« cro TO .* 

2(cos 2 0 -1 + cos 2 ©)— 1, ^1 4 cos fl 0 = 3 ; 


/I i V 3 ^ <3f-J • 

cos 0 = ± “ = COS „ » ti cos - » 

J2 6 o 


/)« 


0 *= 2wn ± 5 ‘ ^1 2mn ± “7 
6 o 


5n 


TOM, 2mn± “ (2m +1) n- ” » Tl, (2m - l)» + •* • 

n TO« *R*tf*t *fc*T, Flfift CBT%PP| (iwi ± i»)-TOni 

TO TO, TO C*fCTOF ^aift •pO ^TOf I '■ 


* PN: ON ,«i5TOi? fifft 4^ TO^'CTO PNO W*t1 ’I 

pno jrf^s siyn •, to* ^ *nor ^fips £pqni 

<!*«& f=rff^ I ■. 

*» * • 








Ex. 2. Solve 4 cos 3 ® + 6 sin 3 x *** 5. 

^ *pfhRr«rf&PF ^mi nt1% 

4 cos 3 ® + 6 sin 3 ® = 5(cos 3 ® + sin 2 ®), 
^1, sin 3 ® = cos 2 ®, Tl, tan 2 ® = l; 


tan x = ± 1 = tan 



x = nn± n - 
4 

cSfe’IT % a cos 2 ® + b sin 3 ® = c, *,3rt*<rR 

fe*fCTt^F ftsW W1 C^T^CH CTT 5 Tft=CT *rl$Fl VffafTO 
*fifl ’RtW ^1 TO I 

Ex. 3. Solve 2 sin*x + sin* 2® = 2. [ C. U. 1940 ] 

aura mfir ct, 

2(1-sin 3 ®)-sin 3 2® = 0 Tl, 2 cos 3 ®-4 sin 2 ® cos 3 ® = 0 
Tl, 2 cos 3 ® (1-2 sin 3 ®) = 0 Tl, cos 3 ® cos 2® = 0 ; 

^$TO, cos ® = 0 Ti, cos 2® = 0. 

cos ® = 0 »P?|WI ^T3, ® = nn + 

eos2®-0, ■ » , 2® = 2w«±$*, .*. ®-w«±i«. 

Ex. 4. SoZws cos 6 - sm 0 « -^g* 

W5 ViT+i 3 TO1 TO 

mi TO, 



i „ i . * l. 

J2 0mi ~ J2* mi ^ 


*i. 

cos 0. cos t “ sin 0. sin y “ 
4 4 

1 

2 


C08 (fl+ f)“ 2 ' 000 3 


• 

• 

9+|-|b»±|- 

0 = 2»j* + ^ ji, 2wn - — 



w «rf=r 


>*« 


arita: *lfelW5 ®f«rt«rt*l (Extraneous solution)? W 

fewt^rw c*r^rtwi cq, fw*r 

W TO; CTO CTO CTO *RtTO«ft TOT^ffc^ ftf®3 

TOtsi yrs; ffe* sn i apft*jjr *rcfec® totto ^tror 

*iTOT=T w CTO CTO CTO vffl *FW«f*T *ratTO 

*rr«n to, to «f*rs *pfNi? fta sw i kvm toi w ^feiN® 

WWtMt*! (Extraneous solution) I ^s?t^ c l 4~<3 <2f*F§ cq^*T 

4^6 *1^)WI; §TO* TOW **t, a cos 0 + 6 sin 0 = c. 

’iffoTOftCT TO*1 fTO^ WTO ; 


WW cos 0 - “ sin *■ ^ *fe*r, 

cos a 0 — a/ 2 cos 0 + % i = sin 2 0 = 1 - cos a 0. 

.*. 2 cos a 0- -v/S cos 0-| = O. 

- \/2± n /2 + 4.2.4 1± \/§ w 3ri 7« 

•* cosfl “ .2T2 '■ " 2*/S 5=1 C0S 12 ^ cos 12" 

.*. 0 = 2nn ± ^ n, Tl 2 nn ± !*£ 


«f?“5 *T#|W‘I 0-3 2wi-^ 31 27i» + Jg 

c^f^n to, ^ron ’iftoTO* wto 33 1 w&m, f*ira 3pfe 
«rtts ; 11 ft apfe 5^*1 qtf TO 1 toi, 3< 3f4c*f 

cos 0 - - ^2 = - sin 0, cos 0 + sin 0 = ’ **ft 

^TO W »ift WTOft 2 »ji-^ ^ 

2»« + ~; fcncTO *ero wtw^fro &ftro*i sdns 

12 

firaTOrfc* ^^rt^t=r TO^ ef?fe TO i 

^TO,-cTO »pfcwm *wl^ fi<?r *fiw to * 16 * s&ros 
fTO *fflWl TOfl Wtft (TO ;' TO«I. TO 3^3^ 

TOTOaft *rtf3TO TO W3 i 




fanwrififa 




Ex. 5. Solve a cos 0 + b sin 0-c (c>Ja* + b a ). 

TOT a = r cos a, b= r sin a : ( r-C^ *f*TPW ^IRI a 3 

I TO W ) I 

W< ' »■“ J* + * ■ 8in 0= V«* + fc»' 008 °” J«“+6 / 

a W &-*!* TOI TOI TOifa, a CTO*NW I 

sfmtr, a w 5 c*r«fl *rfa»r »• a-* Sfwi to toui tt&n; 

*T3:*fa, ^l^faTfafifaF C*fa1 TO, r cos (0 — a) ■= c 
n oos (#-«)— * — ~^/ a *+ j» “ cos P‘ 


p TjjS&H qTORF CTO TO fa cTOft^f J a t vh * » ww, u, ft *3 £■ 

«rt=n qtftFi ,?-s fefitasc*r TOI i 

^SfvSvfJ^, 0 - a - 2»» ±/?. .’. fl-a + 2rt«±/5. 


''-’4 

4 • 


Ex. 6. jSoZrc -1 cos x + 0 sin x = 5, given tan 51° 21' 

2t*rs >i^w?r *m? */4*+5 M = V4i toi »N TOre 

csfai ^rtir, 

4 

— nna n* -t- _uin t = 

V41 


^009 ^+ VII sm- 


0 ) 


ac^j, tan 51° 21'-i, 

/. sin 51° 21'- cos 51° 31'- • 

^wt<, (i)-c^ *irai *f*iw *rtft «, 

cos 51° 23/ cos ® + sin 51° 21' sin ®- sm 51° 23/ 
Tl, cos (® - 51° 21') - sin 51° 2 L' = cos 38° 39'. 

.*. x - 51° 2l' = 2«* ± 38° 39'. 

.*. ®-2»« + 90°, *1, 2»* + 12°42'. 


Ex. 7. (i) Solve 2 sin 9 ® + sin a 2® * 2 /or - ;» < ® < n. 

&rfa**t 3 TOrci «rtft « 2 f«re WTO 

* 

®~»w + iat ••• (1) 

i 

Tl, ®**JM»±ln[. ••• (2) 







*mqR (iH ?i=o, - 1 ®-4j»w -k ^tri 

«fTO m ~7t^\ 51 v® ^r^r I 

»Wfm (2H 71 = 0, 1, - 1 *rR*1 -n'Q ji-iiRT 5TC«fl *Rf^5 

frsftfr® *RRR9f% *ftt: 

x — ± in, £ji, — 4 -n. 


W9*P1, *R-RR s x « ± " » ± "■ » ± 

4 2 


3 71 

- - - lr 

4 


(ii) Solve cos 0 + J3 sin 0 = 2, 

for - 2n < 0< 2n and 3n < 0< 5n. 

Ji + 3 = v /4 = 2Tfa1 w wt?rai 

*pfrmf& nt$ s 


1 ■+ ^ 3 sii ” 2 


2 0089 ■ 2 


sin # 0 


- 1 . 


'31, cos 0. cos in + sin 0. sin in =1, Tl, cos (0 - Jji) = 1 - cos 0°. 
.'. Q - in = %w, Rl, O — ^nn+ln. 

**R, 7^ = 0, 0 = K -|n, W (-2» f 2*M* 

5TO RC* I 

» = 1, 2 ^*rfe*T, 0 = ^71, V-7*. w (8», 5»)-4* 5fW 

«RTR RC* I 

Ex. 8. Solve tan ax — cot bx. 

tan ax - cot bx = tan (in - bx). 


ax = nn + in~bx. 


2» +1 n 


■ • * 35 "" . 7 /% 

a + b 2 


Ex. 9. If sec ax + sec bx = 0, shoio that the values of x form 
two series in A. P. 

stirs jpftwi «rran fSrfw® *rtf?, 


1 + 1 


0 Rl, cos ax + cos bx - 0 


cos ax cos bx 
Rl, 2 cos i(a + b)x cos 

^WlV cos i(a + b)x=Q '®WI, cos " &) ® * 0 . 

(2 n +1) ».yV 


'4(a + 6)«-— 'Wl, J(o- b)x - 2 ~"*^ >, 





x - ( ' 2n+ , ^ * Wtt, a; » ^-- n + - 1 ^- ?l ' (TtttFf n *1 <71- 
« + o a — b ' 

<7Ffa SRtW Tl «®rftp* *K«|J1 I 

«WI, flp-«4ff ^ C«T% sJt=T TOtTOafll <w 

’wrwcafltora >rr«mr«i *rar wro - 2 - 7 vw -—-• 

a + b *» — « 


a~ b 


Ex. 10. 7/ $m (ji cos 0) = cos (w sm 6), piwe that 

± cos |o + ^ j “’^7 2^ n 5cm# zero or any intcyer, 

sin (n cos 0) = cos (i n sin 0). 

.*. cos (&w - n cos 0) = cos (n sin 0). 

.*. n sin 0 — 2nn± (|n - n cos 0} 


Tl, sin 0 ± cos 0 


4n± 1 


rant 1 . „ . 1 „ 4«± 1 

V2 Smfl± J2° 0sfl “ W2 

■sth • n . 4»±1 

Tl, sin . sm 0 ± cos . cos 0 “ -- 7- rt 
4 4 2 v2 

, /. — n \ 4 lH± 1 

<rt, ±coa\e + 4 )-^ 2 - 

Examples XI^ 

Solve the following equations (Ex. 1 to S3) :- 
1/ cot 2 ® + cosec 2 ® = 3. 

2j(i) 2 eos 2 0 + 4 sin 2 0 ,e3 S. 

(ii) tan 2 0** 3 cosec 2 0-l 
* sj tan x — cot x ■* cosec sc. 

4 J cot ® - cot 2® =p 2. 

if 2 sin 0 tan 0 +1 = tan 0 + 2 sin 0. 

6. sin 50 + sin 0 * sin 30. 
fJ sin mB + sin n0 ** 0. 

V. cob at + cos Qsd + cos 5z + cos 7*“0. 


[ C. U. 1939 





9. cot 2 x — cos x + sin x. 

10. sin x + cos x — v2, for -n < x < n. 

It. sin 2a; tan a? +1 “ sin 2a; + tan x. 

12. cotar -tan x = 2. [ C. U. 1934, *37 ] 

13. sin x + J3 cos ®“ J2. [ C. U. 1938, ’47 ] 

*14. 2 sin j, sin 3® = 1. 

13. sin 0 + 2 cos 0~ 1. ' [ C. V. 1933 ] 

16. tan x + tan 2® + tan 3® = tan ® tan 2® tan 3®. 

17. tan (In + 0) + tan - 0) - 4. [ C. U. 1949 ] 

18. tan x + tan 2® + tan ® tan 2® = 1. [ C. U. 1941, ’45 ] 

19. cos 0+ -s/3 sin 0= J2. [ C. 13. 1944 ] 

20. a/ 3 cos x + sin ® ■* 1, for -2 n< x < 2n. 

21. cos 2®*= cos ® sin ®. 

22. 2 cot ® + sin ® ** 2 coseo ®. • 

23. cos ® + sin ® = cos 2® + sin 2®. [ C. U. 1943 ] 

24. Solve 2 sin 2 ® + sin ® = 3; and find all the angles between 
0° and 1000° which satisfy it. 

25. .Find the solution, of the equations (general solution is not 
required) 

tan ® + tan y = 2 
2 cos x cos y — 1, 

26. If tan ax - tan bx “ 0, show that the values of ® form 
a series in A.P. 

27. Solve 

(i) cos 3® + cos 2® + cos ®“0. [ C. U. 1941, ’46 ] 

Vftif cos 9® cos 7® = cos 5® cos 3®, - in < ® < In. 


(iii) tan ® + tan 2® + tan 3® = 0. [ A. I. 1941 ] 

(iv) cos x - sin ® = cos a + sin a. [ B. H. U. 1938 ] 

’Ip) cos 8 ® - cos ® sin ® - sin 8 ® = 1. 

(vi) cos 6® + cos 4® — sin 3® + sin ®. 

’ / sin a , cos a n 

(vu) .— 0 - +- 

BlU 2® C08 2® 

”• 28. Solve 5 cos 0 + 2 sin 0 = 2, given tan 68° 12' «■ 2$. • 





29. Find those pairs of solutions of the following equations 
which correspond to positive solutions less than 2 n of each indi¬ 
vidual equation :— 

(i) sin (a - 0) - 0 ; sin (a + 0) = 1. 

(ii) sin (a - (3) — cos (a + P) = 

30. If sin A = sin B, cos A— cos B, prove that either A and B 
are equal or they differ by some multiple of four right angles. 

[ C. TJ. 1935 ] 

81. Show that the three equations 

sin a 0 = sin 2 a, cos 2 0 = cos 2 a, tan 2 0 = tan 2 a 
are all identical and the solution is always rw ± a. 

32. Show that the same two series of angles are given by the 
equations * 

x + ^ *=?&« + (- l) n g and x — ~ “ 2 nn ± ” • 
ANSWERS 

1. wsr±^» i.e. (2&+l)^* 2. (i)nir±^* (ii) «» ± ^ • 

3. 2n* ± £» (2fc+ 1 )t. L *" + ( -- 1)"^- 

5. «t+^ » or, mt+(— l)"g* 6* n J ’ or, »nr+ ^ • 

7 ‘ m +f—l) r rt* 8. (2»+l)J» or, (2«+l) or, (2»+l)|- 
0. » or, y+(- 1)"| * where sin a = -• 10. Jw. 

11. «t+ -• 12. (4»+l)'J‘ 13. 2nir+jY or, 2«ir — ■ 

14. (2« + l) ~» or, nv± ^ • 15. 2nv+ ^ > or, 2nr-/3 where £ is 

a positive acute angle whose sine is 16. frtr. 17. «*■+£*•, 

18. (4n+l)^» [n/?3m+2. ] 19. 2nir+-r 5 ir, or, 2flr+ T V*\ 

20. — fr, — Jir, Jir, V*'. 21. J(mr+«), where tan a *2. 22. 2 nr. 

23. 3nr,i(4n*l)jr. 24. 90°, 450°, 810°. 25. &r, 

27. (Q jfW+lr; 2nx±|r. (ii) 0,±^» ±~* ±|* 







(iii) n ? I nir+tan" 1 -^-. 

d n/2 


(iv) 2nrr — a,^- n ~^ir+( 


(v) 2mr, or, 2w*—|jr. 


(vi) (Sn + D^i^.^-V 


(vii) »t+|; (2»+l)g28. 

29. (i) *=*$**&; 0 r, a=f*-, 0= -J*-. 

- ( n ) a = ^ £=tV* ; or, a «HT,j8=|ir 
or , a-lT.p^far; ot, o-Ar./S-i-ir. 


njr + (-1)“ 21° 48' - C8° 12'. 



?7W W77V 

(Inverse Circular Functions ) 

12 *1. sin e* x jrflwtfor sstvR ^ c*r, e *ro i«wfe c*t*l, 
?RR *rr^ ®-4* tot i erar ft*iflrotpr 

9 = sin"‘ 1 a; «i$W «Wf Wl ^ I S[TO, sin -1 ® «l^lm 
^ c% c*w *rRR *rftsr ®-4v tot i sin" 1 ® 

C*t1 W sin 0 4^fB TOJl I sin e-« W 0 = sin~ 1 ® ^ 

g^fB *tf%*; >d* tfB cron «rr%*r ^ *r*t^rfB vRfatCTt c®w 

TR !■ sin” 1 ® SfsgfafB q'fotTO: sir e-inverse x —&stin *tfr® s* i 
ar^HS (sin” 1 ®)-^ (sin ®)" 1 g .* ^RT *lf^5 TO 'fpT **1 

sri «wift ^(B e?t*i w Wfaft ^^fB wji i 

12*2. aFfonwR Wtfo a, CTO 

*rr^- ^ hrt tot ^r, W*i w* + (- i) n e —<4 ca% wfo 

TOT TOFRT *rfar-$ ®-4T *f*rR I *TW, sin” 1 ®-^ *TTO TR 

*rfR «TO sin” 1 ®-^ dwft TOR-fif"fe ^TOF 

(Multiple-valued Function) < tC af T I 

TOfy sln^zsflrWlfW Wrt-n»+(-l)" sin” 1 !, ( C1CT1* 
sin _1 ® TOCTO vfflrfB TO*! ’TOT sine «-*RT TOT ) I 
cos”V^ ’ftSfR 6 ! 5 iR=2wt±cos" 1 ®, 
tan” 1 ®-4V *rHffa*l ^rR = nn + tan” 1 ®. 

0-V STR ( TOR Tl )-<R sin” 1 aHW 

qR (principal value) TO \ TO, sin" 1 ^^ 3JU *TR 30°, 
I <RR TOR*ltm »Rfirk ^HB CW *TRtTO 
'srffv^^TR ^f%«, .fti fB^ f%«, toi *RRR c*troit 357 *rR 

W .TO ^r; CTO cos” 1 ^jn*rR 60°, -60° SR ; *f?e 
.•cos ( - 60°) *4-4* ’WR i 

:. TO TOJRW.fcrflW TOTO: **T jfafc’HJ TO tpi I 



cob" 1 ®, tan" 1 ®, cosec" 1 ®, sec" 1 ®, cot* 1 ® TTfatrfSTQ 

sin"V^ ^npwi ^ to stfisrfatr? wi ftnfte fffa 

i 

12 * 3 . sin 0 = ® ^C*l, 0-sin" 1 ®, *J*fK ©— sin" 1 sin ©. 
©-cos” 1 cos ©-tan" 1 tan © ; I 

0 — sin" 1 ® sin 0 — ®, sin sin" 1 x = x. 

^H^WtC<T, cos cos" 1 ! —x ; tan tan _1 x“X ; ^SJtft I 
<®TfWi *ftft 0, 

cosec _1 x = sin" 1 — 5 cot" 1 ! —tan" 1 - » sec" 1 ! —cos" 1 -* 

xxx 

TO^ cosec" 1 ®-0, ^ 5 t ^1 ^C®T, cosec d-x. 

sin©—'*'* e—ftin" 1 - * .*• cosec" 1 ®— sin -1 ~ • 

® ® ® 

'sfcsmS <2W®I Wl Tfa CT, cosec" 11 “ sin" 1 ®. 

® 

«m*i wi tt* i 

12 *4 . to cro cq-cro ^(5 

TOHJ em-f ’Hi TO, <TO*F 5 tFr TO W>H- 

«Pn?w cq-refa fq*tfh 5 -fffa *imm TOtcqj ewr 
wlTOi 

’Wl— TO qpft sin" 1 ® = 0. .*. sin 0 - A 

cos 0 = \/l-® 2 ; tan0—”/■*= »i cot 0 : * ® ’ 

vl“® 

sec 0 — —>■ * «= 5 cosec 0 - ~ • 

VI —® 8 ® 

0 — sin" x ® — cos" 1 VI - ®* — tan" 1 —7^- , 

vl—® 

* i.-i *s/l-® 8 -1 1_ -11 

® Vl-®. ® 

« 

12 * 5 . To prove Mai 
(I) sin“ 1 x+cosf . 1 x- f 



y»8 




(ii) tan" i x+cot“‘ l x- § 


(ili) cosec” 1 x + sec‘ t x= £• 


(i) 3ICT Bin- 1 * - e ; '®t?1 sin 6 = x. 

tSppC«|, sin 9 ~ cos (1« — ©)• 

cos (iw 0 ) ~*** cos x~\n~~9, 
^531^, sin” 1 ® + cos” 1 ® =0 + £n — 0 — in. 

(ii) tan” 1 ® = 0 ; tan 9 = x. 

tfWW, tan 0 = cot ikn - ©). 

.*. cot (in - 9)-x. t , cot” 3 ® = in-9. 

.*. tan” 1 ® + cot” 1 ® *= 6 + in - 0 = in. 

(iii) cosec” 1 ®* 5 ©. •*• cosec 0 = ®. 

cosec 0 = sec (&?* ~ 0). 

.*. sec (in — 0 ) = ®. • • sec ® i n ®* 

cosec” 1 ® + sec” 1 ® = 0 + in — 0 =* 

12*6. To prove 

(i) tan””*x+t$n ” 1 y■■ tan ” 1 

(ii) t an ” 1 x - tan ” 1 y - tan " 1 

5 ^ r fir, tan” 1 ® —a <3^ tan” 1 !/ = fi. 

tana**®, tan fl — V- 


_ , , tan a + tan 0 ^ ® +1/ . 

tan (a +/3) - x _ tan a tan i-ay 


0 + 0= tan' 1 


1 — 05f/ 


r% tan” 1 ® + tan” 1 !/ 


tan 1 


x + y . 
l-®y 





V©4 


tan (a - 0) = 


tan a - tan 0 
1 + tan a tan 0 


*- V 
1 + xy 


a - 0 —tan 1 


V.. 

1 +*!/ 


.'. tan" x ® - tan 1 y = tan" 1 ----- V • 

1 + *!/ 

iff&IJS eftt 6 ! Wl TO a, 

cot" 1 * ± cot" 1 !/ = cot" 1 £r ^-“"-" 

y±x 


12*7. To prove Mai 

tan" 1 x+tan" 1 y+tan" 1 z s =tan " 1 i X+ ^ + - Z - X ^ Z • 

J 1-yz-zx-xy 

^% } tan” x * = a; tan~ x !/ = 0 ; tan ” x 0 = y. 

tan a = * ; tan 0 = p ; tan y = 2 . 

, / . _ , * tan a + tan 0 + tan y - tan a tan 0 tan y 

1 - tan 0 tan y - tan Y tan a - tan_a tan 0 

_ $ + y + z-xy z m 
1-yz-zx-xy 


vm, a + fi + Y- tan - 1 

1-yz-zx-xy 

. > -1 , , -x . , -1 , _ a * + 1 / + g - xyz 

. . tan * + tan 3/ +tan e = tan 

1-yz-zx-xy 

mfaj s 12*6 w mnw #rr* «ctw ^flpre 4 *iarte 


otPNs 1 TO 8 !, 

TO = (tan " X x + tan” 1 y) + tan ~ x z 


, -1 x + y , , —! 

“tan ;-+tan z. 

1 -*!/ 

<pTO 12*6-^ ^ ertTO fTOf& «Rtfiv5 

sire 1 

12 *8 . tos:, TOts*! *rc«m-»wfir5 TOral 

^ fi<fa to to i fin 

TOPFfi &f^‘l OWI I 




^5-*rr*rrfw farcrMftfe 


>©«» 

Ex. 1. Show that 

(i) sin' X x ± sin~ x y - sin~ L {x Jl-y* ± y Vl-® 2 }. 

(ii) cos" l x ± cos' x y = cos' 1 \xy + V(l-® a )(l-?y a )}. 

sin" 1 ® = a. sina=*® cos a = Jl-x*, 

4*°, sin ~ x y = p. sin 0 = 1 / *4*^ eos/3= Jl~y*. 

sin (a ± ft) = sin a cos 0 ± cos a sin 0 
= x Jl — y*±y Jl-% 2 , 
a±0 = sin" 1 {® Jl-y*±y Jl-x*\. 
f¥«, a±0 = sin" 1 ®±sin“ 1 2 /; ftrfs ^C^rfe eTOtfTO 

I 

(ii) ^ 'TOSWfae cos (a ± 0) *^5 I 

Ex. 2. S/tow that 

(i) 2 $in~ x x = sin' 1 (2® VI“® 2 ). 

(») 2 cos” 1 ® = cos" 1 (2® 2 -1). 

(in) 2 <a?i" x ® = tan ' 1 1 $ * 

i — * 

(i) *f*, sin" 1 ® = a. sina = ®. cos a= Jl-x*. 

dflR, sin 2a * 2 sin a cos a = 2® Jl - ®®. 

. 2a = sin" 1 (2® Vi _ ® 8 )- 
2 sin" 1 ®-sin” 1 (2® Vl-® 2 )* 

(ii) (iii). ^ ^nreffstfire cos 2a 'Q tan 2a-* ^ 

**l I [ 8‘1 I ] 

affe*JS wm f^55if5 WR* sin" 1 ® + sin" 1 #, cos” 1 ® 

+ cos" 1 y 'Q tan" 1 ® + tan" 1 #-^* t/-^* T?tC*T ,® 

I 

Ex. & Show that 

(i) 3 sin' x x mm sin~ x (3®-4® s ). 

(ii) 3 cos' X x = cos ~ x (4® 8 -3®). 

(Hi) 3 i ian~ 1 x~tan~ 1 jzrjj^*' 







(i) ^f?, sin" X x = 0. .*. sin 0 = x. 

sin 30 — 3 sin 0-4 sin 3 0 ~3x~ 4fc 3 . 

.’. 36 = sin" 1 (3sc-4® 8 ), 

3 sin" 1 ® - sin" 1 (3* - 4* s ). 

(ii) (iii). cos 0-? cos 30-? 411 tan 0-? 

tan 30-? 3l3- 5 rcf^5 ^ 

«ron ?t? i [ 8*2 <rt?j ] 

<sfe{J * 12*7 ^^c«r? *zm x~y-z ?*rfe*r (mM? 

*tt'«?1 Tt? I 


Ex. 4. Show that 

2 tan“ 1 x = gin 


^f?, tan _1 a; = 0. 

C?^, 


-i 2x _,l-x a . _., 2x 

r-r-“ COS 1 r-r — r— tan 1 ;-v 

l^+x* 1 + x* 1 — x a 


tan d~x. 


2a; 


. na 2 tan 0 
sin 20 - r-- : 2 . - y- ~a 

1 + tan 0 H-x 


.*. 20 2 tan" 1 * = sin" 1 . 2 

It® 


•* i-* s 




2 tan 0 


2 * 


1 - tan 2 0 1 - * 2 


[ «is?: 8*3 afc?j ] 


*S?S tan 20 
W541, 4$ & fB? *rftrt??l *m? f?we 3? 


Ex. 5. S/iow that 


-i ffl -6 

aw 1 r . _ r 


<Wf, tan" 1 - tan" 1 ^ - tan" 1 * [ 12*6 (ii) <*&* 

tan" 1 vtt* “ 5 b ~ tan” x c 

1 + bc 

tan T 1 7 — " tan" 1 c - tan _1 o. 

1 + ca 

& ic?t^ c?w Tffom ffitf? ^®rft ?t %ti i 

* 




jfW 




Ex. 6. Show that 

2 tan" 1 j + tan" 1 i “ tan" 1 ||* 

2 tan' 1 ® = tan -1 ^.V 


[ S*1. 4 ] 


2 tan" 1 ^ =tan -1 —— 


1 - 


, -i 5 
l“ fcan 12' 
5 a 


*T^ = tan -1 is + tan -1 £ = tan -1 ^ = tan -1 


. -i 2a . . -i 26 

liB rr„ 5+s “ i+6’ 


Ex. 7. Soivc sin" 1 t~. 5 + sm" 1 '*“2 tan" 1 x. 


C<ld^, sin 1 - 2 =2 tan -1 ® 

J_ T X 

Tfa = 2 tan -1 a + 2 tan -1 6. 

2 tan -1 a? = 2 tan - x a + 2 tan" 1 h. 
tan -1 ® = tan -1 a + tan -1 6 = tan -:l 

1 — ah 


[ C. U. 1947 ] 
[ fcfl. 4. ] 


® = : 


a + b t 
1 — ah 


Ex. 8. Solve tan" 1 ® * + taw" 1 ® = - • 

®-2 ®+2 4 

® -1 x +1 

. - 1 ®-2 ® + 2 , 2® 3 -4 

TR *W = tan -5—7“ = tan -5— 

1 ® “i _ 0 

1 «* — 4 

«rawpr, ^t?nri feffar® *rrf% 

j-tan"*!. .*. ~^-l. 2® 9 -l, 



ft*rfte-ffhr 


^ft, cos l x — a 

ismsK, tan a= cos2a = -^ 1 ~- 3,2 

cos a a? 




, cot' 1 s/l 


. a Jl-x z 
. . cot p — —- 

£C 


(1) .*. cos a 85 *.'*;. 


sin £ 


X _ ■*■ 

ji +-cotV * A . i-* a " i 
V 1+ ®* 


-1 Jl-X‘ 


x = sin 0 = sin cot' 1 * 

. ® 

“ sin cot' 1 tan a 
= sin cot' 1 tan cos' 1 ®. 


[ (3) sirs ] 

[ (2) stn ] 

[ (l) sirs ] 


Examples XII 


Provo {Ex. 1 to 17) that :— 

Of (i) tar.' 1 £ + tan' 1 £ = £w. 

(ii) tan' 1 ® + tan' 1 ^ ~ tan' 1 ^ a * 

(iii) tan' 1 £ + tan' 1 a + tan' 1 iV ~ cot' 1 3. 

tan' 1 + cot" 1 Y - tan" 1 £. 

3. tan' 1 1 + tan' 1 2 + tan' 1 3 =» 

■» 2(tan _1 1 + tan' 1 it + tan' 1 £). 

4. (i) tan' 1 x + cot' 1 (x +1) = tan' 1 (x 8 + x +1). 

(ii) tan' 1 —v—H tan' 1 “T T “ tan 1 ~ * 

vv p + q p +pq +1 p 

. . _i a-b . A _i fe-c 

5. tan 1 a~tan c = fcan j—£ + tan 1 ~^* 

6. tan' 1 1 + sin' 1 £ - tan' 1 f £• 

s/l, tan' 1 £ + tan' 1 £ + tan' 1 £ + tan' 1 1 * C C. TJ. *942 ] 





8. 2 tan" 1 $ + tan" 1 y ■= \ n . 

9. (i) sin (2 sin" 1 ®) = 2® Jl-x*. 

(ii) {cos (sin -1 ®)} 2 ={sin (cos -1 ®)} 8 . 


[ C. U. 1937 ] 


'JO. cos" 1 ® = 2 sin 


-i /l~x_ 

V 2 


2 cos" 


* 1 +® 
“ 2~‘ 


11. tan" 1 Jx »= 1 cos 1 \ -*■ 

2 1 + ® 

12. ata~Vf^ = 00s "Vf^ = tan "Vir^ 

40 . -i «-h . . -i b-c . , -x c — a 

13. tan r- ,+tan ---- - + tan —— 

1 + ao 1 + oc 1 + ca 


[ C. U. 1943 ] 


8 i2 T 2 2 8 8 

-1 a -b _! & 7 C . , -1 c -a 

— tan 4 v 2i2 tan \ , *2 2 * tan - § 2 * 

1 + a Zr 1 + 0 c 1 + c a 

14. sec® (tan" x 2) + cosec® (cot -1 3) = 15. 

'15: cot -1 (tan 2x) + cot" 1 (- tan 3®) = ®. 

16. sin 1 £ + sin 1 xV + sin 1 £y =!S £3i. [ C. U. 1941 ] 

17. 4(cot" 1 3 + cosec- 1 J5) = *. [ C. U. 1939 ] 

18. If tan" 1 ® + tan" 1 y + tan" 1 z^n. show that 

x+y+z— xyz. 

19. If tan" 1 ® + tan" 1 y + tan" 1 z = in t show that 

yz + zx + xy = 1. 

20. If cos” 1 ® + cos -1 j/ + cos” 1 ® = n, show that 

®*+y® + «® + %xyz = 1. 

21. If sin" 1 ® + sin" 1 y + sin" 1 z = », show that 

® Jlrx % + y Jl-y ® + s Vl-= 2®i/®. 

22. Find the values of 

(i) sin (sin” 1 -i +cos" 1 4). [fj. TJ. 3935] 

(ii) cot (tan" 1 a + cot" 1 o). f 

_/i 2®_, 7_~i 


2 2 
-i c -a 


[0. U. 1935] 


« / Qj? 

.•(iii) tan || sin " 1 + £ cos 




(ii) tan ' 1 ^3 = sin ' 1 

1 ~® 


^ 8 . If tan " 1 y = 4 tan' 1 ®, find y as an algebraic function of x. 

24. If tan' 1 ®, tan' 1 !/, tan ' 1 z are in A.P., find out the algebraic 
relation between x, y , z. If in addition, x, y, z are also in A.P., 
prove that x = y = z, [ y ¥> 0 , 1 , or - 1 ! 

25. Solve the following equations : 

(i) tan ' 1 (x + 1 ) + tan ' 1 (x - 1 ) - tan'W. 

2 a - t l -b* 
l + o“ C0B 1 + 6 “' 

(iii) tan (cos" 1 ®) = sin (tan“ 1 2 ). 

(iv) tan -1 1 ~r~ — I tan" 1 ®. 

1 + x 

/ \ 1 — 1 ® I,, 2 ® 1 . — 1 2d 

(v) tar, 3 .^ +tan > 2 ]T +1 = t»n 3f .- 

(vi) sin" 1 ®+ sin" 1 2 ® = '? J «. 

(vii) sin -1 ® + sin " 1 (l - ®) — cos' J ®. 

(viii) tan ” 1 (® — l) + tan” 1 ® + tan ' 1 (® + 1) = tan " 1 3®. 

(ix) tan j-^ + cot - 2x 3 

(x) cot ' 1 (® - 1 ) + cot ” 1 (® - 2) + cot " 1 (® - 3) - 0. 

26. Show that 

/.\ ._i®y + l. ,_i yz + 1, .- X zx+l_ n 

(0 cot - - +cot + cot -— 0 . 

x-y y-z z—x 

(ii) tan (tan" 1 ® + tan' 1 # + tan" 1 2 ) 

= cot (cot” 1 ® + cot” 1 # + cot" x r). 

(iii) tan ” 1 (cot ®) + cot ” 1 (tan x) ss n- 2 ®, 


ANSWERS 


22. (i) 1. 

fii) 0. 

(iii) ,- + -- ■ 23.. 

v 1-xy 

4®(1—«*) 

24. (»-#)(!+#«) 

= (y-z)(l+xy). 

25. (i) J, or, —8. 

. Mffir 

(iii) 

• . (iy) ±^y 

(v) or, -|. 

(vi) ±tVJ51. 

(vii) 0,. or, J. 

(viii) 0, ±b 

(ix) 2- J3. 

(X) 2 




3TT5T?*r 3*977? 

fafisna . 

( Properties of Triangles ) 

13*1. <3KTO Tft <OT fast# CW—*rc*r 

*rfc$ i abo fsTfc^r wrsK*r a, b * c ^Br 

wm a, 6 « c toi ^ft* i ^ wsfB ***r 
**r« *Rrnr ftrow sra i ftraftrfa® ^toppsj^ ^rtctnr 
ftfwi »r^ wi ?c^ i 

13*2. C^-CTft ftrgC* ^fra a, 

a _ b _ c 
sin A sin B sin C* 



TO ’Fft, ABO 5 ftp*Sr ; A ^5 BO ’Wfl BC-* *ffat VI* 
(ft* (ii) ) §*f* AD «W frFTl I 

[ «tw fra o 4*f& fWl* ftw c vrc*w **< 

fra C W*T«I ] 

ABD ftPf* ^C4, AD «* AB sin ABD =0 sin B 
<*FTs AOD * * , AD = AO sin ACD-d sin C .[ft* (I) 3 

Ti — 6 sin (» - 0) [ ft* (ii) 3 
*<TV -6 sin 0. 

• .*. b sin C = c sin B. 




b 0 
sin B sin 0 



b ca- 4* fcttoi c*r<fwi a 

a o 

-ss-• 

Bin A sin G 

(iii)-*R to, C *wft WW, ^T‘, 

sin A - sin B =* - sin C = sin 90° = 1. 
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W, -A -_1_ =CBa c. 
sin A sin B sin G 

«iwr, cwft tow, 


b o 


sin A sin B sin G 

wk, tofte c^tc«fa 

^rfesrat i # 

ft w «W«| s 

TO *fir, ABC to^* (circum-circle) Cm 0 *OT 

frflJ E . BO ^fWi 
^f%5 ^to TO ^ *ftoto 
D top® C§? ^Fto I CD ^ Wl ^®T I D 

W, ZBCD = 90°. 

BOD fdl'y* 

BC 


a 



sm BDC BD 2R 
to, ZBDC=ZA, 


= sin A «mi 


= 2R. 


• • nr> wa** a* » i *» . i 

2R sm A 

•/ 

AO *ftn ^Fto *fir •fflto 

B top® C^r TOT CE BE’KJ? Of*TO1 a 


“~=2R -A*' 

sm B . sm 0 


2B. 


sin A sin B sin C 


■■ 2 R. ••• ( 2 ) 

affefl 1. A WrM^OT.AWDf^TBC^WtftnfWfl^ 

wrm *fsw ,• «nti ^pt, «r?f abcd <«fr fiN wH s 



>88 ^55-*rr*af^ 

sin BDC - sin (180° - A)- sin A, ^f^h® 

^1 A *ITOH ^*T, 2R = a- a A ; WS*ff 

sin A 

C^V^tWl TO I 

2. f^TO (2) ^wi «rrf*r, 

a = 2R sin A, 6 - 2R sin B, c = 2R sin C ; 


8in A “ 2 K' 8in K ~ 2 R 1 8 iDC " 2 R 


13*3. c*kto fa^e? erro a, 

a a — b a +c a -2bc cos A, ^1 cos A ** * ^ c " a . 

2 i 2 i 2 

b 2 = c 2 + a 2 -2ca cos B, ^1 cos B-»-—^-- 

zca 

J«l|3 M. i|2 

c 2 -a a +b 2 - 2ab cos C, Tl cos C — , . 

zab 

[ 13*2-^ f^r a^j i ] 

<£fWS TO C TflFFT*! [ f^5T (i) ] * m, SfjTftfo* 

AB® = BC 8 + CA a - 2B0.CD. 

AOD faj^®r ^5, CD - AC cos C - b cos C. 

.*. c®“«* + 6® -2a& cos C. 

*J5TTO, c <repn *pfror [ fwr («) 3 

AB* * BC® + CA® + 2BC.CD. 

’^WW, A ACD ^C^5, CD *» AC cos ACD *? b cos (n - c) 

=* — b cos C. 

/. c* *■ a® + £>* - 2a6 cos C. 

«ro%V 0 ^t*i, [ fast (iii) ] 

AB*=BO* + CA* 



farfc^r 


58* 


w&w, c-c¥tz«t* in c*w 

c 9 = a* + 6 9 - 2 ab cos C. 


.*. cos 0 


a_* + 6 a — c 2 
2 ab 


to* otm ^sn i 

srfe*j s ^ tor®?* • refol d ^r* 

*it*to eftti **i *§*r z% i 

13*4. c*-c*T* far^, am ^f*r® ^r c*, 

a-b cos C+e cob B 
b-c cob A+a cob C 
c—a cob B+b cos A 

^: 13*2-4* to i • 

«m to, c <w, 

BC-BD + CD 

-= AB cos ABD + AC cos ACD, 
a = c cos B + 6 cos 0. 


tote to, c -piOTM, 4*s, 

BO — BD - CD 

— AB cos ABD - AC cos ACD 
= o cos B - 6 cos (180° - C) 

= c cos B + 6 cos C. 


to, c *ra^t«l, 4*s, 

BC = AB cos B 

o — c cos B + 6 cos C [ V . jcos C“cos 90° — 0 ]. 
, 5?*5*te, *tocar§, o-fe cos C + o cos B. 

to* emte **i *te i 

13*5. 13*3 mzm «W 13*2-4* ^ V$XS5 cwr 

V a ’ 

■ - a ' ' 

» sin A 2R a 6 c 1 . 

. t>nA ~^n t-e 1 -a* ~g>+*»-h» 

. .26c 


5* * 



farcwfifa 


tan B - • v- jV_ b * 

tanC “'E^ + T a -c 5 ‘ 

13*6. 

f^®fe 2 (Trigonometrical ratios of half¬ 
angles of a triangle in terms of the sides ). 

*ltWl 2 sin* ^ “ 1 - cos A « 1 - b *~+!!*— 

2 2bc 

m.9 be ~ b l~ c * + ° 8 B o* ~(6* — 26c + c*) 
26c 26c 

q a -(6 -*c)® (a - 6 + c)(g + 6 - c) 

26c 26c 

s (semi-perimeter) 

2s *= a + 6 + c. 

a-'6 + c aa! q + 6 + c-“26 !!= 2s-26 , »2(s“6) 
a + 6 - c=a + 6 + c - 2c = 2s - 2c = 2(s - c). 

W, 2 Bin* £ iu . 4 _(*r.fc). 

2 26c 2 6c 



croroai «prw >115118 to ; tom, «-<TOi 

CTOI A 180' WTO u<90'; ^5Tt1,1A CTOW W 

'IjlTOr, 2oos*|-l + cogA=-l + — 

_ 86o + a* + o*-a* m (ft+ <;)*-a* 

26c 26c 

( 6 + c + a)(b + o — q) . 

266" " r 

•~r ‘ 

6+c w a»a+6+cr“2fl»"2i-2fl =s 2(s-o 



>81 




f-V s 


!=■>. 

be 


q=rrw *rre w } vm 9 ja < 90 ° 

cos £A *RNW I 


tan ^ = sin ^ + cos ~ 
_ /( s-b)(s-c) 


/sis - a), /{s - b){s - c) 

V~be~ V s(s-a) ‘ 


ib, jo c^itsprrwfrs tmPiv msftsi 

€f^m wnrftn 


*mv\ faiftos ntf% s 






13*7. fg^g^ f=g c*&tv*fa -=srt=q 

l (Sine of an angle of a triangle in terms of the 

sides.) 

. . n . A A 
sin A = 2 sm ^ cos ^ 

„. 0 /(s - b){s - cj /sis-a\ 

3 V~ bc~ V fci 

sin A"j— ^s(s-a)(s-b)(s-c)* 

'SR^’TSTFr, sin B*-— Js(s -a)(s-b)Ts-c) 

c« 

sin C— J s(s “ a)(s “b)(s - c). 

Jsis-aW-TyJ^c) c^u^R-^^rrfn^i [^: 13*8], 

forte? ’rt«rft e f^: <sft? a-toi ?*i m i x&n*, 
ffoiftfawRen tfprM ?st ?r?: 


. A 2A . n 2 a 
sin A= t—-> sm B" „ 
be ca 


• n 2 a 
C--J5" 


13*8. fegEBF* CWKSSJwt i 

5ICT ?f%, ABO C*aW*l A ; BC ’It?? S*t? AD »l? «#? 

. ??1 ?| 5 f ; 

ytk AACD ?tr5, AD - AO sin 0 = 6 sin 0. 

/ \ <WI, A “ iBO.AD = iab sin 0. 

jr \ B>«?t o«^t^1? , ifhs?t??n?^Ri ?? 

f- -1—J frtf^l «l??*tStE? «WM ??1?t?CT, 

A * ica sin B = \bo sin A. 

RW&|C<, A = ia6sin0 

**§00 sin B [ V- ; b sin.G-c sin B ] 

. * **ibcsinA [ V a sin B =’Z> sin A ] 

A ^ibc sin A*Jca sin B - $ab sin C — tfj 

-1 (s$fr vW* )xx^yi c?rrc*«.»rt^) i 





^SjBThT, A * i&c sin A-bo sin %A cos |A 

= n/s(s- a)(s -b)(s - c) ••• (ii) 

s=K«+ b +c) *ret$t*T, awn *ri ffl a, 

A-i n/(« + 6 +c)(6 + e - a)(c+ a - bfla+ ft - c) 

= i{26 s c a + 2e*a a + 2a®& 2 - a 4 -& 4 -c 4 }^.”* (iii) 

A = Ibo sin A = \bo ^ -^jjp* ••• (iv) 

a&CT? c^i=r farfCBr* s-wi 

#Ktcw; fro s s-^ sot fafaTf* 

qTWHK A-t i * 

13*9. CT-€TOft^ awtl ^CT CT, 

B - C b - c , A 

tan i—5+c 001 r 

'srl’HI *fTft, CT-C^Ff=t few --"Mi- 

* c sin C 

0 B + G . B-C 

. 6 - c _ sin B - sin 0 __ 2 2 

6 + c sinB + sinC . B + G B - G 

2 sin v— cos —a~ 


.B+G. B-C 
"■ cot —g- tan — %— 

, A. B-C 
-tan gtan—- 

, B-0 b-c ,A' 

• tan_ 2-6 + « °°* 2 ' 

* * 

Tfv 


A.B + O 
’ 2 + 2 


-90‘] 







13*10. 13*2,13*3,13*4 SJtftfe* 

%arsr TOWfa «wrf*te i ms ^ *ft**ft fro*t^ 

m *, c^-cto 4^f5 ’?pw1% «rat*i ^*i i 

^rr^fm 13*4 &F5 13*3 

ftwrre *tmi ntv fro omtwi screes i 


13*4 '®TS[CEgn? *R5PTf£?r, a = b cos 0 + c cos B. 

b — c cos A + a cos C. 
c — a cos B + b cos A. 

^ Rwft TO3CT a, 6, c TO1 'S 4 ! *%1, C*ITO *R# 

<rof& fror*r *Ffii»r cwi c^r, 

5* + c® - a* * 6(c cos A + a cos 0) + c(a cos B + b cos A) 

- a(6 cos 0 + c cos B) * 2 ba cos A. 

■ 4 6 8 +c*-a* ' 

.. cos A- 2&C 

TOmsrrc, *rmi 13*3 to ^f5 ^'Q mft i 

gl^js *rarra ^Rnr artar i 

13*11. <3 ms faFp-*TCnffa TOTftsfa'® f^BRT to * c*w 
c*\$ ms c*z$ o *TO TOTO toi c^T 4 t^ 

TO* toct «wr wi to ^rtro i 

•t-rTO, tan iA, tan *B, tan 404* TO®f%aF TOT ** 4*S 

^iW<k areftfrfc wi frrtw otm **i to s sr%tro i 


vn, JKs^ah-b ){&- c) = A STO, taniATO ** 4PK TO 

V(P" 6 X*^cj -toi tn Toot am TO ct, 


tan 


A (8 — b)(s - c ). 

5 " A" ’ 


'■BpmtCT, ten | - fe=^fe=A tan .Q.fer^S. 

*pTO, oot jato toto to w to J^a) -toi s* 

^ffiw, 

A _«(s-a). 
cot -r " r—r~ » 


2 


.wwn, f - ! ^ ) ‘ 



fairer* *« s 

13 * 12 . ^ i 

Ex. 1. Show that in any triangle 

a{sin B - sin C) + b{sin C - sin A) + c{sin A - sin B) = 0. 

Ttt W = (a sinB-fe sin A) + (6 sin C - c sin B) 

+ (c sin A - a sin C) — 0 + 0 + 0 

_ 0 f '•ra;: 13'2 »iiwi «rtft 

6 1 

sin A sin B sin C J 

Ex. 2. Show that in any triangle 

a sin ( B-C) + b sin (C~ A)+ c sin (A- B) — 0. 

13’2 «rfft C 5 ?, o=2B sin A 

= 2R sin (B + G). [ *.* A + B + O= w] 

a sin (B - G) = 2R sin (B + C) sin (B- C) 

= 2R (sin 2 B - sin 2 C) [&T1. 2, 6*3 ZtilJ ] 

6 sin (C - A) - 2R (sin 9 C - sin 2 A) 

4 c sin (A - B) ■“ 2R (sin 2 A - sin 2 B). 

^ tw crtn ft W3 efatfts® i 

Ex. 3. In any triangle, prove that 

{b - c) cot 1 A + (c - a) cot IB + (a - b) cot 10 = 0. 

13*11 ^PSETtfr cot 1A, cot IB, cot 1C -4* Vflfe*T, 

* ( 

i (c-a)s(s-b) . (a-b) s(s-c) 

— - + A A 

" ^{(s - a)(6 - c) + (s - b)(c - a) + (s - c)(a - 6)| 

*" A ” c ^ + (° ” <0 + (® T &)} “ {<*(& - c) + 6(c -’a) + c(a - 6)jJ 

-s[°-°]- a 







Ex. 4. If the cosines of two of the angles of a triangle are 
inversely proportional to the opposite sides , show that the triangle 
is either isosceles or right-angled. 

awtsutft, 92S 4«- 13'2] 

cos B a Bin A 

sin A cos A = sin B cos B <Tl sin 2A sss sin 2B 

9 

Tl sin 2A-sin 2B=0 Tl 2 cos (A + B) sin (A - B) « 0. 

cos (A + B) * 0, sin (A - B) = 0 
cos(A + B) = 0^C»T, A + B-90°, I 

sin (A-B)-O^PT, A-B = 0^1 A = B, 

M\\ ftnfarfS i 

Ex. 5. If the sides of a triangle are in A. P„ show that 
cot iA, cot i£, cot iC are also in A. P. 

‘ cot iA, cot iB, cot ic C»T% ’ffcf 

cot iB - cot iA = cot iC - cot iB 

-.rft s(s-b) s(s-a)_s(s-c) s(s-b) 

*** ~A A A AT 

tS (s-b)-(s-a) = (s-c)-(s-b) 

«t<K *rffU-6 = 6-c tfw a, 6, c aw# I 

Ex. 6. Show that 

b* sin 20+ c* sin 2J3 = 4A. 

W^d®^ sin 0 cos C + c®.2 sin B cos B 
= 2 b sin 0.6 cos 0 + 2c sin B.c cos B 
= 26 sin 0 (6 cos 0 + c cos B) [ V b sin C = c sin B ] 
* 2a6 sin 0 13*4] 

- 4.ia6 sin 0 - 4 A. [ 13*8 ] 




it* 

(6 + c) cos A + (c + a) cos B + (a + ft) cos 0 — a + ft + e. 

a + b . A+B ,A-B 
- ~r — tan rt cot • 
a-b 2 2 

a® + ft® + c 2 — 2(ftc cos A + ca cos B + ab cos 0). 

(b + c — a) tan ^ ■* (c + a — b) tan^ * (a + 6 - c) tan ^ • 

a sin (B - C) b sin (0 - A) c sin (A - B) 
ft a -c® " c a -a® " o“ - ft® 

o* (sin 9 B - sin a C) + 6 ® (sin a C - sin® A) 

+ c®(sin a A - sin®B) = 0. 

a 2 (cos 2 B-cos 2 C) + ft 2 (cos a C - cos 2 A) 

, + c a (cos® A - eos*B) — 0. 

a 2 sin (B - C) , ft® sin (C - A) , c^jsin (A - B) _ ~ 
sin B + sin 0 sin C + sin A sra A + smB 


• A . B - C , . B . C-A 
a sin g am ^ + b sm ^ sm g 

A . 0 . A-B A 
+ c sm g sm g— = 0 . 

-— 3- sin 2A + ~irtr~ sin 2B + — - sin 20™0. 
o* b * c 

a® sin (B - 0) + ft 8 sin (C - A) + c 8 sin (A - B) *= 0. 

a 8 cos (B - 0) + 6 s cos (C - A) + c 8 cos (A - B) * Softc. 

a 3 sin (B-0) sin (C-A) c_®_sinjA-B) 
sin A sin B sin 0 

(6® - c®) cot A + (c® - a 8 ) cot B + (a* - ft 8 ) cot C = 0. 

ft®-c® ci-aL + a®-ft® 


ft®-o® , + _ cl-aL + a 2 _zftl 4 _ Q . 
cos B + cos C cos 0 + cos A cos A.+ cos B 


(s ~ a) tan |j *= («*- ft) tan ® *(s -c) tan • 

ft — C a A•, C*T Ct |B , fl w t jO_ A 

-COS o + ~~T~ OOS Q + —- cos" -Q m 0. 

a 2 'ft. * 2* c 2 





tts 


20. be cob 8 g + ca cos 8 ^ 


B , , jj 0 s » 

+ a&cos 2 =s . /V 


21 . 


a A .1 a B,3 
8 + , cos « + 


a 008 2 ' 6 


,0 ** 
cos V " ”1“ 
c 2 abe 


22. If A be 00°, show that b + c ■ 2a cos 


B-C 


23. Show that a triangle having its sides equal to 3, 5, 7 is an 
obtuse-angled triangle and determine the obtuse angle. 

24. Given (a + 6 + c)(6 + c - a) = 36c, find A. 

25. If o* - 2(a 8 + 6 8 )c 8 + a* + a a b 8 + 6 4 * 0, prove that 

O *= 60°, or, 120°. 

26. If a 4 + 6 4 + c 4 = 2c 8 (a 8 + 6 8 ), prove that 

C = 45°, or, 135°. , 

27. The sideB of triangle are 2x + 3,x a + 3x + 3, x a + 2a?; show 
that the greatest angle is 120°. 


28. 


If —— + 1 

ff+c 6+c 


3 

a + b + c 


show that G = 60°. 


29. If a “ 26 and A = 3B, find the angles of the triangle. 

30. If the cosines of two of the angles of a triangle are propor¬ 
tional to the opposite sides, show that the tiiuiigle is isosceles. 

sin B 

31. If cos A = n - . » show that the triangle is isosceles. 

2 sm O 

32. If (a 8 + 6 8 ) sin (A - B) * (a 8 - 6 8 ) sin (A + B), prove that 
the triangle is either isosceles or right-angled. 

-38. If (cos A + 2 cos G): (cos A + 2 cos B) —sin B : sin G, prove 
that the triangle is either isosceles or right-angled 

34. If a 8 ,'6 9 , c 8 be in A.P., prove that cot A, cot B, cot O are 
also in A.P. 


35. If a cos 8 ^ +c cos 8 ~ show that the sides of the 
triangle are in A.P. 

86. If sin A : sin G“ sin (A - B) : sin (B - G), ..show that 
a!? 6 8 , c 8 are in A.P. 





itt 


w. If a, 6, c are in A.P., show that 

cos A cot £A, cos B cot £B, cos 0 cot £0 are in A.P. 

[ cob A cot §A«( 1 — 2 sin 9 £A) cot $A«= cot JA—sin A. ] 

38. Assuming A = \bo sin A and using the value of cos A in 
terms of sides, show that A = Js{s - a)(s - b){s - c). 


39. Pind the area of the triangle whose sides are 

V + *> * + *, ®+ £. 
z x x y y z 

40. In a triangle, ‘if a “13, 6 “14, c = 15, find its area. 

Prove that in any triangle : 

. 1 q 2 - 6 ® sin A si n B t 

2 sin (A - B) 

42. 4A (cot A + eot B + cot O^q 8 + 6 8 +e 8 . x 

43. a cos A + b cos B + o cob 0 = 4B sin A sin B sin C. 

3A 


A. 

* 


B 


44. q sin B sin 0 + b sin C sin A + c sin A sin B “ 

45. (q sin A + b sin B + c sin 0)* 

“ (q 8 + 6 a + e a )(sin 8 A + sin 8 B + sin 2 C). 

ta cos B cos C , cos C cos A . cos A cos B_ 1 

46. -;-+-+-,-“ —-s* 

be ca ab 4R 

[ Use 'LccABcot C**l ; ex. 2, .Ex. X. ] 

6 *-c 8 * , c 8 -q 8 n.q’-i' „ 

47. -cos A + —?— cos B +-cos 0 “ 0.\ 

q b c 

cos A . q m cos B . b m cos 0 , c 
a be b ca c ab 

49. 4A “ q 8 cot A + 5 8 cot B + c* cot 0. 

fm /**,&*. c 8 \ . 

50. \—. -- + -V • — 4- -—rjlsi 

Asm A sm B sin 0/ 


6 8 . c 8 \ . A . B . 0 A 
+ -—;r) sin^ sin 7 T sm o * A. 
sm B sm 0/ 2 2 2 


28. 120*. 


89. JZ+i + * 

V #. fl! V 


ANSWERS ■ 
24. A-60*. 

40. 84. 


29. A-90*. B-30°; 0-60°. 







13*13. fsFgC&ra (Circum-radius). 

13'2 msn *rrcs ct, 

—2—■__ ]L_ -_®_ *g 9R 

sin A sin B sin C zn 


B 


a 


abe 


abc 
4A ' 


(ii) 


2 sin A 26a sin A 
13*14. ^^S^W^dn-radius). 

^ I f%^C^ CTO ^ I D, E, F 

WWI fai^Csra 

«IW, ID = IE = IF = r. 

IA, IB, IC TO1 I 
Wl, A ABC - AIBC 
+ AICA + AIAB 
~ 4BC.ID + iCA .IE + &AB.IF 



— | ar + ibr + \cr 
= ir(fl + 6 + c)*=rs. 


A — rs 


A 

r " s 


(i) 


fljraflr, a — BC — BD + DC 

— r cot 4B + r cot $C [ AIBD 'Q AICD ] 

_ cos iB A co s frC I cos jB sin &0 + sin fr B oos |C 

sin £B sin £C 

sin f| B + $C ) — cos \k _ . 

r sin Jb sin iC r sin IB sin fcC 

[ *.* tA + lB + 40-90 B , sin ftB + *C)-cos |A] 

a sin |B. sin &C 
** r T , cos iA 

<««*, *wm xs;i8(i) , ?wfi wtfi a,. 

a -*2B sin A - 4B sin iA-.cos |A 
r-4lf*teiAitalB«lii.lC (ii) 


fapfc«Rr 

*$*1% §ar cw a, af=ae, bd=bf, cd«ce. 

^ 53 ft Tffr* *rfWhmr *rcfa, 

AF + BD + CD - ^<-*tfWhn = s. 

,'. AF + BC = AF + a — s. 

.’. AF = s-a = AE ; 


^*T5tr<, BF = s - 6 = BD, CE •«-<?*■ CD ; 
AIAF str® CWI TtJ W, IF=AF tan IAF. 


.*. r-*(s-a) tan £A 
r~(s-b)tan£B 
r—(»-c) tan £C < 



%4-ft^(Vertex) ffcc® «WJWISRI ^ ! 

AIAP^TS.IA-XPooseoIAP. .'. IA-r cosec JA. 
*W[VW(CT «W«I W1 ’it* CT, IB - r cosec JB, IC = r cosec JC. 


13*15. (Ex-radii of a triangle). 

^CH ABO 1%*Wf7 A Wtm 

cm I t r, ; D,E, P 

WWW BO, OA, AB TfW »rf^5 >at }wnr 

wffcjl 

b « 0 CTim fVifw* ^mt<r 

WWW r, >W r,. 

'WCT, I 1 D = I 1 B-I l P=r 1 . 

Ain BIi 'S OIi I? W(15^*11 

WI A ABO - AIi AB + AIiAO - AI t P0 

-iliP.AB + i^B. AO-iliD.BO 
=irxO + irib-ir.ia ■■<’’. 

m • 

* ifi{b +*c - o)*i r%(,a + b + c - 2a) *» J r x (2s - 2a) # 
. “r x (s-a). 


A 




^55-srrigf^ 


A=ri(s-a). .'. 1*1 -*—- 

8 "* it 


^wpstow 


A 

r “ 8-b 


r »' ,-c/ 

l-RTfT, a = BC = BD + CD 

■*ri cot IiBD + rj. cot IiOD, 

( AIiBD * AIjOD ^5 ) 
=r 1 cot (90° - iB) + r-L cot (90* - iC), 

[V ZIiBD«i(l80°-B) = 90°“iB 
ZIxCD = i (180° -C) = 90°- iC ] 


. a = r x (tan iB + tan id) = r x £ 


sin jB + sin jC ' 
cos iB cos iC. 


« sin j B cos jO + c os jB sin jC 
r1 cos iB cos id 

. =r sin (j B + jC ) ^ cos Hi_ 

1 cos iB cos id 1 cos.iB cos id 

[ V iA + iB + iC = 90° ] 

r x =a cos iB cos iC . coo iA. 

a = 2R sin A “ 4R sin iA cos iA 
r t - 4R sin iA cos iB cos iC\ 

r a — 4R cos iA sin iB cos iO • . (ii) 

r B “ 4R cos iA cos iB sin iC 

AE = AC + CE ■= 5 + CD [YCE-CD] 

«*rc, af~ab+Bf«o+bd [ybf«bd] 

fN, AE = AF, tou, *Ff*t*T Ttt a. 

2'AE*6 + c + BD + CD ! *& + c + a« , 23. AB**s. 

* 

AAIiE I t E - AE tan I,AE. ‘ 

/. ri-Btan^A v 

VtifW, ft *s tail iB i .(iii) 


.. n-stanjAy 
rfCTT, ra-staniB l 
^ a tan JC / 







yfenu wit® (Distances of 

Ex-centres from the vertices) 2 

AAItE 5^5, ItA-IxF cosec I ± AV. 

.*. IxA = ri cosec |A 

= 4R cos JB cos iC [ ’SPS (ii) 'srefTffr ] 
ABI t F 5^05, ItB-ItP cosec IiBF 

I,B-r, seeJB [ V ZI 1 BF«90°-iB ] 


' B np 9 t’®T£<r, IiC-Ti sec |C. 

<fl^5TFT ^*1 C^» I a B*-r a cosec£B, IgC-Ta cosec£C. 

13*16. 

Ex. 1. Prove that -- + — •+ --— - • 

r x r a r 8 r 


13*15 (i) a sarWft 

■siahK_s a , s“~b , s-c 

+- K +-^ r 
3s - fa + b + c) 3s - 2 s 
A ~ A" 


s 1 
A" r ’ 


Ex. 2. Prove that 4 cos iA cos \B cos iC 


s 

- • 
B 




4 s 
abc 


•Jsis-a)(a- b%8-c) 


_4*_ * > 4A — ± t 

abc 8 abo B 


Ex. 3. Show that 

be -r B ra „ ca- r a r s m _ ab-r x r* i 

>i r 8 r 8 ' 

.*. &c-r a r 8 *l [46c - 2s(2s - 2a)3 

•“i [45c - (a + b + c)(6 + e - a)] 


[%: 13*13-^ (ii)-HS 





= i [4fec + a a -(fe + c) 8 ]*i [a* -(6-c) a ] 
* i [(a + b - c){a - h + c)l *■ (s - b)(s - c). 

• be r g r 8 (3 - b)(s - c) (s - q)(a - ft)(e - c) 


= r. 


tfWII Ttt <^, — rsri = r “ 

r a r 8 

toot srorffa ^ 1 

Ez. 4. Prove that in any triangle 

fi + r 2 + r 3 -r = 4i2. 

- ( — + ;) + ( — - — \ 

\s —a s-bl \s-c s I 


2s- a-b 


A «* ** t a _y 

^ (i - a)(s - 6) s(s -c) 

[(« - a)(s-b) + s(« - J 

a _ [ s(s-c) + (s-a) (s-b)l 

L s(s-a)(s~6)(j5-3 J 


[ ’•* 2s = a + 6 + c ] 


A 2s a -s(a + 6 + c) + a6 2s a -s.2s + afe 

' Ac ..A 1 '— 0 -A- 

c,ab_abo 


Ex. 5. J/ ri~r a +r # + r, prove that the triangle is right - 
angled . 

stirs »rftn«i 'srfOTi 

r t -r~r a +r 8 \ 

——~- a '.”r+ 

s-fl s * s—o . «.“0 . . 

A a _ A. (2s - 6 - c) ■ A .« 

$(s-a^ (* - 6)(T^ o) 6)t« * c) 

s(« - a) •■(«- 6)(s - c). 



• • 


tan 9 iA = «1 tan JA = 1. 

.*. JA-45®. /. A-90° 

S ^«T *fe*T tan*£A = ± 1 ^*re, ^^Rt^PP srft W 

^fsr® c*k*fr ja ^f5 ^cw i 

Examples XIII (b) 

Prove that in any triangle (Ex. 1 to 14 ): — 

1. sin A + sin B + sin C ■■ 

2. cos A + cos B + cos C = 1 + ^ * 

• " 

[ Use cos A+cos B+cos C** 1+4 sin J.4 sin £B sin §0. ] 

3 PjZ° + ez* + *^± m0 
r x r a r s 

4. r a r 8 +r a r x + r x r a =s®. 

5. r = R (cos A + cos B + cos C — l). 

.0. r x * R (cos B + cos 0 - cos A +1). 

[ Uss cos B+cos C —cos A <° —1 + 4 sin £4 cos cos |C ] 

7. a cos B cos 0 + b cos 0 cos A + c cos A cos B » 


8. a cot A + fc cot B + c cot 0 = 2 (B + r). 


[• 


cot A ' 


sin 4 


• cos .4 “2B cos A. Then use Ex, 


. 2 . ] 


9 . R - 1 (u + r*)(r a + rjiu + r a ) £ 

4 r a r 8 + r 8 r x + r x r a 

. 10. A * <Jfr x f a rz cot JA cot iB cot $0. 

« 11 1U1 1U1 1\ 4B _ 16B 

\r rx)\ r r a )\ r . r a ) r*s a >*(o + 6 + c) 5 


[ A, 1.1938 3 


i2. (i + i+i+ir.i/iiA+iy 

\r r i r« r#/ . »* W r a r 8 / 









13. r x fr a + **s) cosec A=r a fr s + r^) coseo B k 

=r 8 frx +r a ) oosec C. 


14. 

15. 


ba , ca.ab 

— - + ■- + — 

r t r a r 8 



+ ~ + ~ + 
a b 



In a triangle, a - 13, 6 -14, o * 15 ; find r and R. 


13. If a, fe, c are in A.P., show that r lt r a , r a are in H.P. 


17. If in a triangle, 3R = 4r, show that 
4 (cos A + cos B + cos 0) = 7. 

U8. If the diameter of an ex-circle be equal to the perimeter 
of the triangle, show that the triangle is right-angled. 

[ Use r x —»tan J4. ] 


19. If show that the triangle must be 

right-angled. 

20. If 8R a “o 9 + 6* +c*, show that the triangle is right- 
angled. 

21. If S be the area of the in-circle and Si, S a , S 3 the areas 
of the escribed circles, then 

_1_1.1 , 1 

JB Tsl TsI s/S.’ 

22. In any triangle, prove that the area of the in-circle is 
to the area of the triangle as n : cot f A cot |B cot iO. 

23. If pi, p a , Pn are the perpendiculars from the. angular 
points of a triangle to the opposite sides, show that 

X* A +-1 --1 + i + JL. 

Pi,., Fa p s r i r a r 8 

24. * 'If tic, y* js .be the lengths. of the perpendiculars from the. 
circum-oentrA flft tha aides BO, OA, AB of tha triandilA ARTS. 

VMAtTA* 


i . . 



fap$wa 


b'SM 


25. If x t y , z are respectively equal to IA, IB, IC, and a, 0, Y 
are respectively equal to IjA, I a B, I 3 C, show that 


xyz r 

(i) — - • 

abo s 

bo . on , rib t 
(ill) + P“ 1- 




a 


(iv) ax 9 + by 2 + cz* =* abo. 
[ £7ae Notes of Arts. 1814 and 1815. ] 


15. r=4;R«8J. 


ANSWERS 



W3771T 

cHlRl^ ( Logarithms ) 

14*1. % 

^(5 ftfirl *tPr?r <x ^5 *tft* *wk 

(index of the power) TO1 ^ ftsifa *tft* ‘91trft^, TO* 
(base) «m *tft I 

gfctewr, a* = N*^*T, x Ktwik c*$ TO* fwf* WT 
a(*r^TO**ft*r*)N-^ TOfSre *§r*i ww, wnprtw 

x vS&ik imw toRir to* fifo a ; §*i TO**te:, ®=iogaN 

W ftfas fv I 

2 8 =8 *rf*TTl Iog a 8 = 3 ; 3 TO* ftfl* 

¥OT 2 *rf**f%S5 *§t* 8-4 I <J?*t* 3 4 = 81 *Fl*l log s 81 = 4 ; 

w-’rcRre c*-c*t* **im •rttft^w TOtfff ^ ftnftearc* 

a-cTR *»rm ^** toctj to* **i *t* i 

3^1 #WT, p # *r rtt - !* logj>r=g 

f» n " S* 91 * login («*) 

Tl, i—log,(m"). 

TO**WTct, iog»<s“*w*r, #*-«. 

JiPtTtfti^^CTCT, totw *rtif^-<w fiTO ftf%* ^i»r 

S$tOT TO8 ftfeg i CTO, 2-«fflr 6 *rte, 4-<W 8 Tt 8-aRT 

2 TO* TO5TO$ 64-^T TOST i TO<OT log a 64-6, Iog t 64-8, "OTC 
og,64=2. TOOT, fti(1TO ’rffcr fctlN s« «ttfTOT CTO WDW 

TO'flft'TOfiflH »‘ 

* 14‘2. ftc*TO •Wlaw! 

1 flfWWs $**• TO*1 Wtft CT, a CTO TO* (1»*j3|\5) 
rtft jfcW. o°-l; 'TOOT* legal “0. TOffS. TOW TOW. TOW 

,* '< i ' * i‘ ' ” 


(0 ij* writ's *i#N >jw 

*p7t?, a n-CTW 5tft #»T a 1 =a ; log„<j“ 1. 

, «r«fK, (u) c*t* 1 i 

Sf&TJl. a“=0?tOT, x --«, Wa>l 

Tl, 3?= + °°, a < 1, 

*TOFT, logaO* - 00 , a > 1 3?, 

=* + «°, a < 1 I 

'*NK i «imi f^r apttf*^ 

<*m i '*R 9 rm fstw r amfo^^R wtft i 

ifej 2. a W » ^im wrfa ^ar, a** -» *tfrwrf& 

CTft 5TfOT arf^tCTT apstfSTR **1 *Tfo ^Tl (4ETO[ CWrataf 

a®-4* ^tRR* tffl ^TfCW ); ^(t‘, a««&rtft* *r*ttf3q?l 

( (Wtob fwt»i qsratfa) wafc 

I 

14*3. C^rtf^s sjsts^ • 

af^^Rr *kwi ^5 or<n Tfa a, aprrf^ *swf* «rar 4^f5 

*mrwi «imiwtftc*r, «,®, y *tm srrft^car, 

(i) a«xa v -a x + v 

(ii) o®-*-a w “a®"‘ v 
<W (iii) (a®) v « a* w . 

fNttffir® fstopra 1W5 ritfai^p ’swra *w*r aratfi^- 

**BT6 fW& Cjftfaj^ ^ «TT'8*1 TUf I ^iwft ffiOl C*r^1 ^ar 2 

(i) log« (m x n)=log.m+log.n. 

$18 *n«m* vwwr^rttft’pi^’twri $fc* *j'Ff«tM »ffte 

, wfrr ’wtsr i 

1 * r !• ! .r -- - i . [ . . - .i i r -j" 

* ^ UtOR JRWft *F® Higher Trigonometry hy pea-A Mnkfcexjee afa I . 





«WWs TO ^Ffs, loga*»=a?, logon =y «W logo (mn) * z. 

TOsT^TOT, a® = w, a v =n W a* - m» * a so .fl v =a‘ e+v . 

.'. s^as + y. 

*Fff% logo (pnn) *= logot» + log fl ». 

logo {m.n.p...) = logaWi + log 0 n + log a p +. 

(ii) log. (~j * log. m - log.ii. 

^ tojiw 

<*NrM S TO *fft, logo rn=x, logo n«y, «*K logo (™) - «. 

a*=w, a v = n, «4PK a*«=-^ 

.’. s*a?-y. 

*tftS logo (") “ logo to - logo n. 

(iii) log. Cm)"=n log.ni. 

wm tow wS^, to «w TOjt* 

w w *iTO i 

<TOt*l s logo TO « a! W logo (to) w - «*ffro. TOrT$!TO 

fl**TO, 0*-TO n -(fl*) n »0 n *. 

^»*n». 

logo (to)* 1 * » logo TO. 

# 

14 * 4 . f=»*t 1 =I-*Hiw£** (change of b«se). 

•»K«OTflff*rj ctisw $ffl wtfi^cwrf ttftrt, ct-w-i* 

^t»i- T«ril. 


\ ;.-* logim-* log* m x logfcb. 




*inTf^r 




« log «w» - cr, log&w = y, log a & = z 4SR1 4f4C*T 

a“ — m, b v = m, a * ■* 6. 

.'. a® = tra = 6 V *= (a*) v = a yz . .*. x — yz. 

^fK Iog a W = (logbw) ^ (log a &). 

TOfwte 1. ••Kfiv *»=« 441 44 c4, 

Gogb&) x (logab) - 1. [ V logart = 1 ] 

wsjn 4P141 ^4t4 <2^1*1 ap«4i 


414 ^Pf%, log&a = sc logab ■> y. «TCW)4, b r = a ^4^ a v = 6. 
fl = fe® = (a tf )® = « <cv . ®j/~l. 

.*. log&a xlog a & = l. 

1 


wffS logbft-* 


l0g«b 


^rsjPiifl 2. fe*TC4t^ ^sasfS i -<ot arr^twj 

*1441 Plfttf® «Tff4 S 


log.m - logbm/logba. 

<areW4, m *44t a &5OT b-farfaJV *t4l 4t%4 ro-44 

Prat^ ^41 4t4 i 

14*5. 3=ff«ft«®i (Common system of 

>garithms ). 

«mr 4744tf4* ctoi TOtt w c4 to ^rtTfSipt^w 
*niw 44, <®t4tor4 ftqpr *rr«rr4«t<5: 10 «rf44i »wi 44 i C4 to 

Pttfi^-ara PwT4 10 ^TOftTO 4t4T44 (common) 44tf4^ *145^4 

441 441 *raj. i4*6-4n i 44t ii fcnro Wm ^Prai 

4TC»rib41 *F4l 4^E4 I 

®&4J I ^54 4pfT3 (theoretical) TOtTOT W 

41 44 *W «4*ft J4E44 4tPf e 4t4T4 4t4 2718— (4^ TO# 

PNtifiwF ^twtwi 4K4) i 4> to »rttftppf 441 44 errr? 41 

*fPl?t4 *T4tfl4H (Natural or Naperian logarithm). 

afik (logarithmic series) 4T4tT4J.‘l4f%4 TOJT4 Stiffs 

unfihpi Prff *41 4p (fMffira ^4t4 «m*ft 4^rrr4) f # 





Wbr 


W WtfoRE* W* togSo"* 1 * J,t ^ TOTfi^l 

*rfN&® wi to i ^ imn^ ^®n w »itirhn *rc1^r •rmS^w 

TOR (modulus). 

to:*w ^srrwi ctoto tor«i tew writer «ot* 

fiTO tew =n ^rrften fcro* 10 qffiw s&r i 

14*6. WOTtftl^-israf Tffo® (Characteristic) 

<STO TO*®W (Mantissa). 

TO cwcat »rtTfte?l TO* wrl to* ft* 

^frpw ctoi§ cro tojt* wrfro toProtot w* <w 
toPrto* *rrro *1 ir-ift? w i 

wpl I <*R *KTO* Wtf*i^-*OT OTW* tt5 JfT^ w *OT* 
^TO>" to ^*1 

cro tojr »nitfiwpi wwn *ot< toPitoc* *jfwtji * 
toPrto* Toot? *to*t to* wi vtft* tow 
«rtoji *Tft*i *$jfaR *rfttf** *f*r® w i toot, c*r totr 
wtfv^OT ww otitof i cw, c*R tojr «rtrttep 
-2*3 && ^TO* -3 + *7-vOT OTR CTO TO * W “3C* TO 
OT OTS '7-C* TO OT TO* (- 3 OT)I -3 + 7-C* TOTO 
3*7 CW1 OT I 

teronwL (D i*rcrori swht TOrfir artTO*! 

»rftft OTTfaP* «W TOT!#* TOVftPR *ICT* TOW 

(to iotctofI vm wrorfa wtftepw? *fcfa *ten 
TOtW sfe* 4TC< wwt» OTtft* TOP#! TO* 
C* ^ differ, «Sjfc*3 OTtfro? *t*T TO1 OTCTOrt <OT 
•‘0l%*fol* 

(0. to ^pf% CT,>wrtllJOTF to*ito #wi 

.. * i<mi .sot'cTOTO fsi^i ^iit to «rt itst* ?w ?r aitw #q i 

*Vpkto t ( *$: tra^f a^v a. ] . 



aprrf*^ 

c*-cTO *rc<rf* ^ to 4* to* ( cm, 7 * 209 ) TOrrft 

1 10-4* W*<ft *&* 1 

<W1 10° = 1 4*s 10 1 = 10. 

^4*, 10 *=7*209 ^c»r, x ^9 tow ^s* ft* 1 tow 

*$C* I WSM IR, log 7*209-4* TO 0 4** 1-4* TO*^ 

$*t* **r ^c* o*- 4*^ rtfft ^c* o i 

TOWSft*, 53*0528 4§ **t«t* TOTt^fa ( TOTOT ^^3 TO 
^ TO* *^*31) 10 4*S 100 TOh 10 1 4*< 10 a -4* *TO^ *§E* I 
«T®4*, 10-4* C* TO 53*0528 qfe*, C*lt TO 1 *TC*W f$** ft* 

2 TOW *^5* ^C* log 53*0528-4* TO* *«T *^t* 1*— 4*S 
*1# *fc* 4*" I 

log 10 = 1, 4*% 10 *K*Jtfifa TO* *Wf* cat^** I 

C* *** *K*JT* TOQ TO n TO*, *T*T*1 10"' 1 
(TO1» to* TOJl) 4**s 10 * (TO1 w +1 to* ypen Wfl )- 
4* TO*^ *^C* *<h TOTW* TOf*^-4* TO *^C* (n -1) + CTO 
TOW *TO I TO4*, 4$ *** CTO (n - 1)-4* *TO I 

(ii) TO **f* C* TOJtft W 4** 1 TOW ^3* I (^<t* 
0 4*< 1 4* **J*®^ I ) 

TO*1 TO *f* C*, 10° =1 * 

10" 1 =A *'1 

10”* = T^ =’01 
10“ 8 *= Y^yjjTj = ’001 

10" 4 = ureuff * *0001; I 

i* 

<r*tPr« ft? to i» w ifan «iwi ’fra »mji 
(w, '3015), *i '*tc*w frs? fro i «rc»wi Tpm r «rs4?, 
10 - 4 ? « 4^ «l^? wn c^ ?im ??5*-wri -i<w 

o-4? «pfH -i+ 4*»iw»wttwRr tor i' to4?, 

tow wm* »mfc(H .-47 ’tf*? - 1 - 4 ? tor ^ 1 ? 1 •* 

ft=?? .ft? totSI ?w 4?f6 to *t« 4fcrr «k<iti, ( cro, 

•0786005) \014?? :i ^ 10'* 4?« 10* 1 -41 TOI*?! I 



10* = ’0785005 *far f * TO*$ -1^ - 2-4* 

<8tfK &-4* *i*r -r.•, &-4* irifafa wr <Rtw 

wi *fife*r ®- 4 * vr -2+*.i x- 4 ® wr 

log *0785005-4* *i*fo - 2 ?&E* I 

^♦rstrvoi 4*^ 'ooi iO" a 4*s iO' a -^ *1 *^ toi- 
'aft* «it*£«* f**^r *t* «pr <rt%* 4*s 4^ *i**r TOt* 

■rttft^ -2 4 *s -3-4* w*<t ^t*, *mf*^- 4 * m rtt* 

-2’.. -8 + ’.; «RWW,»t5^*fa “3 ; ^Jtf* I 

fcwiwn. c$ wntfft n&fe arc* *jfSro *&$* 

m ftol ^5 am too *tt«far c^mmiai 

frg TOrfcij, <?fc with 
ro*i , 

4*f3 kfffg«| *t*1 **fc I *11*1*1 835107, 835107000, 
83’5107, *885107, *000835107 4*< 8351*07—4$ TOtsft* Wlft^ 
*rft»rts5ri *f* i 

•mi, log 835107000-log (835107x1000) 

-log 835107 +log 1000 
-log 835107 + 3. 

tfnrtf, log 83*5107 - log 

-log 835107-log 10000 
-log 835107-4 

log *835107 = log Y^foO * 1<?g 836107 “ log 1000000 
* -log 835107-6. 

log *000835107 - log-- log 835107 - 9 
log 8351*07 * log - log 835107 -• 2. 

4$<ttw, cwm nwutt ^ ; iog 035107-4* w- *rnfaj 

4 *f& M wmu TtfMrrt, ^ .TOtaft* log 835107-4* 

^ 1 ^ . * 


log *000835107 - log* 
log 8351*07 * log 


: log 835107-9 
=log 835107 - 2. 










m*, ww *if toi nfrs *K*ut* nr*foj tot 
^ ptf^F f^r TOTO®rf^® fcsrc*nr 10 -^ ^tc^r 
*iTO ^r «w *tt<far c*r*n Tf^r *t<m 

TOT I 

fe*tm. frtTO ^fe m or, (o *K*ftt3r 

*$^% c^TOrta »itw*i? toicti fspfa *rai 
to dn< (a) «wp ^fire c^toii® <?r 

<W$lTO TO 1 TO 1 TOW TOffo fa*f* 

toTO tow sd^#OTcTO^* 5 fe*f*rli 

^vfj^, TOtf*^-^ ^tfrot^ c^wto oron «rrfro& 

toi to< TOre: cmi «rfre 1 TOW TOIft^flr 

frorof «i?k stf^n 1 

147. ^TOa®lsiWl 


log 


Ex. 1. Simplify: log g^-^y 
2-’30103 and log 3-’47712i3. 


and Jind *7s value, given 


fifnS Tift-log 


glnA 10‘2 13 

(l8.2*)* l0S 2^(2.3*.2^J* 


“log 


10 * 2 * 


2*. 2*.3*. 2* 


log - 


10 ( 


2^3' 


-log 10*-log ( 2 *® x8*) 

“1 log 10-(log 2*® + log 8*) ' 

“i log 10-*$ log 2-f.log 8 

“i.l-4« ('30103)-4 C47712; 

-* '26 - -1956698 - -3180009 
* • 

. .“ -1 + ’7862496 -1-7362496.. 

* - • * 

S&JI log 5“teg ¥=log-10“log 2“1 -Iob9: 

teg 6<m teg'2-«r flR fa* fM* vr *ti i 


^Brauw. 





Ex. 2. Prove that 

7 log 1 #~ 2 log H + S Zoff Sw * log 2. 

/10\ 7 /81\* 

'9J_\80/ _f/10\ 7 / 8* 



, _ f/10\ 7 .. I 8* .\*../3x2*x2V\ 
log \\3*) x (ioxa') \ 10" ~) I 


Q 10 \ 

r-)-log 2. 


, /10 T 3 1 * 3* x 2 10 \ , « 

“ log ( 3 1 * X 10® x” 2 ® X 10 * ) = log 2 * 

fwr «W«1 s 

Tfa *IW=7 (log 10 - log 9) - 2 (log 25 - log 24) + 3 (log 81 - log 80) 
.. - 7 {log (5 x 2)-log3 B }-« 2 {log 5*-log (3 x2 8 )} 

+ 3 {log 3*-log (5x2*)} 
= 7 {log 5 + log 2 - 2 log 3} - 2 {2 log 6 - log 3 - 3 log 2} 

+ 3 {4 log 3 — log 5 — 4 log 2} 

=log 2. 

Ex. 8. Find the number of digits in 4 18 t having given 
log 2 = *30103. 

log 4 18 = log 2®° = 30 log 2 = 30 x *30103 = 9*0309. 
log 4 1<f -'*RT 9 4 1 * Vf WXV Wfl I 

\M4. Find approximately the 1 th root of 35*28, having 
given log 2 = *80103, log 3 = *4771218, log 7 = *8450980 and 
log 1197*342 = 3*0782184. 


TO *- (86'28)^ - (-'— 

log ®—♦ [2 log 7 + 2 log 8 + 3 log 2-2log 10] 

«4 [2 x '8460980 + 2 x '4771218 + 8 x '80103 - 2 ] 
-'0782184. («tt) 

4W log 1197*342 = S'0782l84 ’rf’RI, 

log 1'197842 - '0783184 ( $SCW >ITO, fN 

. 1"TOT TOJ1 ) 

b« 1197*43..; 4 < TrPW/TO) * 



, ** 

NextI). ohaif 




>10 


lain an approximate numerical solution of 2*, 
= 100, having given log 2 = ‘30103, log 3 = ‘47712. 

2*.3 ax «100«10 a , log (2*. 3**) =“log 10* 

x log 2 + 2® log 3 = 2 log 10 = 2. 


'* log 2 + 2 log 3' ‘30103 + 2 x ‘47712 

5933 («mr) 



ExS*?^tfiz-a 1 '*’ 1 '*, », then all theloga- 

rithms being calculated to the base a . 


» = o 1 - T ”**, 


••• * = a 1_loK *, 


Iog ° y “l-Tog 0 ®' 

l 0g0 z- rr i-~ y 


( 1 ) 

( 2 ) 


( 2 ) ^n* 

(i) 

__ 1 logpg ^ ~ 1 D 

lOgpJJ -1 “ j oga|/ “ 1 “ j ogaJSr _i“ l ogtt0 - 1 “ 1 - log 0 » 






Exi/: Evaluate log 2 s/2 J -~to^ assuming it to home 
a definite value . 

TO ® = 

./to ^1 ®* -to= 0 . 45 ^ 0 . ® = 2. 

<i|»R«ITOWl%-log,®-log,2-l. 


Ex. 8. If a Wea 5 n , sfcotfl £%a£ n Zo 0 p ®.*= m logtx. ■ 

TO <?R, logp® = a' log*®* 8 ?*'. . 

a*'*® /,6 6 V^ '^fn, a°' = fc 6 '. 

•ft^W W*f, a log a-5' log 6. 



a' m log. 5 
fc' log a ; 






>18 




ms a m - b"-^ <Tm *mf*^ r «rr*rai 

*rft t» log a - » log 6. 


m ^ log 6 
n log a 


( 2 ) 


’’tcmw (i) >*m (2) «rroi «rtft ct, ?, - —• 

O ft 


log a ® »t 
logfc® 71 


ft log®®”wt log&ar. 


Ex. 9. Prove that 

(i) x ioav SS yiogx m 

(ii) x 100 v-^oa » x y l °a *~ l °o « x z 100 x ~ loa v * 1. 

(i) log (x 108 v ) = log y\ogx~ (log x) • log y — log (y 108 *) 

a***- 9 *tr. 

(ii) SIPT ’fft, 

p a x log v-lotr J x j/ lo * #“log * X z log *-log » < 

. log P — (log y - log g) log x + (log z - log a?) log f/ 

+ (log ay - log y) log z- 0. 

P-1. 

® l08 »" 10 * * X y loga-Ioga x z logx-logy _ 

Ex. 10. # a 8 "*6 8 * — a® +5 6 8 *, a; Zog |^J-Zoga. 

, [ C. U. 1937 ] 

*.* a 8 -* 6 B *«a* +8 ft 8 *, 

(3-®) log a + 5® log 6 - (® + 5) log a + 8® log b 
Tl, x [Ioga + 3 Iog6’+loga-5 log 6]-3 logo-5 log a 

9 • 

*fl, ® [2 log a - 2 log 6] — - 2 log a 
• " . 

i 

. 3t» * ®«(Iog b - Jog a) - log a. •*. x log - log a. 

• a 


afaj». <!IW*T* VtWH* 'WTWjty US* iwn (Exponential 
equation) I ,H*. 8.<4fcs*t I 



ill 

Examples XIV(a) 

[ Use the values : log 2 - '30103, log 3 = *4771213, 
log 7 ■» '8450980 when required ] 

1. Find the logarithm of 

(i) 1728 to the baBd 2 */3, (ii) cos s a to the base sec a. 

2. Find log 10 10000. 

3. Show that log 10 2 lies between & and £. [ C. U. 1926 ] 

4. Prove that 

(i) log® wi x log & n * logi, m x log a n. 

(ii) loga loga loga 16 = 1. 

5. If log* m + log* n — log* (m + n), find m as a simple function 

of n. • 

6. Prove that if a series of numbers be in G.P., their loga¬ 
rithms are in A.P. 

7. Prove that 2 log a + 2 log a 2 + 2 log a 8 +.+ 2 log a tt 

*■» (n + 1) log a. 

8. If x is positive and less than unity, show that log (1 + x) 
+ log (1 + x a ) + log (1 + x A ) + log (1 + a? 8 ) + *•* to - log (1 - ®). 

9. Simplify 

(i) loga \/6 + log a Jh 

/..n lo g s/17 + l og 8 - log y/i QOO 
W . “log i r 2 

10. Hna log C0025)* and log (A) -i . . 

11. Prove that 

(i) loga 6 x logs o x log* a -1. 

(ii) loga ® * logb x x log* b x logd c*** xlog* m x loga ft.. 

12. ' Show that- 

(0 7:iogif + 5.1og M + 3.1og M = log : 2. 

(ii) 7 log if + 6 log t t'fi log t+Jog$f» log’s 

13. Extract the fifth root of 84, having given! 

16g 2425805 * 6*3848559.* 




ot-wjr^ T^wtiRr® 


14. Calculate (*0020736) T , having given 

log 41369 = 4*6166750. 

15. Simplify 

V 8 ^ x 14* •. 

>/72 * 5/60 

(u) ^ ~ 62 v 5 havin s given 

log 898665 = 5*9535977. 

16. Find the value of 64 {l -(l*05)“ 80 }, having given 
log 24121-=4*382394. 

17. Find the number of digits in (i) 2 40 , (ii) 3 11 , (iii) (540)®. 

18. Find the number of zeros after the decimal point before 
the first significant digit in the expressions : 

(i) (-024)“. (ii) ( 4 .y. (iii) (-025$)‘°- 

19. Solve the equations 

(i) 3**2. (ii) 3®"* * 7. (iii) 5 6 ®+7® +a = 3 a ®" 8 . 

(iv) 2® = 3 V 1 (v) 7® +w x 3 a ® +w = 9 \ 

2 v+1 s=3*~ l J s x ‘~ v -*'2 se " Sv -3 X i 

20. (i) If log (* 9 y # ) = a, log ( ^ J * 5, find log x and log y. 

(ii) If o* + 6® * 7 db, show that 

log H (a + 6)}«* i (log a + log b). 

21 . Ii - 7 ^ - 7 ^' show that <rVV - 1 . 

yz z~~ x x — y 

22. Why.is log (l + 2 + 8 ) * log 1 + log 2 + log 3 ? 

If a, b , c, .be in G.P., show that 

. loga *, log* 9/, , logo ® .are in H.F. 


sJ4. If xy l ~ x *o, xy m ~ x = 6, arj n .~ x “c, prove that 

« * !. 4 

. (m - ») iog a+(n - f) tog 5+(Z ~ w) log c * 0. 
os t**( y^x- ®) l ?/(*+$- y) _r (tc + y -*) , 

^ ^-ss* ~WT’ eho ^ th8i 

V . V***•**«• 





’PTtfW bn 

ANSWERS 


1. (i) 6. (ii) — 3. 


2 . - 2 . 


5. 


». (i) 1. (ii) 1|. 


w~l 

10. 1*1173942, *3861209. 13. 2*426805. 14. ‘41369. 

15. (i) 1*8969092. (ii) ‘898665. 16. 39*879. 

17. (i) 13. (ii) 6. (iii) 25. 18. (i) 24. (ii) 4. (iii) 79. 


“• « iog'a’ * ,68 - 


(ii) 4+K’ S " n - 


..... 2 log 7-3 log 3 ., AO 

6 log 5-log 7 — 2 log 3* f ‘ C ‘* 108 **' 


<iT) "’"SsSg'a" 2 ' 71 nm,T - nearly - 

, . 26 (2a— b) , 2ab 

w 5ab+Sac - 26 a — be 5ab+ Sac-2b*- be 

where a=> log 2, 6=log 3*c=log 7. 


20. (i) log®“ —• log 

14‘8. <©tfcppi 1 

<9 Tn? «rr*ra wifi* ^tfwi *picw 

1 ftc* flws ^it<m to i 

1 10,000 *K«rjr®f®nr wn 

st* ti cwri 

(Vnffa fv 31 $) 1 14*6-^ faro writ 

«ijfa fafe *fan fafa *i*rrfas( Tffa 1 ssrfaqt* 

rorcn croi far rom *rc<rrnr row w 

♦tfar wt »rf*fa w (mean 

difference) I .TOWTO, Ftfl <TO* *K*JT* fafa ^flr^ ^»T 

wr «rvr «r«ro f^ro «im *rc<rmr ro<«rror ^rfas Fjjf 

W* *Kfa WF CTft^flCS i‘ TO* TOW* CTO 
<8TfaPtC® cm (significant) W»f% f»lfa* ; fct* 

^rr^n ir?'^ vifa* *rfarf%* 

Iftw vifero «tR rotes) i w; iwro 

^raanr 34 fafa®. «tf*tro fcstcro *000*4 *. 

a* 




w $B&-St*TM fi&CfMfsf® 

^StS***** log 2*697 4* StS Ml ’Ffsr® slt»T <2f*tS ^T <®tMl 
Sir® log 269 4* 'SW Ms *f*; §S1 Sit* *42976 ; IsttS* 4*| 
Stf* slt^ CffSI St* C^, 7-4* TO SSJS* TO* 115 <S«ffa log 2697 4* 
TO1** *|t* *42976+ *00115 MK *43090. «J**t* log 2*697-4* 
*iffa MtS log 2*697 4* St* 0*43090. 

f*®}* sstfrot* i' *j**rts o° sit® 90° «#b csiroft* 
stls * c¥t*rfe** st* (4| ss® stl* * cswlscs* srmfro 
Stl* « CTOfllS [Natural sines and Natural cosines ] SpfSI 

iffeft® TOI sl*1 SlTO); StltS* St* ftft® sl*ttf fc*tt** 
stsfss sit® «rrro *tf**i ^n* sir® sto 4*< stsfro sir® 
®t*to j «rt* cststls fsf*® sl*tt$ sks* sfasM sit® «stro 
^f**! §*k** ffcsF 4*s ®tsfs* sir® stsfsrc i ®tfrotfe 4*s®tt* 
stittsi sister cs, c*-c*t* rettssstl* ^st* *$** cs^tts* c*tst!s 
4*^ 1st* 4*| ®tfTOtt® Stl* 4*^ c*tstl* §®S Sts| faMs 
**1 to* slstr* i s* ®tfrott® stl* *1 c^tstls 10 ' *j**tt* fsf*** 
**l si*tts 4*< *ttf* s*i* to* ®tMt* «tf®r *j**tt* stl* *1 
cststlts* *j**ts ftPrro **i sl*ttw i st* *tf*r® sit* cs, c*ts 
*** o° sit® 90° apstst* *f% *rr|t® sir*, ®*s stl* 3Rt*t* 
o sic® i *rt*r ff* nt* 4*< c*tstl* sprrst* 1 sir® osfasts 
*rt|c® sir* *ft*i, c*t«i *ffe sin to* to* *rfes* croas 
csw f*i c*st*rto* era tow *to i *f*ro 
«ws ®ttot* art* ssr* TO*-®tfrot* resist! st«fa TO®fsl 
fsfassi **i sl*ttg 4*^ src*t«f*s® ststo §*ijs*-sttj* *jji *st|*i 
*ffs TOtfro *iti *t< *t*r® sit* i csss, ®tfrot* ststtsj 

Bin 53°23'~*80212 + *00052-*80264 4*S cos 29°42' = *86892 

-*00029 **86863. 

*W®tt*, * ®tMf* TO*®* **1 slates 0° sit* 90* *rf® 

l'l&sTt* fcrrstsW 4*^cvt‘fcrrstitrl*stsi s*i* toc** ^tMr* 

TOtoF 4rftn ■ c^mv fiftfc 

isim to fcrtotfhr c*war csrt*f «** croi 



sstfwr* i' toto o° 3$ro 90° TO »prtfi3j3* TO* 
43^ mTO 3 (w? *wr-^Tfwl W 3 lt 3 ) i 0-3 ^’rr%ft T5 F TOot 
erffa L sin a TO fcn 10+log sin 6-1 3TO, ^*TBtW 0-3 
•NTf^R* C*lTOS3 L cos 0 TO §3t3 TO 10+log COB 0; 

crTTO’ttm cto to 3ifto 3§t3 a, o° 3^ro 90° TO TOftro 
C3TTOS3 TO* 0° 3^T® 45° TO iTOwfo TO TO 45° 3$T* 90° 
TO c^fifrRcsc^ TO to *rc*wi 35 TO; ^tcsto, 4$ to toj!3 
•rttflhR tn^nrrf^r i tow, ^tfrortc^ *«totf»r ^ to 
cwwtciv TOlfin 3*f*TO ^ TOs 

10 CTO 3*%1 TOffl *3 I TOTft, ^tftTO 3^3 log sin 0 TO 
log cos 0-* TOTO L sin 0 TO L cos 0-3 TO 31^631 TO I 

TO *TPTTO TO* ^3-^*1 TOtt3 1' 373TO 0°3^5 90° 
TO totTO^ (L tan 0 = 10 + log tan 0) TO WfiTOf 

cTOmw^ (L cot 0 = 10 + log cot 0)-43 TO CWI I 

14*9. 3 ! isrr^fftfe^5 To"! <©*5 2 

(Principle of proportional parts.) 

TO TO or, TO ^Tfwl 3§tf5 fifTS log 6257 TO< log 6258-43 
TO3 31TO3J log 6257*6-43 TO f*<3 TOff® 3^3, 31 ^3 35lft^Fl 
3^® «TW tan 53°23' TO tan 53°24'-43 TO3 TO1W tan 53°23'20"- 
43 TO Mf TOC^ 3^3 } 3«R1 FJitf35TfTOl 3$C®«Tte L cos 37°42' 
TO L cos 37°43'-43 TO33 TOTC3J L cos 37°42'48"-43 3t3 fafa 
TOCU 3^3 } faTO TO1 TO ? 

4$ TOT C*m 33t^3TfTO W-^TOfa ( ^3T «ICTW Wt 33 I 
TOfe f*SfTO^5t£3 3*31 3t^T® TO S— 

* * • 

®»wtR x-45 f*isf¥5 nwwwxiiqv*. ftfe* wN 
wjsrtif. x-4* IWjrtw «rt* <iw0 *tfar «w3i*t fifes 
JWMnfiHrt T t fell# *fit»» arWW^i .0*<H yfo* &> 

fifefe ytfe ttafrmrt w qjfe «ic»fef function) 

x-<« utOTj ( Ick» **i ** »fw Si AronmAiit 1 

. Wt fo tigHt »W Wtf t ^ I 1 



^ 5 -*rf«rrfw 


SVo 


wmi fcfirfas w to i 

gem Calculus ^i -rrm afcTffi ^jfkro to ^ i 
c* to ''srftT^r cro wroi w «(ww wfi* c*fc 

to cro towi «tnr fifrotor to to i 

^sf*if<ra tertroi «mrw crowi ^cro •* 


Ex. 1. Given log 63374 * 4*8019111 and log 63376 -4*8019180, 
find log 63*3743 and find the number whose logarithm is 2*8019136. 

«*TO, log 63376 - 4*8019180 

W, log 63374 = 4*8019111. 

totk, wnfe i ff% *rr$t®r TOR** ff% *rr^r *0000069 

(>rr*rfaTO “l-^ we 'to 69”—) i wwwrt, 
*isriTOf^ wTOrtffa w TOti? wn® *3 *rr$E*r TOfifft 
Jl% *llta ‘3 X *0000069 Wl *00000207 W1 *0000021 ( 7 Vlft* 
n^) i 


TOft, log 63374*3 - 4*8019111 + *0000021 - 4*8019132. 
.*. log 63*3743 -1*8019132. 


<j5nrt* 4*8019136 WUlft 4*8019111 ^ 4*8019180-* 

«OT TOT *0000026 ; 4*8019136 W< 

63374 « 63375—^ WIT* CTO »l«THr I 

TO Eft CT, TOTtft 63374 + x. 

1-Off WE TOT 69 (*0000069) WE TOT 25 

(wtfft *0000025) *fro TOrofcw wr-»rpftr fro TOtH 


69 : 25 = 1:®, ®=M = *36-. 

TOW, ■ log 63374*36- =4*8019136. 

«l’ TOJlfar 5*8019136 W<H WTO log 63374*36- 

W WlTO TOT. I TOTK, fttf* TOJl# 68374*36-W9TfW TO. 

*rfW wto toi *ffr® $sw w* tro *tfw -awflro TOt# 

*06337436-. 


Ex. 2. (i) <#ven L sin 3 T 43' -60" = 9*7867152 
* . J • . s»»:87*44^ 0*7867424, 


sin 37 







(ii) Given L tan 79° 51' 40" =107475657 
L tan 79° 61' 50" **107476872, 

find the angle whose L tan is 107476532. [ C. U. 1921 ] 

(i) 4* cro io" (c*rm to* )-4* to l sin 4* *TO* to* 

- 272 ( *0000272 ). 

.*. 6" 4* TO TO* = & x 272 = 163*2 ( *00001632). 

. . L sin 37 8 43' 56" = 9*7867152 + *0000163 = 9*7867315. 


(ii) 4* CTO C*-PFtPf* L tan = 10*7476532, 79° 61' 40" 4*< 

79°51 / 50" 4* W*^ I TO *fil C* f 79° 51' 40" + ®". 


TOPI, 10" (CHPf* TO* >4* TO L tan-4* *tW* TO* 1215 
(*0001215). 

4*< ®"-4* TO TO* 875 ( *0000875 ), 

[ V 10*7476532-10*7475657 = ’0000875.] 


• j®. — -§7.® 2s ra 

’ * 10 1215 ^ 7 A 

.*. fitf* PFM 79° 51'47"*2. 


(«Tf*) 

i 


Ex. 8. 0iom cos 53° 17'= *5257191 a»d d*tf. for l' = 2474, 
y*»d cos 58° 17' 20". 

1' 60"-4* TO TO* -2474. 

20" * » » = f§ x 2474 — 825. (<2tt*) 

PFt«l ^1* nm 5PT *ft* ?PT*1, 

OOB 88* 17' 20" - '8257191 - '0000825 - 'iw»w«* 


Examples XIV(b) 

1. Given log 18'906- 1*2766997 and log 18'907 -1:2766226, 
find log 1890*635.. . 

2; Given log 69714 - 4'8488200. log 69715 “4'8433262, 
find log ('00069714$*. 

8. Given log 37602 - 4*4782109, log 87601 - 4*6751994, 
find the number whose logarithm is 1*5752086. 



fes-srfaft* ftwwPlfg 


4. Gives log 3-'4771213 

log 74008 - 4'8692787, diff. for l'-59, 

find ('09) J . 

i. Given cos 82° 16' - '8466726 and cos 32° 17' - '8464172, 
find the value of cob 32° 16' 24" 
and find the angle whose cosine is '8455176. 

6 . Find tan 38° 24' 37*5", having given 

tan 38° 24'- *7925902 and tan 38° 25' - *7930640. 

7. Given L sin 44° 17' - 9*8439842 
and L sin 44° 18' = 9*8441137, 

find L Bin 44° 17' 33". Deduce the value of 
L cosec 44° 17' 33". * 

8 . Given L sin 36° 24' - 9*7733614 

L sin 36° 25' * 9*7735327, 
find the angle whose L sin is 9*7734642. 

9. If L cot 53° 13' = 9*8736937 

Loot 53° 14' -9*8734302, 
find 9 where L cot 0 — 9*8734523. 

10. Given L tan 22° 37' - 9*6197205, diff. for l' = 3557, 
find the value of L tan 22° 37' 22“ 

and the angle whose L tan is 9*6195283. 

11. Prove that, $ being any acute angle, 

Ii sin 9 + L cosec 9 » L cos 9 + L sec 9 

* Ii tan 9 + L cot 9 = 20. 

12. Given L cos 36" 40 7 ~ 9*9042411; find L sec 36" 40'. 

13. Given I# cos 84* 44' * 9*9147729, L cos 34° 45' - 9*9146852 
find the value of L cos 84° 44' 27". 

i 

14. Given L sin 36° 40' - 9*7760897 

Li** 86° 40' - 9*9043411. 
find Ei fitn 86° 4fr'. 



15. Prove that the difference of tabular logarithms of any two 
ratios is equal to the difference of the logarithms of those two 
ratios. 

16. If sin 0 »*8, find 0, 
given log 2 * *8010800, 

L sin 53° 7' - 9*9030136, L sec 36° 52' = 10*0968916. 

17. Find the value of 

sin 34° 17' x cos 77° 23 ' 
tan 27° 12' 

given L sin 12° 37'= 9*3393, L cos 55° 43'= 9*7507, 

L tan 62° 48'= 10*2891, and log 23*94 = 1*3791. 

ANSWERS 

1. 3-2766077. 2. 1-3686646. 8. 37'6018. 4. '7400827. 

5. ‘8465104 ; 32° 16' 21". 6.. *7928863. 

7. 9-8440554, 10-2559446. 8. 36° 24'86". 9. 53°13 # 55". 

10. 9-6198509 ; 22° 36' 26". 12. 10-0957589. 18. 9-9147334. 

14. 9*8718486 16. 6-50° 7'48" nearly. 17. *2394. 



wrnv 

la'gwra ’wnh 

( Solution of Triangles ) 

15*1. to fcrifc cm, cTO ^ 

w i $toi nro* 1k*m =nr, §toi tow ^rarraii 

TOl i tor, TO farf& <ro cral *rtfro «rarter 
to*Pi« totct* TOtnr totto: m <w *rcfift 

ftvprjUf ^ i t ftf^r croftr toI 


(1) f%srR to cwn <*rrfTO Tot, 

(2) fTOfc CVM OTTO1 ^TTRfOT •fTCT, 

(a) to «w cto < x * t \ «rrftr$ tost, 

(4) cto w vii^fi to Dr«n «rtfar® to, 

(s) to cro croi *rtor i 

*rf jnri <sW% 5 tos <*▼ *cv TOitRi i 


15*2. fe»rfS =TO fStfroi «rrfrow fegcrosi *wi- 
(Three sides given). 


TO *ft,' ABO f3pjjW« a, b, e -4$ TO GMfl 'TOf I 
CT-CTO $fS TO? ’W& ^?f? TO TOW1 ^8? ?S{t*r, < n l fife® 
TOrtto® fir?®fs ■TO® *?i ?$c? cttoto <«ft fifpft.TO? 
’W »re? ^ *t<r«. &t? c*mfir? tom fiffil ?fe? i ct-cTO 


«¥fi, ??i A,fi1? TOr® to?i 


cos A 


& f +c 


4 Q 

* * a* 
e T . . 


2Jo 


"Korji^fim oo* a *fii» itltj to crottw? 

^Wjl TO1TO A*fif TO -m* TOP®. TO I .'."TO c*r«fl TOc*, 



fwfwpjr *wtto 

croft cro wftrai ftwi o w »*»nw wto®^ »w 

^ ^iro toj fififfc cw'Twi$5tfwf 5 ft crow* ctowto ^fe to 
wtfro i to^w, croft* to fwfwfcstcw fwwfe w^cw i 

'ti&w to*i fro nf*TO ^pf%r® fi$ i TOs w wfe 
to, ^9 cw ^Tfwi *$r® croTOnr to fafe to w* TOlr® 
cmftOT TOW TO cwro TO* wftrai toTOt* cTOTOi* 
TOW TO TO I WTO (CalculusH* wtTOwi &sm ifWro siwrrffa 

cw TOwTO^p* ^stfrol cTOgfa *s 

TO 1 tofta to ^tt>esl TO TOtfSqtfwre tet«iwc*iw 

TOttWJ TO $fe<5 ; TOW, Ftf* TOW TO^S* L tan-4* 
TO*i*i *§r® «rw TO, towto^s* wt$=r wi crot^w* <®Tf**i *§c<® 

tot to wm f*w®* *§c* i 

wrswft, cro ftw*^ ftmwft wjar toi wtfro to*i TOtt 
WJWTO *fi* I CW|®f*l tow cro a fi^fw *f*re *$w 

^ wpwflhr toto^ TOfhr i 

^SWTOW TOftqJl *f$*1 10 CTO TOW L tan |--* TO I^V® 

** 4*< TOt* TOtCWJ “ A fif* TO TO I TOTOtCW B »W 
C-'Q ftwfo ^T® TOT I 

Wf* CTO'S CTO tan --* TO CTO ftftfc CTOW* TOW* »rfTO 
WTO ** TOI *§W TOf*^-^ TOTO fwmtTO f 

Ex. r&e aides of a triangle art 2, 3,* 4. * Ftmi the greatest 
angle, having given * 

# log 2*'80103, 'log 3*'4771213. 

JO ton 52°JL4' -10*1108395, 2/ ton- 52°16',- 10*1111004: 

WOT, j-i(at8+.4)“i- ' 



fes-srfojfw ft 




*Tf$ 4-C^F a-^1 fift^ ^fTO, p*l C^t*l A ( a-^9 

c*t*l) ftfte : 

v !_ 

- /5.3„ /iO 
V9.1 V2.3 

L tan JA ** 10 + J(log 10 - log 2 - log 3) 

= 1 n 4 - ifi - *am na - *4.771 qi ; 


3TO 

A /(s-fr) (s-c) . 

-a) 


/(J-2if-3) 
V f(f-4) 


UWW, LtaniAWJtfS L tan 52°14' ^ L tan 52°15'-4* 
ITO^, JA C^t«l 52°14' <W 52°15'-4* I 

TO *A * 52°14 V. e 

wsisn, ®"-v*rcr *rar ^m=*oooo849, 

1' 60*^ *0002609. 


JE 

60 


31 «. = ?Q* 949 - 1 0*5 Agmrt 

2609 ^ ® 2609 iy 0 ^ 


*A = 52°14 / 19 ,, *5 A-104°28'39 w . 


15*3. fe»ifS c^st^i 
‘Wl'firt 5 ^ (Three angles given). 

<cror *r*j< tow*, ftfirfe c^tm 

ito cwftftl «PK*tj wi tos 1 *r*re 

fffc*T% (equiangular) ’Iff (similar) TO«Pnr 

*ra(*rh5 ‘ 

« ^ a roi* ’rrstw ftfa 

sm A sin B sm 0 

m \ 

a : b : 0 = sin A ; sin B : sin 0. 

• Bi. The angle* of a triangle are in the ratio 2:3:7. Prove 
hat the sides are in the ratio of : 2 : (*/$+ 1). 

'a :8 : 7 >W %iflCT» »«fr 180 * C¥f1»f*r 

Ht*CT *>*, *5* ><<t» I05* **0t . 



fSPfPRT blrl 

«nrrre-sin 80' : sin 45' : sin 105' 

Examples XV(a) 

1. The sides of a triangle are 24, 22,14; find the least angle, 
given L tan 17° 33' - 9*500042, diff. for l' - 439. 

2. The sides of a triangle are 50, 36 and 28; find the greatest 
angle, having given 

log 19 -1*2787536, log 29 = 1*4623980 
L tan 51° 0' = 10*0916308, L tan 51°l' = 10*0918891. 

3. The sides of a triangle are 9, 10 and 11; find the angle 
opposite to the side 10, given * 

L tan 29° 30' - 9*7526420, L tan 29° 29'= 9*7523472, 

log 2 = *30103. [0. U. 1943] 

4. The sides of a triangle are 2, 3, 4. Eind all the angles 
correctly to degrees and minutes by the help of mathematical 
tables. 

5. (i) The sides of a triangle are 15, 19, 24; find the greatest 
angle of the triangle. 

Given log 5*7 - *75587, L cos 88° 59' = 8*24903 

diff. for 1' = 718. [ 0. U. 1936 ] 

(ii) Find the greatest angle in degrees, minutes and seconds 
in a triangle whose sides are 5, 6, 7, having given 

log 6 = *7781613 

Ii cos 89° 14'= 9*8890644, diff. for 60"*= *0001032. 

6 . (i) The sides of a triangle are 7, 8, 9; solve the triangle. 

[ 0. TJ. 1938 ] 

(ii). If 0 = 35, 5 = 40, c = 66, determine the-greatest angle. 

• . . [O.U. 1945] 

[ Use Mathematical Tables' ] 

7. Given a,** ^6, 6=2, o = JZ -1; solve the triangle. 

i- 

8. Given 0 = 2 ,6= c= JZ +1; solve the tHangla* 



MktniMw fc .~i i M ■ — 1 . k Cm tarn 


itrfc- 


9. If a * 7, b * 6, c * 8, solve the triangle. 

Given cos 88° 11' ■■ JJ, 

10. If a = 3 + J3 t b »* 2 s/3, c = */3, solve the triangle. 

11. The angles of a triangle are 105°, 60° and 15°; find the 
ratio of the sides. 

12. If A *= 45*, B ■» 60°, show that o: a = (s/3 +1): 2. 

13. The angles of a triangle are as 1: 2 : 7 ; find the ratio of 
the greatest side to the least side. 

14. If cos A = cos B = $, find a :b : c. 

15. If the angles adjacent to the base of a triangle are 22i° 
and 1121°, show that the altitude is half the base. 

16. If the sides of a triangle are 4, 5,6, show that the greatest 
angle is double the least. 


ANSWERS 

1. 88° 5' 49". 2. 102° 1' 28". 8. 88° 59' 33". 

4. 104° 80'; 46* 36'; 28° 64'. 8, (i) 86° 59' 40’9". 

(ii) 78° 27' 46*86". 6. (i) 48° 11' 28" : 58° 24' 43"; 73° 23' 54". 

(ii) 182° 84' 24". 7. A«120°, B-45*, 0-16*. 

8. A-45°, B-80 0 , G-105°. 9. A=»60*. B-88° 11', CJ«8l 0 49'. 

to. A-106 0 , B-45 # , 0-30°. 11. (^3+1): s/6: (s/3-1). 

18. (s/5+1):(*75-1). 14. 3:4:5. 


15*4. a Tte «*R. C=Wt«i 

(SafjgjCTWi : (Two aides and the inoladed 

angte given). . 


TOT CW, ABO TO (induced) 

cTOt* to,a ,* 

toi to am toji* to i - tot cro 

gefa flare to tokt *$'; W-v 

B>0-180° r A ^*|(B+0*,9Q°- M , 



targe** *ratTO 




, B-C &-g ,A 
‘“~2- b^o cofc 2 

L — 10 + log |^- + ^ cot^j 

-l°g F+fi + Lcot y- 

vHTO 6, c «W A *lf% *lf*ral TO Wl TO 

§TO§ *TOWT TO*1 TO L tan 1(B - o) i(B - CH* TO I 
i(B+C) «w l(B-C) fifhs *«TO w to*i 

cTO « fern fapro b up*k c-4* to ©4* 

W# I 

15*2 ^rai ' W ^C3Rr «fcTO’fa TOM I 

b w o totci 

1 *tothjto* rrfiri 

sin A am B Bin C 


Ez. In a triangle, 6“ 2‘26, c “ 175, 4=64°, ./end £ and 0, 
having given 

log 3 - '301030, L tan 63’ -10'292884 

£ ton 13’ 47' - 9'389724, L ton 18° 48' - 9'390270 

[ 0. U. 1931 ] 

<iCTCT, i(B +0) - 90° - JA = 90° - 27° - 63” ••• (i) 


•tjRTtT, t»n^p-“Cot|-| cot 27° - | tan 63°. 

L tan |(B - 0) *L tan 63° - 3 log 2 

-10*292834 - *903090 - 9*389744. 


WW, L tan 13° 47'~ 9*389724, W L tan 13° 48'- 9*390270. 

TOW, i(B - C) = 13° 47' x W TOfrj «‘000020. 

/ 60 w -4* m = *000546. 

• .« ' 90 ■' ' . . . 20 x 60 A.„, 

Kn°°R 4 fi 546 "22(«ttl)l 


TOtfPT, l(B-.0)-13°47'-2“2 («ttT) -* (ii) 

0 (iSHfltTfClT B-C76°47' 2f'2 VfK C-49°J2 67'8. 



&5-srftafw 

15*5. S vfi=3£ <S^sfS atf® 

^ t fiPOT 5^t«rt=R S (Two angles and a side 

given). 

*TC*T a 4^ ^fB C^t«| C^T'Q^I '®TfEf$ I 

fefe c*tm ^ ^^t*i ti iso 0 *rt*m C*mfB* Wl 

I *T*Kr $$fB Tt* 6 4*K c ^C5T 

a 6 c 

sin A sin B sin C 

uft "spsfS ^p^t? sfUr® i 

Ex. In a triangle ABO, 4 = 38° 20'. S = 46° <W 6-G4/J. 
find c, having given log 8 — '30103, h tin 83* 20' — 9*99706 and 
log '089896-S'95374. 

C=180* - (A + B) = 180’ - 83° 20' 

e b 
sin 0 sin B 

sin (180° - 83° 20') sin 45° 1/3 W 

c = 2^ 8 ' sin 83° 20' 

.*. log c-V* log 2 + L sin 83° 20' -10 

- VCS0108) + 9*99705 -10 -1*95374. 

*r®4*, log c-41r «(W log *089896-4* WCT* *TCR ft* fef* 
1; ^4*, 0*89*896 fB I 

Examples XV(b) 

1. Two sides ol a triangle' are 8 and' 6 feet and the included 
angle le 120’ ; find the other angles, having given 

log 4'8--6812412 

• L tan 8* 12'“9'lfi86706, gilf. for 60*=8940. (O.XJ.1949J 

* If b -1300, o-1400and A-60’, find Band O. 

Giveniog 8-*4771218, 

f.-Ii tan 3*40' -S’806’H82.' diff.-for 10*-3806.' 


<iWPI, 

«mi, 



faflgCT? ’rot-rft 

8 . If a - 21, 6 = 11, C = 84° 42' 80°, find A and £. 

Given log 2 = '30103, 

and L tan 72° 38' 45" = 10*50515. 

»• 

4. If the Bides a and 6 are in the ratio 7 : 3 and the included 
angle 0 is 60°, find A and B, given 

log 2 = *3010300, log 3 = *4771213 

L tan 34° 42'- 9*8403776, diff. for l' = 2699. 

5. Two sides of a plane triangle are 14 and 11 and the 
included angle is 60°. Find the remaining angles, having given 
L tan 11° 44'*9*3174299, L tan 11° 45' - 9*3180640. 

[ 0. U. 1922 ] 

6 . (i) Two sides of a triangle are 80 and 100 ft. and the 
included angle is 60°. Find the other angles. [ G. U. 1946 ] 

(ii) If a = 5, b = 3,0 * 7t)° 30', find the remaining angles. 

(iii) If a = 39*9, 6 — 43*2, 0-38° 14', solve the triangle. 

[ Use Mathematical Tables ] 

7. (i) In a plane triangle, 6 = 540, c = 420 and A * 52° 6'; find 
B and C having given 

L tan 26° 8'= 9*6891430, 

L tan 14° 20' * 9*4074189, L tan 14° 21'* 9*4079453. 

[ C. U. 1934 ] 

(ii) Given a -70, 6 = 35, 0 = 36° 52' 12", log 3 = 0*4771213, 
L cot 18° 26' 6" — 10*4771213. Calculate the other two angles 
A and B. [ 0. U. 1985, ’37 ] 

8 . If a=2 -s/6, c = 6 - 2 VS, B — 75°, solve the triangle, 

9. Two sideB of a triangle are -s/3 + 1 and -s/3-1 and the 
included angle is 60°; solve the triangle. 

10. (i) If a =2. 6 = 1 + -s/3, 0 = 60°, solve the triangle. 

. (ii) If A=2, 6 = 4, 0=60", find A and B. . 

11. If. a = 19, B = 52° 28' and O - 93" 40', find 6, having given 

Jog 27088 = 4*4819746 ; In* lQ-i•QVftVKS* . 

log 27087 = 4*4319585 ; . 

. L sin 52" 28'=9*899272?, L sin 38" 52^9*7460595. 





12. If B- 45°, 0 = 10° and a - 200 ft., find b, having given 
log 2 = *30103, L sin 55° * 9*9183645 

log 1726*4 - 3*2371414, log 1726 5 - 3*2371666. 

[ C. U. 1947 ] 

IB. If A - 41° 13' 22", B = 71° 19' 5”, and a - 56, find 6, given 
log 65-17403627, log 79063-4*8979775 
L sin 41° 18' 22” - 9*8188779 
L sin 71° 19' 5"- 9*9764927. 

14. (i) If B - 70° 30', C - 78° 10', a -102, solve the triangle. 

(ii) If a -39, A-81° 35', B-27° 55', solve the triangle. 

(iii) If A-37° 15', B-72° 5', a -75*2, find b and c. 

X Mathematical table8 should be used ] 

15. If A - 75°, B - 30°, b - JS, solve the triangle. 

16. If A — 80", B — 45°, 6 — 2, solve the triangle. 

17. In a triangle in which each base angle is donble of the 
third angle, the base is 2 ; solve the triangle. 

18. Given a — </57, A - 60°, A — 2 J3 t find b and c. 


ANSWERS 

1. B-38° 12' 48", 0**21*47' 12". 

2. B-56* 19' 46-3", 0=63° 40' 18*7". 

8. A-117* 88* 45", B-27 B 88'45% 4. A-94° 42' 54", B-25* 17' 6". 

5. B-71° 44' 99*5", 0- 48 s 15' 80*5". 8. (i) 70° 58' 86" ; 49° 6' 14". 

(ii) 74* 18' 50", 85° 16' 10". (iii) A-64° 81', B-77° 25', <5-27*89. 

7. (i) B-78* 17' 89'6", 0- 49° 86' 20 4". (ii) 116* 83' 54 "; 26“ 88' 54". 

8, A-B-75% C-80% 6-2.*/6.. • 9. n/6, 15°, 105°. 

19. (i) A—45% B-75\.c« */6. (ii) A-30% B-90% 11. 27*0875. 

« * * * * 

It. 172*6486 ft. ^ 18.79*088. 14. (0 A-31* 20', 6-185,0-192. 

(U) 5-48*46, c-87-10, 0-70* 80V V (iii) 6-118*9, <5-117*8. 

15. .0^76% a-<5-8 ij$+t . 18. 0-105% a- n/2, c- f 


17, 79% W, 


’ ’■», i 




side- , 


18. 8,1. 



totto 




15*6. f=**i4?te 

C^TOt f=*ffe?£ «rt^=OT 5T5rt«rt=R (Two Bides 

and an opposite angle given) S 

to ^f*, ABO faro* b e-*ft ^15 to «w 6 *wr f%^nTNs 

cTO b owl i 


v£J5SR3[ 


sin 0 
c 


sin B 
& 


*1 sinC* 


c sin B 
& ' 


^ ^canr TOtro c-cTOfa TO f^fa **l TO i 

<$to trofs ftf%* cro §nfr$ to* i toi: 


(i) csin B > b: 4TTO sin 0 *#f TOW ^WW, 0 

TOTl TO =n ; TOfc «xic^ct CTO fsp*«r TO TO TO I 


(ii) c sin B«6 : sin 0-1 ; TOWN, 0*90° *TO\ 

A«90°-B } 4ETO A$C TOC*Ft% TOT* C CTO 
TOFTO; tiFK, c*-o* + 6Mlfl- ^ "TORT TOtW o TO 

TO TO I 


(iii) c sin B < b : ^C^TOf sin 0 *TO *K*W $ ^TOWW, 

c-^r to W* to to i fro *Hpre ctoto *rftsc TOi=r to *#nrt, 

f3F*OTr oft cTOI® T9 *1 t»ICTO TO TO* I TO4*, CHJ* 
^f5 To TO*1 TO TOW TOTO TOp^ 1 fro# ftfwr 

cro fenfips ntc* i 

CTO A ; TO* TOT 6 > c *$C«T, B > C; TO*** C 

Ttotm^^to* =n, to*i, ctom b-« °£tot«i *^c*, Mh b * o 
ctoto to# towm tow *^s* 3^* 1 toot, o ctoto r 
WTOt *%F5 TO* I «nro, b tw g.&®c*$ 
A+B+o=-i8o # tfroi A-'sftfl^^TOi to*i*,. 

, -T fi T--T^s—^fn’ “ft * 5 W TOtroi o-to fifo. rtw i 

sin A sin B sin 0 

Wm, firswft* twin swift to 

(3MB: 6-e '^C*T':B-C, <W «CTt*«*G ffWH *$C3 
rtw-sn'i wtw^, a&f .»ripi *fiic»r c** a-«w octow 

CTTOtW <«@ WWT TO - ! 



»8 &5-*rf*a1w ftwMfilft 

CVS C : b<e B < 0 ; ’TOOT, 0 TBFFH ^1 VICTtl 
*rrw, am *r , p* $f& c^Ft^ 4t^ *ftre ^r i 
S^RTK 6, o «m< B frfwl «fTfWT ft^W *fcw I 

O^r fiffa® JTIT5W TO a f%* «OT 1ft ^ 

a+b+ c=iso 8 —^ a *srffor m^rwT i to:*tc a-Tft ?f*r® 

•r— -*~=--.-° n ^ ’^pr *rr*m »^r® ^ i 

am A sin B Bin 0 

fap§cro »r*rf«(tOT crore (citron 5, c *w B ftftk w 
6 > c sin B, f^l < c) ^*Tl ^ (ambiguous) CTO I 

TOTTO®fa *i«wr tea* toi to: 

fagCT 6, c, b »w 

(i) 6 < c sin B <^Pt=l TO* TO* ^ I 

(ii) 6-csinB *£c*r, *tot* jfe* to® fifil fang* i 

(iii) b > c (*FtW§ > c sin B ) C WVtlRfti ' £ &$- 

TOf flrpr to* toi i 

(iv) 6-c (itmt > c sin B) *fe»r, to®to* faPfW TO* w» 
TO TOfft 0 C¥t*l t&ii spwvM I 

(v) b > c sin B ( ftl < c *TOt* TO* * ^ CTOC* 

TO1*?TOfacTOri 

15*7. ssi«*TO CTOCSfBl W ltft l feTO ^s rfc^ tg g q l 

(Geometrical treatment of ambiguous ease) * 

$f& ’Trt «W fctfOT <wft* ftnfte CTfl, W- b, c, B wall 

at%T ajTSfa* <*tnrt1r» firn to *ftn Wflw fiw»Pr«mi« 
nftrraw *mr i 

ZB-<*r n*w *fihn ZABX «tfas afan feft? iiwft to *&re 

ba to «-<«? ’urtJT *flri Vrflsn toi ^»r i an towi ax-«ot 

&*(T»mto»r,||-8inBs TOW, AN-AB ainB-c iin B. TO 
& cro to b TOjKiln «wfe *i arfH an 









*tTOC*l*3SS b > csinB > AN, f¥* < c (Tl AB) 
Ht*T, BX-C* B ft*5? *&&. fa* C x v£PK O a 
C^r TOT [ f*5 (iv) ] | ABCx W ABCs—^ ^ 
f^ft TO fiffa f^Rft TOT* W=T <JW^ v£)t *[TOT WTO I 
«P5<ift C¥3T I 

15 8. ^ 5 «^ps cspcsril ^fcppln WOTteW (Algeb¬ 
raic Discussion)« 

6,fl«WBCf«n «rrfTO, & 9 -c 9 +a 9 “2cacosB^ *rflTOH 

TOtw tou «tto c sn TOin a-* to *itfir i 

^ a-i ftro *rflwi toi *fiw 

a 9 - 2ea cos B + c a - b* = 0, 

»W Hi WTO _ 

a = c cos B± ^6 at -c a sin 9 B* 

(i) b < o sin B Ht»T 6 9 -c 9 sin a B «TOFfHw ; a-* 

TO$ *ftTO^ I ( *SWW, CTO fit^m WTO TOOT ) I 

(ii) 6 = c sin B HOT, 6* -c 9 sin 2 B = 0 ; OTWW, a- 1 ? TO 

TO* «w *nr , TO ^TO i 

(^ftror wto Ws farro* o cro wto, ac^ 

6**c sin B). 

(iii) b > c sin B Hw. 6*-c 9 sin 9 B WOT V-I 

iftl&TOHmiOTOT* 

(1) b > o *f«fh b 9 > e 9 (sin 9 B 4* cos 9 B) 6* -c 9 sin 9 B 

> o 9 cos B JIP-c* sin 9 B > c cos B dFK a~Tf OTft 

towot *hotH wi (town,OT fettm wtoi ) 

(2) 6-e Ht*T, b 9 -c 9 sin 9 B «*c 9 -o 9 sin 9 B-c 9 cos 9 B ; 

tow, «-* otI&to i ( otto, wto i) 

(8) b*< c ft* < c 9 (sin 9 B + cos 9 B) H*»T, ft 9 - c 9 sin 9 B 
< c 9 cos 9 B.; TOffc n/ 6 9 ‘-T 9 sin s B < c cos B ; a-* Hi * 

TO$ *fOT TO<* WOT I (OTTO, 4C^HfcWTOHm) 

Hi *GfH COTV fNfhr' * WIW1 (algebraic discussion) r. 

•iTO?Hr ^r«(S «fcror TOrtTOr <pr^n,^®r s 



fapft** »totto 




Ex. 1. In a triangle, b** 15 ft., c — 10 ft., B = 60°. Find a 
and A having given sin 84* 44' = *99578. 

«rmi Wfft, 6* - c a + a* - 2 ca cos B. 

»flCTFCar, 225 * 100 + a 2 - 20a cos 60° 

^1, a* - 10a -125■*0. a = 5±5j6. 


a -*T 1W TO a-* TO 

5( s/6 + l) I tfwf&TO »W1TO I 


*pTO, sin A 


a . -n 5(x/6 +1) s/3 3 s/ 2 + s/5 

F" nB - Ig - - 5 - g - 


3x1*41421-+ 1*73205 
6 


A * 84° 44'. 


‘99578- 


Ex. 2. In a triangle, a “73*4, ?>** 64*9 and B ** 48° IS 7 25" ; 
find A, having given 


log 734 * 2*8656961, log 649*2*8122447 
L sin 48° 13' 25" = 9*8725936. 

L sin 57° 30'- 9*9260292 ( diff. for 1' - 804 ) 

Is the case ambiguous 9 


sin A - “ y B - HI sin 48° 13' 26". 

.’. L sin A * log 734 - log 649 + L sin 48° 13' 25" 

* 2*8656961 - 2*8122447 + 9*8725936 
“ 9*9260460. 

L sin 57° 30' 158 ( *0000158) 4FK 1' 

6o"-s *m 804 («r*fh *oooo804). 

# 

TOOT A - 57°30V ~ 0 - g®® e-ir8(«IT») 

/. A - 67* 30' ll"‘8 ^ CTO122* 29' ^"2, Tt?1 

>OT< h sine »WR t 

TO. b, A>B.^Wfe®nTA-4r ■’ITOJ 

utir ■Ewtawr.cro $$ ’WfTO 1 







Examples XV(c) 

1. Given (i) A*30°, 0 * 6 , 6*4. (ii) A*60°, a *7, 6 * 8 . 

(iii) A*45°,a*2, 6 = 8 . (iv) A = 30 8 ,a = 3, 6 * 6 . 

Find in which case the solution is ambiguous, in which case 
there is one solution, and in which case there is no solution. 

2. (i) If 6*2, c* Jd + 1 and B*46°, solve the triangle. 

(ii) If a*3, 6*3 a/3, A = 30 8 , find B. 

3. If a * 2, 6 * a/6, B * 60°, solve the triangle. 

4. If a * 2, 6 * 5, A * 30°, solve the triangle. 

5. If 6 , c, B are given and if 6 < c, show that 

(flt ” <*a ) 9 + («i + a a ) 8 t&n 9 B “ 46* 
a x and a a being the two possible values of a . 

6 * In the ambiguous case, given a, 6 and A, prove that the 
difference between the two values of c is 

2-s/a*“6*sm*A» 


7. If a, 6, A are given, and if c lt c a are the values of the 
third side in the ambiguous case, prove that if c x > c a , 

(i) Ci - e 9 * 2a cos B*. [ B. H. U. 1.1928 ] 

(ii) Ci* +c a *-2cic g cos2A-4a* cos*A. 

[ B. H. U. 1.1935 ; Pat. L 1936 ] 


/.,* _Ct-G fl _6sinA 

(iii) cos g * —-- 

A a 


[ A. 1.1911 ] 


8. If b “16, 0 “ 36 and B — 33° 15', find the other angles ; 
given , 

I« sin 88* 15'-97890129, log 2-‘80103, 

.L gin 68* 67'-9'9S28376, L sin 68* 66'-9‘9827616, 

/" Ii« *5, 6*4, A *45*, find B and 0 ; given 

fyg 2*'B01O$,£ pin 34* 27:-975257: 

A in order that ’ B mav be a riizht 
&«ia 5*44^8*9995595, diff. tot 1>.12565. <’ 




fafroi »wt»rrc 


»»» 


11. If «*>16, c ”26 and 0“ 60*, find the other angles ; given 

log 2 - '30103. log 3 - '4771213. 

L sin 38° 39' - 9'7436024, difi. for 1' -1897. 

12. If 6*165, c*258, and B*35°10', find the angles A 
and G ; 


given log 1*65 * ‘21749, log 2*58 - *41162 

L sin 35° 10' * 9*76039, L sin 64° 14' * 9*95452. 

13. If 26* 3a and tan s A*$, prove that there are two values 
of the third side, one of which is double the other. 


14. If A 1( Bj. and A a , B a are the angles of the two triangles 
in the ambiguous case where 6, c, G are given, 


then 


sin Ai + sin A fl 
Bin B x sin B a 


^2 cos 


C. 


15. Show that in the case that admits of two solutions the 
two values of 0 satisfy the equation 


(o + 6) a + (6j^a) si _ 

1 + cosO 1 -cosG sin*A 


t B. H. U. 1.1942 ] 


16. If log 6 + 10* log c + L sin B, can the triangle be 
ambiguous ? 


ANSWERS 

1. (i) One solution. (ii) Ambiguous; two solutions. 

0 

(lit) No solution. (iv) One solution (right-angled triangle). 

8. (D 0-76°, A-60°, a- js/6 \ (ii) 60°, or, 120° 
or, 0-105°, A-80°, a- J2 J 

8. A-45*, B-75*, c- */3+l. (no ambiguity). 4. Impossible. 

8. 0—58° 56 f 56*8" 1 M 0-121° 8'8*7" 1 

A-87° 48' 8*7" J “* A-25° 41' 56-8" J 

9. B-84°27', 0-100° 88'. 

10. A-6° 44' 21". 11. A-88* 89 1 84", B-86° 20' 26"- 

12 . A-80° 86', 0-64° 14'; or, A-29° 4', 0-115° 46'. 16. No. 



ow wm 

( Simple problems on heights and distances) 

16 * 1 . to «wrc* e toiI* to «w*rr®rnr 

ferwftfa* to *rft*TOi TO ^stcw i 

TOft ^rfroreftr cwi ^T*i TO« TO* to 

^tor* TOt* *f**t* «rar far|c«Rr c^ft«i to to wfa tow 
«s[ot «kto to «rjtW^5r® «mtvr i 

16 * 2 . s q ra* ggg^ C^t«? 

Jeorai <e F^srs f 



B 


Kg. a) 


Kg.(U) 


TO TO, TOT®m TO CD-C* A CTO 

i o ft^r cfti a, cd-* fiTO ft, to a 
D-* d, AD-d. 

cwu. to rtw, ad-* fro ab(«=c) to toINi toi 
S&T i TO TO, B O* fcTO-C*M P I TO Si (i) . 


c m AD - BD * ft cot a - ft cot p * ft! 

* • * 


008 tt _ 008 0\ 

Bin a sin p) 


ft Bin ( d-a) 
sin a sin P ; 


.*. ft ■* o sin a sin*A oosee (fi - a). 

TO d* ( AD*ft ood a*"ocos o BinJ?coseo (/3 -a). 

ar^rt *wtfiw-w 

ifiyfTO ran won’t i 

Ikuti 



* 

<W3II. aft AB-C? ft* AD-^* ffa* *rftW *T| ^TOR* *1 

to, ^t*i a^*r tosi ftaftrftiwfta *rrft: 

A &P3 Ca~<7TOe ^ftTOR* fit* AB“C *tftal Wl ^T I TO 
*ft, A ^T$ M §afa-C*T«l a ; A »W B CAB «*R OBA 
CTOTO alftffl Wl rt»T I TO *ft, /.CAB = e, ZCBA = 4>. 

vfjrror fro 00 ^r» cm TO a, abc flpgw 

AO m AB __ o _ m _ o _ 

sin <f> sin C sin (180° — 0 - ^) sin (6 + ^) 

.’. AC ■ c sin tf> cosec (0 + 4>), 

.*. h * AC Bin a = c Bin a sin 4> cosec (0 + <t>) 

d = AD = AC cofi a * c cos a sin coseo (0 + 4>), 

Of^J l ‘iJCTO'9 Tfftsfr *Pftfi^-<OT TO[TTOStTOTO 
%*rc*r% i 


16*3. ^f& <ye&^t=a s 

^ p i4?k Q-v£«r wa^ gjra ft<fa *ftr® afea i ^f5 
^ftTOra*- toTO a w B »rei[1 

#T ; ^ TORI *31 #T 

<?-^a aro i a few ftnft 

C*M PAQ, PAB, QAB-4* TO fstfa 

**i rt»r uw to *1% §ro*rsr 

♦fftTOf 0, a «W 0 I [ A, B, P, Q 
fa^TOjia 4*^ wr *refir5 
PAB C*fc1* *ffiNtn TOTI ftsfcTOR, A 
*tTO, ZPAB . ZPAQ + ZQAB. ] 

, TO *ft, B ftap few pba, QBA miw' nftror 3TOTO 
YiM<i . 





¥' l»m » - - /* 








WICT, APAQ ?&ra, 

PQ* - PA* + QA* - 2PA.QA.cos 0. 

«iT5tCT PQ I 

16*4. feral * |jn fertwi* 

•wnrtsr or«fl rt*r i 

Ex. 1. A flagstaff is fixed on the top of a tower standing on a 
horizontal plane . An observer walking directly towards the foot of 
the tower, observes the angle subtended by the flagstaff from two 
positions on his path to be the same, namely 0. The distance 
between these two positions is d, and the angle subtended by the 
tower at his first position is a. Find the height of the tower and 

* VR CD «f5T5 W OOT P0 
£f*F3 W; ifct m feral ^TfaFW 
h dm I; A B ♦rttTOl 

ZPAO 

* Z.PBC-0, P, A, B, 0 

I ZCBD 

= AAPC - 90* - APAD 
«9O*-(0+a). 

aWW, d - AD - BD 

* ft cofc a - h cot (OBD) 


the length of the flagstaff. 



"» fejcot a - tan (0 + a)}. 

m , f cos a _ sin (0 + a) l m , cos (8 + 2a)_ 

m win a cos (0 + a)/ " sin a oos (0+a) 

h m d sin a cos (0 + a) sec (0 + 2a). 

•IjratT, AAK) $P8, 

I , AC _ _ h_ _ i 

'tint sin ABO sin a cat (9+«) cos (9+ 2a) 

f • 

. l—d sjn 0 seo (0+8a). 

Ex. tf At mgn walking towards a building, on which a flagstaff 
infixed, atoms* the amis subtended by the flagstaff to be greatest, 



^51 * 

when he is at a distance dfrom the building. If 8 be the observed 
greatest angle, find the length of the flagstaff , and the height of the 
building. 



qb «tra ^ w pq «nrs w rfec?\ «rat«i wi a, 

p Q-^ to %i <sm *rtr<w4 fg 

*r«twfc* a **K pq *r« a ^gsr cvm 

Z.QAB- ZAPQ *a W\ &C*[, 

ZPAB + Z APB - 90°, Tl 0 + 20*90* - (i) 

*SWC*I, PQ ■» PB - QB — d tan (8 + a) - d tan a 

g i ■ ^ <1 ■ > -Hi sin 8_ 2/2 sin 8_ 

loos (8 + a j cos aJ cos (8 + a) cos a .cos (8 + 2a) + cos 8 

-2<2 tan 8 [(iH* ] 

QB * d tan a tan (i» - i8). 

* ■ 

Ex. 3. The angle of elevation of a light at the top of a distant 
tower from a point 12 ft. above a lake is 24*55', and the angle of 
depression of its reflection in the lake is 35*5'. Find the height of 
the tower correct tp two decimal places , having given , ' 

log 2 * *80103 . log 3-*47712* 

log 588 - 276938 . log 589 -277012 
1/sin 1Q*10'-9*24677. 



*•8 fcw-TOrffi* frotTOfe 


to *ft, LM wm l ftfft «rrcTOref%*Fi, l 

*1% LRO 5 OT r 
L erfwfi^ o t^p$ 

^fr® Kf 

; ^TJMPT, nTO** 5 ^ 
or-4* %*f «rf^% cTOfs 
*rr$FR i ststo, arfo- 
Ironprrft, zora 

— ZLRM — <l>, *Tfl 

TOfa- 

CTO 35°5'-4* *iTO I 



0 L-^ §Jlfa-cVM 0 0 « 24°25'. 

wi, AORL rtr®, 

=S|^I 


RIi 


OR 


12 


ein (0 + 4 >) sin { 4 > - 0) sin 4> sin («£ - 0) 

• WTM.BT H ^A-io 8in ( 9 + i LiQ sin 60° 
.. ft=LM>BLsin+-12 g .- 12 9in -( 10 * 10 ') 


_6 v/5_ 2.3* _ 

" sin U0°10') " sin (10°10')’ 

.*. log fe ~log (2.3*) - log sin (10°10') 

-log 2+| log 3+ 10-L sin 10°10' 

- *80108 +1 (*47712) +10 - 9*24077 
-1*76994. 

<sm *Tfrroi faro ^51 to a, log jhw to log 68** 

<iflK log 68‘9-^W I * .*. A*58*8 + ® TOl»T, 

*1-4* «f® TOT *f7012 -1*76988 - *00074, 

ORU, sHW vm TORT -1*76994 -1*76988 - *0''''*"* 

v^to, •ronpitwi tototof, 

• « 

• <v-- 57-'73. * .'. «s - '075 - -08 (»fW *rW) 

tRM*, fc-38'88 1$ I * 


^ f^w *•« 


Examples XVI 

1. The angle of elevation of the top of a palm tree standing 
on horizontal ground, observed from two points A and B, distant 
40 and 30 feet from the foot, and - in the same straight line with 
it are found to be complementary. Prove that the height of the 
tree is nearly 35 feet, and that the angle subtended at the top of 
the tree by the line AB is sin -1 

2. The angles of elevation of an aeroplane from two places 
one mile apart and from a point half way between them are found 
to be 60°, 30° and 45° respectively. Show that the height of the 
aeroplane is 440 J6 yards. 

3. A building with ten storeys, each of equal height x ft., 
stands on one side of a wide street, and from a point on the 
other side of the street directly opposite to the building, it is 
observed that the three uppermost storeys together and the two 
lowest storeys together subtend equal angles. Show that the 
width of the street is x Jl4Q ft. 


4. A two-storeyed building has the height of its lower storey 
12 ft. and that of the upper storey 13 ft. Find at what distance 
the two storeys subtend equal angles to an observer’s eye at a 
height 5 feet from the ground. 

5. A vertical rod is erected in a horizontal rectangular field 
ABGD. The angular evevation of its top from A, B, C, D are 
a, fi t Y, 5. Show that 

cot*a - cot*/9*cot*$ - cot*y. 


6, The angles of elevation of a bird flying in a horizontal 
straight line, from a fixed point at four successive observations 
are o, fi, V, 6, the observations being taken at equal intervals of 
time. Assuming that the speed of the bird is uniform, show 
that 


cot*a - cot*d * 3 (cot*/? - cot*y). 


7. A man on a hill observes that three towers on a horizontal 
-plane subtend .equal angles at-his* eye and that the angles of 
depres&ion of their bases are a, fi t Y. . If a, b, c are the heights 
, of thevtowSrs, prove that 


• sin (fl sin-fr - a) + sinfaVd) 

a sin o' • 5 sin fi , * c $§*¥> 










8. A gun is fired from a fort: F at a distance d from a 
station 0, and from two stations A and B in a straight line 
with 0 and distant a and b respectively from 0, the intervals 
between seeing the flash and hearing the report are t and 
Show that the velooity of sound is 



9. A person observes the elevation of the top of a telegraph 
post which is B. S. E. of him to be 45°, and at noon, the 
extremity of its shadow is to the N. E. of him ; if the l ength 
of the shadow be x, show that the height of the post is * J2. 


10. A straight tree on the horizontal ground leans towards 
the North; at two points due South and distant a, b respectively 
from the foot, the angular elevations of the top of the tree are a 
and p, Show that the inclination of the tree to the horizon is 


tan' 


1 (o 


a-b 


cot P - 6 cot a ) 


11. An observer on a carriage moving with a speed V along a 
straight road observes in one position that two distant trees 
are in the same line with him which is inclined at an angle 9 to 
the road. After a time t, he observes that the trees subtend their 
greatest angle 4 >; show that the distance between the trees is 

2Vi sin 9 sin <f>f (oos 9 + cos <£). 


12. A train travelling on one of two straight intersecting 
railways subtends at a certain station on the other line, angles 
a and P, when the front of the first carriage and the end of the 
last carriage reach the Junction respectively. Show that the 
angle of intersection of the two lines is 


. .i 2 sin a sin P 


18, Two vessels are sailing in parallel directions, and at 
one instant the bearing of one from the other is o N. of E. 
After an hour's sailing the bearing of the first from the second 
is 0° H of E« and after another hour the bearing is V* N. of E. 
Show that the vessels are sailing in a direction 9* N. of E., where 


14* A rod bf given length ban turn in a vertical plane passing , 
sough the sdn, one end being fixed on the ground; if the 





fopart *ft w w 


longest shadow it can cast is 3i times the length of the rod, 
calculate the altitude of the sun, having given 

log 3-’47713, L cos 72° 32' 30" -9*47712. 

15. A ship sailing N. E. is, at a particular moment, in a 
line with two light-houses, one of which is situated 5 miles 
due N. of the other, In 3 minutes and also in 21 minutes the 
light-houses are found to subtend a right angle at the ship. 
Prove that the ship is sailing at the rate of 10 miles an hour, 
and that the light-houses subtend their greatest angle at the 
ship at the end of 3 J 7 minutes. 

16. A parachute was observed in the N. E. at the eleva¬ 
tion 45° ; ten minutes afterwards it was found to be due N. at an 
elevation 22$°. The parachute was descending at the rate of 
6 miles per hour, and was all along drifted uniformly towards the, 
west by the wind. Show that wind blows at the rate of 6 miles 
per hour. 

17. A person wishing to determine the height of a distant 
temple observes the elevation of its top from a point on the hori¬ 
zontal ground through its base to be 30°. On walking a distance 
80 J 3 ft. in a certain direction, he finds the elevation of the top 
to be the same as before, and then on walking a distance 80 ft. 
at right angles to the former direction, the elevation is found 
to be 45°. Show that the height of the temple is 80 ft. 

18. The shadow of a telegraph post is observed to be half 
the known height of the post, and sometime afterwards it is 
equal to the known height; how much will the sun have gone 
down in the interval, given 

tog 2-*30103, L tan 63° 26'-10*3009994 
and diff. for 1'-8159. 


19. The side of a hill faces due S., and is inclined to the 

horizoA at an angle a. A straight railway upon it is inclined 
at an angle £ to the horizon; show that the bearing of the 
railway is <» 

cos' 1 (cot a tan ft) E. of N. 

20. A spherical time-ball of diameter d at the top of a tower 
subtends an angle 2a at a point on the ground from which the, 
elevation of its:centre is 3; prove , that the height of the centre of 
the ball abdve the ground ifl*$d sin fteosee. a, 

AN8WBR3 
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( Graphs of Trigonometrical Functions ) 


C«TOl CTO®I 0* 360° SS 1^S 335SP«tS 

<^®tt^f 8 1tC , S 5 a SpfsiRS | 


TO TO C’T, «*lTO TOfeTOt C*<H OX TOTO *$T® TO* TO?I 
V aRtro O 8 360° TO TO$5T 



TOT I 

O-C* CW 3 t TO*1 UPTC <tf-CTO 
ifcai <*TO fs TO* 
i TOa *tcto zxoPi-^r 
crowi* fTO *1at* ^trori 
op x -c* ^t*a TOtTO ’pro aftn 

*!§t* *ftft i 

(i) arfe®RT TOatf* S 


_tl«- ZNiOP x *j» ^ft*r *p 3 §ta i cTOft o° $t* 

9o # TO*am: TO* ^t*r <w TO<§>* op x *ito TOft, fanfl* 
TO p x NiW^^ «nfro «w am; af$* (farfWNxOPj. 

««* n,op, fw TOt*te TO ^ 5 *rhn to ) i 


RW, sin B (-~^) am: jf* *fftCT ^ TO 3*90° 

Wt P,N, upr op* iSwrt OY-4* TO® fTOlVl TOta i *aa 
sin 0-a TO $ta OPR 1-*OT *ITO I 

9 aim: 90* 3?ft* 180* TO TO* ^T, OP, TO^W* TO 

mftffi* .TOta’TO, .ft* p,N,-a to ww aiftri OY-fit* 

$t* *$C* TOWCT 1» TO 1 1 Bin MfTO 1 *lfc* 

aF^fj ^^pi ntw TO e am: *80* *tc* 270* TO. TO* . 
%> am < tifa f" f q t fy a i p^n* 1 ^ TOftto am: o afe* or-* 



facTOffif®'? C*T? 


TO?f®® I f?® 'TOft?* TO *RT®? *Rl ?TOqf®® TO? I 

®«R Bin 0 ?TO ftm <*& ®tto *rrf?? to *p &fs <*? to 
w: TO?f§>® ; ®TO §TO TO apn; «pr ^r® -1 TO 

?fc® TO?c? i to? 0 wr 270° ^c® 360® TO am: ^f*r® 
??, w Q5N5 <hTO? to? f?® ^nr to oy' 3^r® »pi to 

*rfe® TO? ; ^® 4 ?, Bin a- 5 ? TO ?TO? Mtf%^l 1 -1 ^C® ^ 

TO ?f?® ?fe? i *r®^?, teiw ??i to : 


<*W? ’TO? 0 ?«r o° ^r® 90® TO *f® TO, 

sin 9^0?^C® 1 TO?ft® ?? | 

f®§taTO? 0 W 90° 180° TO? ?f® TO, 

sin 0 ®^HJL ?f|C® 0 TO TOff5 TO? 5 1 

<g®ta*ttc? 0 wi iso® ?fe® 270° TO ff? TO, 

sin 0 ®^ 0 ffec® -lW ?sfw5 fft? I 
F$tf TOC? 0 W 270° 360° TO fft TO, 

sin 0 ®TO -1?^® OTO^fiiTOl 

(ii) <^t*rfc?3 s 

«W? TO?, ZXOPi Wf: ft? *rfe?, ON x 3R-TS ?fa® TO? ; 
0*0 ?&?, ONi = OX »W 0-90® *&?, ON X -0 TO* ON* TO! 
TOT®? ^r? i fWhr TO?, 0 TO 90® ^5 180® TO am: ffa TO, 

®ro ON 8 -^r TO? to o ^t® ox' TO^f® to ft® TOn ®it®? 

TO? I TO* TO? ON* ®11®? TO?, ft® ^TO TOft? TO OX' 
?§C® 0 TO TO *rftc® TO? I TO?, ON 6 ?TOi?.W 
?$c® ox TO ff? TO i TOqTO? to TO®? TOft ?TO^ 
TO*® »*R ®tro TO OX ?1 0X'-4? TO? I 


‘ ®®upr, ®TOI ft?ftR® ^TO® ^ : 

* * • * 

eaprt:o**fcOT90* ,, rt»*if i »'®%»r, • 

• 008 0 swtmfcp* 0 *rt* *fl 

« win: w* iso* *tt* ^ , 

008 9 iWt: 0 rtcp - i »rtw 119 «t&CTf 



&5-TOJfs® fferofsft 

0 3R1! 180° Site® 270° TO if*® S^OT, 

cos 0 am: -1 site® OTO^f® *Tfol I 
0 am: 270° sfe® 360° TO iffo sfc®, 

cos 0 3Ri; o ste® i to ^f®*rfes i 

(iii) ferl«OTC«fcr *tflS^: 

«mntw, 0^o°i^c® 90 °to w: fft to, w p x Ni 
3 m: o s§r® oy to sfs® si 4 is sw to ON lf ox sfe® 

*t^c® SIS TO, ft® fc®crt iTOl® TO® I ®®41, tan 0 - -41 

TO 0 ° x *os§t® °^ si « TOsfs®si i 

ftfhr TO* P 3 N 3 , OY S^C®*^ TO TO TO; ft® Hit®® 
Itftll 0 N 8 - 41 x ®Tft® TO 0 S$C® ox *rt® TO I *T® 41 , 

tan 0 (*" ON *) tNer ^ r ^S> ft® ®Tft® TO « S^t® »J® TO 

TO *TftC*; ®pfil tan 0, - • S^C® 0 TOf ift® S§E1 I 

90°-l *15 TO tan 0 lit®® 41* fcltS TO ®®7® 

^ ; ft® 90°-l ®SJlft® TO tan 0 Hit®® 41* §Stl ®tft® TO 
®®T® ^ I ®tt®^ HR 0-1 TO 90° sftn «J1S TO S^T® 
ftS* TOT iftci, ®TO tan 0-1 TO ®f® ^ lit®® ItPt S^F® 
®ft ^ Itf®® Tfftc® ®®1tl TOlft® S$C1 I §Stt TO tan 0-1 
TOll SC1J ®®TO *tflTO H ®l®f® (discontinuity) <M\ iftci I 

®®ft TO*T, P*N* 41* ON* ® e tltf»t I P*N*-41 ®Tft® 

TO 0 sfe® oy'- 4 sft *lftci ft® ON *-41 ®tft® TO OX' sfe® 

0 TO TO iftcil ®®4S, tan • (-Q^f 4 ) WtSPF 41* 0 S^T® 

» TOlft®S^l I* 

TOT, P a N« ®*fltft 41* ®TO ®tft® TO OY' ste® 0 TO 

TO TO I ft® ON. ISSfft 41 * o'l&® OX TO $ft TO l 

* 

Un#(jojp) «wft <*w 4cif ’frrt^’rm «• *fej50»rt« 
.im *m un«, -•jfcwoitajftin’r 



fawififtw 'stWTOf cm 


270° ^rhare ®rof® <m\ Tfr «w tan 0 

stft ^s ^iiwftc® *tfi*rf®® ^ i 

®®<*ra, *tmi ^: 

0 , o° ^r® 90° 5 $® ^r, tan e, o #® » ^f5® 

^r i 

0 , 90° tan 0 WSTft + « t&FS - » C® *ffarf%® 

’** i 

0 , 90° 180° *rt® *rf*f® #^T, tan 0 , - » ?^C® 0 

"^rPf® i 

0, 180* ^t® 270° ^® tan 0 , 0 3&t® 00 

0, 270° ^f®3mtr«T, tan 0 <BPPirft + « ^C® - » C® *ff^f®® 
^ I 

0, 270° 3^® 360° ® ^ft® tan 0 , - » ^t® o *rt® 

^®3^l 

(iv) *tf^^: 

towk srfOT *rft^3sr ^c® cot 0 = 7 -^ -* mwr 

tan 9 

^rlwtwi wt 3 t? 1 

e, 0* $ps 90° ?ft »rr^*t, oot 9,,» t&rs 0 *rf« $pi 
♦tftni 

9, so* 180° *tf* ?ft »rftpr, cot 9,0 - ® »rt« 5ft 

•tftn 1 . 

9,180° «tf%apwtt®r, oot 9 «w?T«, - «• + ® cs 

9,180° $C® 270- *IW JTC WI, oot 9, ® ^T3 0 *13* ffT 

«rftt 3 i' 

9, 270° &BB 860° »K* 3ft *lftt*t. cot 9. 0 3>PB '<*. do •!#• «Ot 

'•fftri-i " 



0, 360° cot 0 W0T* - « + «» CS 

jftm 

(v) CWV&A : 

sec 0 (- - ~ a ) *r*\z$ fisfafa® fi*tra wi s 

\ cos 0/ 

0, 0° ?&T® 90° *rtW ’rfM® sec 0, 1 ^T® «> *m *IT* » 

v^PTOtf, sec 0 'SPPJTK + « ^5 - » C® *|fifaf%q5 ^TI 
ssm*, 0,90* ^CS5 180° *rt* 3^*T, sec 0, - «> ^r® -1 

•rtv^PHs^r i 

0, 180° ^F® 270° *H* *lfa® sec 0,-1 
ltd’ll? I 

* 0 <rtt=f *p*mr sec 0 - ~ ^tr® + « 0 ® nfireftre ** 1 

270° ^r® 3C0° *W* sec 0, + « ^r® 1 ffa W! 

(vi) c*i7?r*tcfor s 

cosec 0= * WfW fim S 

sin 0 

o° 90° cosec 0 apm: « *&r® 1 3t>r *rr? i 
90° 180° *rtw cosec 0 Wf: 1 ^T® ~ *rt^ *ftT I 

uWTCT, cosec 0 + » ^r® - » nft^fa® W I 

*t**nr, 180° 3$T® 270° *rtl cosec 0 appt! - « &U§ -1 
♦ffo *fflr i 270° 3^r® 360° cosec 0 arcn: -1 ^r® 

- « «Tfo 5fa I . 0, 360° cosec 0 ^JiTfT TOiT* 

- oo ^c® + <» c®> i 

a&tt i 0 , mi «lw uti ^f*r® *w c*t«rt$*rn® 
**t^Tf®'® i sjwft, 36o°-^ *m 0 *rfat*r ^ptr 

cwr v0*fe *}< ^h*fit tot c*t { lt? , N^ artrsnr < 0 *^ 
car^r? *twnr ffi it ffi i *rfifar 1 ^rf^, ctiwiwW nbt^s 

*CW* (periodic function) «fft •rtrjRi (period) &r4ff *m* I * 

C*tWftm *ffiR^Wf% flW-W (graphs).^tnj *t*8 

dWf Wl [ 

. i---t. .1--* 

tea 0 aw? oot 0-f +fW*fo (period)». 





17*2. ZPSfsss CS^ (Graphs of 

Trigonometrical Functions) S 

(algebraic function) 

( ^UTI : sin x, cos x t sin 9 2a? + tan |» ) C*PT TOtWJ <2TTO 

^rl TO i nfc w-t TOtrer c^Ftw 

fwr ^r, toi error ^ i ^ro em*Pr 

ewtfltar *rw i wtocts^ *re ^urTO^ii *m*roc*f 
ffis ^ i . r - ^ *r$s\ croi **i 

^®r (ox- 4 * fa* c*tm to *rot* <w ox'- 4 * fa* 

), 4*s ir^rorTO fa* c*tm »Kfifc ^c*l*rv* TO 
4*E** TOtC^T **1 (OY-4* fa* *C*f*C** TO *TO* 

4*S 0Y'-4* fa* qiTO* ) I 4®tC* *fag ftsjipra 'fBf (abscissa) 
4*1 <*fft (ordinate) *TOTC3 CTO 4*< TO ^f&® *fa* I 

4^5TE*, TO*®fa fa^ *T*R *farl ^*Tfaft* Tf*fa®tC* *fa® 

c**n (*wmi TO*h5 c^^n ^t*re ®t*i) toi ^ *fa*r to*i 

Wft farerTOf®* *t*r*t** cro *rr^* 1 

17*3. sin x-^9^ 0*1*t (Graph of sin x *1 sine-graph) S 
*t*T *fa y = sin x. , 


rostf** *rfaOT ®Tf%*r* TOTrqj io° to«TO x «w r 4 * 
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TO*i ox-«iRr wfa ^^?f5 to io 0 -^ *ito w oy-<*re 
Iro ^ TOfa io-f& toc* »£ot toi i* 

«wi fcro* ^5tPi4l^ TO* ^wMw^i*r 

*§*rf?TO TtffaTO ^fr$ c*<n toi *fro f=rc*fa c®i^r 
to*i i 

nrtfsr *fiti a- - iso 8 a= +360° to to TO 
cro c*r^rt=r TOt? i 

o&w l. 'imft* *rfe^ ^tfvprr? o° TO® 90° TO ’TOnr 

TO CW1 TO I «wWhl sin (- 0 ) = - sin 0, sin (180° - 0) = sin 0, 
sin (180° + 0) ~ - sin 0 , ^5Jtf^ [TO TOJtC* <TO] 

TOtwi (o°, 90°) c^tc'm wti» ftfa **i tut i 

<srarfgr cro *rfr$ *1 *to we wrtwtn c*tTO*ttre* 

<®Tf»l*1 <2ftF® ¥fl TO i 


orfe^j 2 . *rt^ otto fafafcr s 

ftaf TO® fiafsrftss hflfer *rf*F® ** :— 

(i) CTOlS (continuous) tflPK 9flT (wavy) ^C* I 

(ii) sin a-4* TO *1' *W 'fjS&H TO ‘-l* TO 
a-4* TO 90°-* TO? «fTO, TO sin a-4* TO TO*t TO* l 

(in) owaw fasro x-*h TO«flw I eft 

TOT® R^ns sin a = 0. 

(iv) sin | ^ - aj *= sin 11 + aj* sin (» — a) “ sin a, sin (- a) 
= - sin a * sin (« + a)^SJTft I 

(v) CTO 1 *? sin (2rn + a) — sin a, a = 0 «W $ = 2»-»$* TO*^T 

CTOT TO*ft$ift &5* fife* TO*TO TO* I 


* * «w w-TOw «*rc e afat* tot aw wnr $»w Mis 

*fltt sfM cvar 4V* Mi TOc® i 




17*4. (Graph of eos z Tl cosine- 

graph) ; 

s TC i T ^fir CT, p = cos as. 

c^T’rr^r ^t^prm ^nrfFcr (1 

•rcfa) io° ’OTftw ® ^ p-*w ; ^ 9 f srfw* sstf^l ercr® 

i 


as 

-90* 

—80° 

1 

• 

-60° 

-50° 

-40° 

-30* 

e 

§ 

i 

-10° 

y or 
cos as 

B 

*17 

*34 

*60 

*64 

•77 

•87 

*94 

*98 


B 

B 

10° 

20° 

B 

40° 


6(4° 

70° 

80° 

B 

100° 

110* 

eto. 

y Sr 
cob a 

1 

•98 

*94 

*87 

•77 

*64 

*50 

•34 

*17 

0 

-•17 

-•34 

etc. 


«w«i ox- 4 * ffaRr ^pr 4 *fB io° 4 *$ oy- 4 * fa* 

^r *r*f* *T* 4** qfihrl fc*rm ^ftc*nr *Rfiii fau»f»r 

5¥-*wct *fari ^fas c**tt*t*^ sjf 

*f*OT fa^ c*i<r *rwi *r$t* i 

•ftr^r *( 4 nr ®- -* ®-a» trtf ^ *r$*i *rfas c*rc ar<rm 

rtmns i 

/ 

<s4*j s ffes ^rs *»t& cwi *rra ot, *rt^i c*wc* *wat- 
«lwjo* •mcv (fWfirw) «W7«.*fiim fcfl «ifwr 
C*t»rfa CVt I 

*t**l 4^ C*, sin (90° + x) = cos x Tl'sin ®=*cos (&-90 o ). 
3«*T* m flHW C*fa 4*fS «ftOT «Ef *\f$$ c*HMT C*tfS~a;-4*. 

90° **U&C®T Cff#f CWT C*tfi> I- 

17^5. W (Graph of tap z 41 tangent- 

graph)': ; 
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vfl’W ox-4* fa* fa? *pf* 4*f& *t* io° 4*t oy- 4* fa* 
f# *rtf* fetfS to is]** *fi*t §nc** sstf**^ *tc** TOafc 
fa^f^r ^*-*tto *m *f**i fc*rfat* Tf*toTO *fas w**t* 
*l*i *<*? *fa* §1*1 c** to*i *r$c* i ntr^r *fit* jr-4* to 
- n a» TO *f**i cm *fas *f**i cm T* *§*tCf i 

®I*JS NtoTC#*CTOHT faTOI 

c** fafirfas f***®f* **t **i to s 

(i) C** **T$ (continuous) ** ; ^T* *C**f& f%* f%* *1*1 *1C$ 

4*^ *f*S5 ** TO f¥gT® TOtOT f* (®-TOt*) 

in-4* '©fas* I 

(ii) TOf?* *$T$ TOfa* TO a- <jfe to f*^ *rf^aR *C*, 

TO tan « WTO TOfa** «Rt*I* TO *$CS5 TOfa** 

^TO* TO •tfarfi’® ** i 

(iii) a-4* TO in-4* *3* ®f*te* *f**l *fa$ y-WC*TO *fa® 
W**t* TO C*TOfa WTS CTO *fa$ &5* fa* ftfas 

csi 1 *C*, f** TOC* *TO f*fa® ** To I 4^ TO TO C * *1 C * 
W*TO ( 4fC* &Tf*C*c£* C**ft* ) **>*"*4* (Asymptote) **1 

m I 

(ir) tan (nn+ a?) * tan £c *f%*1, <SiC$J*f5 *TOtl, C**ft* $= - in 
4*“ x = in-4* TO*^ W(* *p*Tff% TOT I 

17 6. 0=f4-&JlC®TO (Graph of cot x *1 
cotangent-graph) 2 

*(Cl* TO s 4*< y («cotfl?)-4* WW TO* ^Tf**1 

*fl*i ferrowfe cwr tow 4** «rf**i ttto* *r* *rr$to- 
*tC**fa C*TO # mTOTfetffatC* To? *fa«T§f*l C*W TO*! 

*t^*l *rrffr*0"“ «**#*5a:-2nTO TO TOt* *^*tCf I 
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C 77 - 7 3rt7 *tw$ ; ®=0 7i«*7$E74$*i7®f® 
TfTTfo® 77 I x = 0 47< x = ti -47 *T0*t® *^£77^ $®7 ftfW WT® 
TfGtf^f® 7§£7 I ^ cot («ui + ar) = cot a: *$$ 7$£® 77E«^ W 
*F7l 7f7 I 

17*7. <^1<3=PPtC*^ C*W (Graph of cosec x 71 

cosecant-graph) % 

TOT 7*f7, y — cosec x. 

wsm, 3-47 717 io° *f®7 TftTl x #-47 7tt77 ftsfafa® 

®tf»wi 7$7 7*71 ^ s 
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®Tf3FFl ^T® cosec x ■* . 1 4$ ^canr 7t*rc7j c*tFi*Ttf7 ®Tft7*i 

sin x 

^rtar 7*71 tt$c® *rrra i ] 

ox-47 fwc^ ipr 7rf7 4^ft 717 io° 47 * oy- 47 ft:* 753 7£*f7 
1®7ft 71* 47*7* tf771 ®lf%7 s Tt® i fH^fa *177 ^f77l7 77 ^TTfa- 
®l£7 «rf7® C77I7 7171 T® 5 7*71 *§*! 1 »- -7* 7§C® « = 2n *ffo 
C77 77^4T7 C7717 *§7l£* I 

3 f ^77 g <!$ CTTfite W#l f7%7 WI7 77# 47* *r = 0 71 
»-47 ®f«i®7* 7^C7 *77®fa C771 7l7 I ir^7 717 *77« ±1-47 
*$£7 71} fcfl *rffl T 7$E® *j*®7 71-1 *TC7W1 *$®7 I 
a?»0 71n», 4^C77t«f7^7*7^J ®-0 47* ®-2» -47 TOT®^ 
#®7 fTTTTF apftT® *p7ft® 7&® 7lf%£7 l 

17’8. C’T a T ( tC c fea CW*I (Graph of -gee z ^1 aeeant- 
graph): 

.ai p c-aeo aO -«w »npnr* tf» ff i «m i (pwnjhr 

«tPwi *n *tt«n c»ii»r wmlcw «tl*n*i tai‘w *flw 
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i) cvlFWTrtf cw cm TO=r ^ 

^fTOT fcfti Cm *fTW Tfe^ I *m$\ x=-n ^C® ® = 2n 

cm i 

oriNJ s ftar ?&r® c*r<fl TO a, c*ttre 90° 

TOftre 'TOiffl *rfTOr ^fw^r cw r$ cto *rrw to i 

^TO TO 6 ! coaec (90° + ®) - sec ®. [ 17‘4 *WIC*cm »Pf%ff ] 

17*9. 'sratgj fasTO®tfiife=^ ^f^'TOTOr c»ro 

(Graphs of other Trigonometrical Expressions) % 

TOrik tor* erct^ir® *(TOr towfW’f 
CW «rffcs to TO i ^f5 ^TOa 6 ! ftnr aw i 

Ex. Draw the graph of y = sin x + cos x between the range 
x = 0 £o a = 2n, and find from the graph the values of x for which 
(i) y = 0, (ii) y is maximum , (in) y is minimum. [ U. P, 1934 ] 

TOffa 5 C^t#f <£R\ *&C® <r-v£RT ftfe* TO 

sin 0 W CCS ®-4* TO ft%1 Off 

TO *MWI TO I TOTI y - sin x + cos®™ J2 (sin x cos In + cos x 
sin in) — Jl sin (® + ln) bfftrt ^C® ®-4* TO 

TOTNft sin (® + in)“^3T ^T=T fWr TO TO, «OT< TO ^TFF Jl =1*414 
TOi 'Q*! tfror TO ft^® i 


®-4* TO 10° TO«TO *rftvi x = 0 ^®®“2n «*R y-4* 
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vhtoi, ox-^* ^ <*wft to io° out oy-*kt fare 

10-fi> TOT? «4flFF 1g tf&S ^pf^l f^fsfFF ^F- 

*TTO Tt*R *FfrTO to *rfv$ CTO TO1 ^FfflOT^ 

c®wfe n wi ^rrtn (to <$nr cro ) i 

CTO ^5 ^1 Hft «t^TO TO CT, (i) a? = 135® W 315° 
^r y=0. (ii) a?=45° 5^T y ^?R, (iii) a> = 225° y '$3®* I 

17*10. TO^^CTO t 2**rfe» ^srt«|TO (Graphical 
solution of equations) S 

ffitta TO ffeTOfilw ’t^fto cro-* TOTro 

TOtTO toi tut ; 5 ^s: to TO^rfw c*ra [ firm: <rc to* war 

TOTf^ «mi CW (standard angle) TO ], CTO1 TO C*T, *TOTO faf^F 

to^ totto ^to* ir* ^RTOrro i ^TOf* fro 
toi c^TO^r®uf s 

Ex. 1. Solve graphically the equation 2 sin 9 a = cos 2a;, giving 
only those solutions of x which lie between - b* r and fa. 

[ 0. TJ. 1938, *46, *48 ] 

'OTP5, y = 2 sin*aj = (1 - cos 2a;), 

• *flPK y=eos 2&, 

» 1 * 

^ qfrwm w .[ft® vftro r ‘ «wpr. ^rni 
TOtft* efFr&pra mPnn , «iw roi» <wi|»<«i to^i<b-«w 
nft io* *t 16*itfin ®<w #•<« *wnstwPnr «tiiw 
tarm** <*w n«if«iCT »ik ^flrtut i 
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Graphical" BQlution*oi 2 sin>*coa 2 b. 








































Ex. 2* Solve graphically the equation tan ss—2x between »* 0 
and x~ i». [ C. U. 1939 3 

'OTtar *tft*rr*r w w #ri 

*CflRrt«NCT y«2s — (1) 

'flfts j/ = tan x ••• (2) 
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Examples XVII 

1. Draw the graphs of 

(i) sin 3® between ®=0° to x “ 180°. 

(ii) tan f® between x = - in to x = n. 

(iii) sin 0 cos 0 betweon 0“ - 3t to 0 = + n 



_ 1 

cos a 0 — sin B 0 


between 0 ■* 



n 

2 




(v) cos (« sin x) between x — 0 to x = \n. 

(yi) sin 0- J3 cos 0 between 0 — 0 to 0 = 3*. 
(vii) J cosec 4® between ® = 0 to x**2n. 


2. (i) Trace the changes ixi the sign of cos 0 - sin 0 as 0 
changes from 0° to 360°. Verify your conclusions by a graph. 

(ii) Trace the changes in sign and magnitude of 

Isin^Bina*. [B.H.U.1981] 

2 Bin 0 + sin 20 


3. Draw the graph of y = sin (x + In) between the limits 
® = -n and x= +n. 


4. Draw the graphs of sin 0 and cos 0 between 0 = 0 and 
0*3*. Find the points where the graphs intersect. 

[ 0. U. 1936, '46 ] 

5. Construct the graphs of tan x and cos x between 0 and 
43* for x, making a tabulation of the values of y dividing the 
interval into 9 equal parts. 

If tan x = cos x, find approximately the value of x from the 
above two graphs. [ C U. 1943 ] 

6 . Obtain graphically a solution of the equation tan x = 1, 

between x = 0 and ® * 4 n, [ 0. U. 1937 ) 

[ Draw the graph* of y m tan x and y-1] 

* m 

7/ Draw the graph of cos x - sin 2® for values of v lying 
between 0° and 90°, and hence obtain the least* value of 
oos ® - sin 2® in this range. 

e 

8. SolmHgrepliieally the equations : 

, (i) sg-tan x betwlen ®=0 and «=4* C 0, tJ. 1945 ) 



faWllftfWF C®f«f 

(ii) 6 sin 0 + 2 cos 0 » 5, between 0 *= 0° and 0 = 270°. 

[ 0. U. 1947 ] 

[ Draw the graphs’of y*= 5 sin 8+2 cos 6 and y—5 and find the common 
points. ] 

(iii) cot 0 — tan 0 — 2, between 0=0 and 0 = n. 

[ C. U. 1949 ] 

(iv) cosec x -»cot x + *J3, between x = 0 and x = n. 

(v) cos x = sin 2® + i, between ® = — in and x— + in. 

(vi) 5 - tan x — 2®, between 0 and 2 n. 

(vii) 2 sin x + x — 3 = 0. 

(viii) ® a =cos®, 

(ix) ® = cos a ®. • 

[ Draw the graphs of y — cos 2x and 2a—1. ] 

9. Represent by a graph the displacement given by 
s = 2 sin t + sin 3t. 

10. Show graphically that the equation 2 sin ® + cos 2®=i® 
has only three real roots. 

11. Sketch the graphs’; 

y ■» ®, y = sin x, y — tan ®, in (— in, in). From the nature 
of graphs near the origin, can you suggest any relation among 
them at the origin ? [ C. U. 1952 J 

ANSWERS 

4. 0=ir. 6. x«88° 10' nearly. 6. £r. 7. -‘87 nearly. 

8. (i) x -a (ii) 46° 26' (neatly) and 90 # . (Hi)- 22i # and 112i°. 

(iv) hr. (v) 14° nearly. (vi) 1*19,2*72,4*92. 

' (vii) 1*16, 8*28, 4*95. (viii) ±*82. (ix) *64. 



wfcnw wmv 
(APPENDIX) 

Sec. A—(Elimination) 

18 * 1 . CWft C&fo CTOf TOPFf& ftfft ^hRI 6 ! 
toto* toto ^ eftTOR to i *rTO cTO TOt*nr 
fro srf§ ; *rcfaTO?r sin sroi r$to *w 

ftTOfTO* itfKfo'i cfVl*T « farcroftfas aft TO <TOT’ 

feTOmftcv to tor* ^iwf5 f*fnl c^ronr <rot^ 
c*TO?&iid^ i 

Ez. 1. Eliminate 0 between the equations 
a cos 0 + 6 sin 0+ 0 — 0 
a' cos 0+b' sin 0 + c' *= 0. 

*wir ’Tt^n^rr «rtrs ^fB tora f*rfro 

*fTT* 

cos 0 sin 6 _1_ 

be' — b'c cd — ca ah' — a'6 


f 


. „ #»__be ~~b'c „ ca r — da 

•• 00Bfl a6Wfc ^ sm# "Sj^Zi 

&5TO **f ^ft*1 CTO 

(6c' - 6'c)* + (ca' - c'a)* * (o6' - a'6) 2 . 


Ez. 2. Eliminate 0 from the equations 
x sin 0 + y cos 0 s *2a sin 20 
x cos 0-y sin 0**a cos 20, 

»iflw $ffc* <e «prc y« >nj-r>i41wi fitter ^(tsi 

* « 

<8«a(cos 20 cos 6 + 2 sin20 sin 0) 

: «*a[co#{20 - 0) + sin 20 sin 0] 

■ «*a[o^ ; 0 Hk 2 sfcn*0 sos #1 , 





y = a(2 sin 20 cos 0 - cos 20 sin 0) 

= a(sin 0 + sin 20 cos 0) = a(sin 0 + 2 sin 0 cos®0). 
x + y * a(sin 0 + cos 0)(l + 2 sin 0 cos 0). 

= o(sin 0 + cos 0)(sin 0 + cos 0) a = a(cos 0 + sin 0) 

em*i *n to ct, 

a? - y — o(cos 0 - sin 0)(l - 2 sin 0 cos 0) 

= a(cos 0 - sin 0) 8 . 

.*. a^(cos 0 + sin 6) — (x + y)^ ••• (i) 

afycos 0 - sin 0) = (® — y) (ii) 

^T5i£W, CTT’T 



(® +1/)^ + (® - 1tft — 2a^. 

Eliminate x and y from the equations 
a sin 9 a: + b cos 2 x — c 
b sin*y + a cos 9 y -* <2, 
a ton a? = 6 ton y. 


a sin 8 ® + b cos 8 ® = c(sin 8 ® + cos 8 ®) 


(a - c) sin 8 ® =* (c — b) cos 8 ®. tan 8 ® = -— 

ffl “ c 

*rrwi *rrft <rc, 

b sin 8 y + a cos 8 y * d (sin 8 y + cos 8 y). tan 8 y = 

»pfhW»1 ^C®, a 8 fcan 8 ® * 6 8 tan 3 !/ 

* . a*(c -fe )„ b*(d -a) 

•V «-c fe-d 

^ 5 vft*i *rr*rei 







Examples XVIII 

Eliminate 8 from the following pair of equations :— 

2. x = a cos 8+5 cos 28 


1. cot 8 (H sin 8) = 4a 
cot 8 (I - sin 8) •* 45. 

8. x — tan 8 + tan 28 
y^cot 8 +cot 28. 

8. x = sin 8 + cos 8 sin 28 

/ 

y = cos 8 + sin 8 sin 28. 

7. x " 3 sin 8 - sin 38 
y»cos 38 + 3 cos 8. 


11 . 


—r¥ + 
a 


ar+lT 


0® 5l/_a is 

-n - 2 a ”8 

cos 8 sin 8 

a® sin 8 , by cos 8 _ rt 

“‘in* *• ■■ • "“Us 

cos 8 sin 8 


y **a sin 8 + 5 sin 28. 

4. a sin 8 + 5 cos 8 * 1 
a cosec 8 - 5 sec 8 = 1. 

6. $ + a*=a(2 cos 8-cos 28) 
y»a(2 sin 8-sin 28). 

8. x = cot 8 + tan 8 
y = sec 8 - cos 8. 


9, ®sin8-y cos8— Jx a +y a 10. 

« 

cos*8 . sin 9 8 1 


® „_ 

- — cos 8 + cos 28 
a 


v 

5 


! sin 8 + sin 28. 


12 . 


-cos 8-? sin 8 
a o 


> cos 28 


- sin 8 + t cos 8 *■ 2 sin 28. 
a o 

13. a?* cosec 8 - sin 8 14. sin 8 + cos 8 »a 

V * sec 8 - cos 8. sin®8 + cos *8 « 5. 

15. -.cos 8 + sin 8 * 1 
a o 

x sin 8 - p. cos 8 ■» (a* sin*8 + 5 9 cos*8)^, 

Eliminate 8 and $ from the following equations {Ex % 16-19);— 

* i ’ • 

'18. * sin 8 + sin ^“® f cos 8+ oos.<£=yi 8 -4 *a, 

*. 4 * 

17. tap 8 +tan cofcfl + co* 

. d * * # * * 

, 18. a Bfa*8+# cos 9 8-o cos 9 tf+5 sin 9 ^”!* a tan 8-5 tan 4. 







19. sin 9 + sin <£ - a, cos 9 + cos 4> * 6, sin 29 + sin- 2 <f> = 2c. 

20. If (a + 6) tan (9 - <£) = (a—5) tan (0 + <j!>) and 

a cos 2^ + 6 cos 29 — c, show that a a - 6 a + e a *= 2ac cos 2^. 

ANSWERS 

1. (a 9 -b J ) a »ab. 2. a a {(e+6)*+l/ a y=(cp 9 +!/ a ~6 9 ) 9 . 

8. (®+8y) 3 “®j/ , (a+2y). 4. a 9 +b 9 “l+b^-b 5 . 

5. 6. (a a +0 a +2as) 9 = s 4a J, (* 9 +y 4 ). 

7. &*+* 8 -4*. 8. *V-*V-1. ». 

«■ t-CMOC+iH «• wW-c*-** 

12. (2+ »)*+(» - 18. .W+^-l. 

9 9 

14. 8<i~2b**<s # . 15. * + ^ =<*+6. 18. ® 9 +t/ i —2 cos ci“2. 

a o 

17. ab^ib-a) tan a. 18. a+b=*2ab 19. (ab-c){a # +b*)“2ab. 

Sec. B 

* 

cmts •pit's? fflinw 0 «tnt«i *fws 

CT* Bin 0 < 0 < tan 0 . 

HCT ABO <wl8 0-CT5W 5 !! ^ HCT 

Z.AOB-9 af®SWI 
B fasp® BT "ff? ^51 

OA-4* T fasps 

CT$t*T TOT I .*. BT-rtan9. 

.. &*!**,' msl CT, 

/-?rprPfftPt4 jcsr cm •m 
' cmt» cm fcyra m, 
mi ^ 

ir*8. 




fNr ^ri ?t? c?, 

AOAB < OAB ^*f < A OBT. 
.'. irr* sin B < $r*6 < \r.r fcan B. 
sin B < 0 < fcan B. 


See. C 


l. a mi B-m un (a+b) mi 

cos (A+BM9 *JJ3Rl «W«I s— 

6*1-^PCT A, B <m A + B Wf*! ?IRl ?%1 sin (A + B) 

»OT cos (A + B)-*fl? *Kf3fe 
«rrffaffe^ I tfTQTl #rfC5 i W?1 
fe?i ?n«mrrc? «m*i i 
c**n ox «rhr® 

*finn Z.xoz=A, w *rftre 
?fwl ZZOP-BfeWTOTi TOOT, 

few w c^t*i (a+bH? *wt?i 

WfesprHft nOTTCOTTf? CW ^^Tfr=T3 

fen? c?-c?t? ox <ots oz-ot fen? ( ratwTOf ?ffa 

?%l ) WOT? PN PT n? «rfT® OTrt #? ow T>fH^® 
TM <OT< TR WOT? OX W PN-4? fen? ( <OTt*Rt?tC? ?ffa 
*ftn) n? wi ?fen i 

fenmffcaf ZPOT = B- 180 ° OT< CTO? PN Ws PT WOT? 
OX «OT* OZ-OT fe*^T »!?, TOOT 


S 





Z.TPB-Z.TON-180'- ZXOZ-180'-A. 

NOP taTfSf $P® sin (A + B) <W cos (A + BH* 'Nlt»ltW HU«1 

®mj ▼fir® ct, pn wfw «w on « op q=rftpp i 
*fi otm, ptb <w opt firg«r«Pnr Ntar qsrra* ▼mfir 
▼iri ▼fi, ▼fii ^t»r fiw pn-ct -(tm-.pb) <w 

ON-Of OM + TB-xW Wt® CWI ▼ff’l <*Wfin<fe'5, 




OP 








TM 0T PR PT 
OT'OP PTOP 


= - sin TOM cos POT + cos TPR sin POT 
* - sin (180® - A) cos (B -180°) 

+ cos (180° - A) sin (B -180°) 
- -sin A (-cos B) + (-cos A)(-sin B) 

= sin A cos B + cos A sin B. 


^41*1, cos (A + B) 


ON OM + RT OM OT RT PT 
"OP" OP "OT OP PTOP 
** cos TOM cos POT + sin TPR sin POT 
= cos (180® - A) cos (B -180®) 

+ sin (180° - A) sin (B -180°) 
■“(—cos A)(-cos B) + sin A (-sin B) 

*= cos A cos B - sin A sin B. 


2. sin(A-B) dW* cos (A - BHfl? 

(6’2 ww 

xoz c*tm tto *rfw*r a, 

zop crrm fto ’ffa* 

*rft w B ; fto 

*rfarr*r 

XOP-dfl iffaA-B; P ^^5 PN «4FR 
PT OX d)Ts OZ (to 

) dRT ; T ^5 TM 

' W TR Wra OX dPK PN-^ 

tai j&TOj • to tom 

dflft POT WW 

180*-A «W B-180* dFR PNOT 

^Pnrl (ZN ZT W¥M) ZRPT - ZTOM -180® - A 

« 

«WW, NOP ftfWTT nWCTT «in (A-B) .<W oob(A-BH* 

•fflnrff wtwrwi *fli» pn «nv on-«w fh- twN* *fttss>- 

tfcpn 




M-u-nj U ^ ^ ^ 


sin (A-B)' -MT + ?R ( MTi PR ^gjtf^r 

cwrfar TO to ¥f*n) 

MT OT PB PT 

" “ot'op' pt’op 

■* - sin TOM cos POT - cos RPT sin POT 
= - sin (180° - A) cos (B -180°) 

. - cos (180° - A) sin (B -180°) 

= - sin A (- cos B) - (- cos A)( - sin B) 

= sin A cos B - cos A sin B. 

cos (a-b)-^| [ on-4* ] 

- -—^2^ [RT, OM^mfihr c^m- 

RT PT OM OT 
" "PTOP OT OP 

— - sin RPT sin POT 

+ cos TOM cos POT 
= - sin (180° - A) sin (B -180") 

+ cos (180° - A) cos (B -180°) 
* - sin A ( - sin B) + ( - cos A)( - cos B) 
= cos A cob B + sin A sin B. 

3. »in (A± B), cos (A ± B)-a C’Bjsai I 

*N*ic*s: ab 3 j*www, a+b>90°. 








6*1«RfWIOT ; uOTCS *rT«ffi\Q. X0-* 

fc*ra *rfw i 

ZTPR = 90° - ZTRP = ZTRO = ZEOS = A. 
am(A + B) = am XOP"= 0 p 0P ■ ~~GP~ 

RS OR PT PR 
"OR'OP PROP 


= am A coa B + coa TPR ain B 
= ain A coa B + cos A sin.B. 

vm OQ [ OQ-5 ’Tt=r 

COS vA + Bj = COB XOP ~ ^ 

op wu&rfcs] 

SQ-SO X)S SQ OS TR 

op "op“op"op“op 

OS OR TR PR 
"OROP“PROP 

= cos A cos B - ain TPR sin B 


**- cos A cos B - sin A sin B. 

ftfto c*ra : a ■prc^'M, b fav a+b < iso°. 



•. to 61 to'Spt? tow i 

4WW, /.TPB -180” r ZBPQ - ZBOQ -180° - A. 
sin TPR**sin A, cos TPB*-cos A. * 




*8« 


^-*rr*af^F 


RS OR PT PR 
OR OPPR OP 


= sin A cos B - cos TPR.sin B. 
*sin A cos B + cos A sin B. 


cos (A + B) * cos XOP = - 


OQ 

OP 


‘OS + SQ 
OP 

OS OR 
" ~OR*OP“ 


[ oq- 7 c^wrfar 

OS SQ OS TR 

op“op“ "op“op 


TR PR 

pr'op 


■ cos A cos B - sin TPR sin B 
= cos A cos B — sin A sin B. 




c*ra; a^b^ scsSt i*ictk a-b >pt- 



6'2 «iw5pr wt i 
•mm ZTPB“Z BOS ”180°-A. 


• . T>r,n_P§ PT-BS PT BS 

sm(A B) emPOQ Qp Qp "op _ OP 

PTPB BS OB 

“pb'op“ob'op 


." cob TPR sin POR - Bin ROS oos POR 

- cob (180° - A) Biz} (180° - B) 

r sin (180* - A) cob (180* - B) 

" -cfls A sin B- sin A (-cob B) 

• ■ 

A cob B - cos A Bin B. 






/» OQ OS + SQ 08 ,RT 

cos (A - B) cos POQ “ Qp “ Qp ” OP + OP 

OS OR RTPR 
"OR OP PROP 

= cos ROS cos POR + sin TPR sin POR 

= cos (180° - A) cos (180° - B) 

+ sin (180® - A) sin (180° - B) 

~ (- cos A) (— cos B) + sin A sin B 
= cos A cos B + sin A sin B. 

o&TJ i «rarfer cror*' ^norPs 5 sffirft «ww tti TP? i 
^TltWT 'Q <2tTtm 6*1 'Q 6*2-T I 

Sec. D 


13*2, 13'3, 13*4 4T ^fspCT WT3FCT (I), (II)«(III) 
TfTl ’tfF® TTl i 13'10-C® c*rTftn C* (HI) =K 

(II) m ^ «TPQ?1 TtT I ^TlTTl CJfTT^T <tf, CTtT vfppft 
T$r® ^(5 w efTM wi TtT i 

(III) 5K 3JJ3Br TtTl (I) 3f? ^3RT «W*I 5 
^ : 13’4-T tT®tT ^ 6-T TtT Tft «NT ^C3J TTfcTl TtT,’ 

^tTl T^®T 

a*(c cos A + a cos 0) cos 0 + c cos B 

.*. a(l - cos*G) = c(cos A cos C + cos B) 

» 

* c{cos A cos 0 - cos (A + C)} 

. . *[ V A+B+0-*! 

*= ‘o sin A sin C. 

k ■ 

.* a sin*C * c sin A sin C. 



sin A sinC 





*8* 


VW e-* TO «W ^ ^prfe*T TOM ^n TO C*, 


^SvfR-, 


_ a 0 

sm A sin B 

a __ 6 — c 

sin A sin B Bin G 


(i) «k *%m toi an * mi) si* 5 ?c3Ri <*i»rr«i s 


a* 5 !! sin A, b tm Tc sm B, c = h sm C. 

. 6® + c® -a® M fc®(sm®B + sin a C-sm®A) 

26c 7c*.2 sin B sm G 


sm 9 B + sin (0 + A) sm (0 — A) 
2 sm B sm G 


sin B{sm B + am (C -A) } 

2 sm B sin G 

[Y sin (C + A) * Bin (» - B) = sm B 

sin Bfsin (G + A) + sin (0 - A)} 

2 sm B sm G 


2 sm B sm 0 cos A . 

“ n -r> ** l Ub A, 

2 sm B sm G 

(ii) b cos 0 + o cos B = &(sin B cos G + sm 0 cos B) 

= B fcsm(B + C) ss 68in A [Y A + B + 0 = »' 
= a. 

(u) *pi sfe® (i)«« « an) *jrara «!*rM s 

(i) sin # A = 1 - cos*A 

i 1 b' + c a -a a \* 4 6V-(6®+c®-a*)» 

‘ ~ 1 l 26c / 46®c* 

(26c + 6* + c* - a*)(26c - 6® - c* + o®) 

~ “ 46 i c* “ 

— (a+6 + c)(6 +c — a)(c + a — 6)(a + 6—c) 

46*e* 

- 41 * 





«r*rM wi 3ft a, 

Bin*B_ h_ _ _, sin a C k 

V "*4a B &V c*' ‘4oW 

. sin 9 A_sin 9 B_sra 9 C 
’• a 9 ~ b* c* 

sin A sin B Bin G 

w T" » ’ -"7- 

(ii) fWhr« ^ Tfl* C3M 

fe 9 + c 9 * 6 9 + c* + 2a 9 - 2ca cos B - 2ab cos 0 
.*. 2a 9 = 2ca cos B + 2ab cos C 




BOARD OF SECONDARY EDUCATION, 
WEST BENGAL 

Higher Secondary Examination Papers 

1960 


1. (a) Prove that the radian is a constant angle, Find its value in degrees, 

minutes eto. [ ] 

(6) The angles of a triangle are in Arithmetical Progression and the 
number of degrees in the least is to the number of radians in the greatest as 
60 to Find the angles in degrees. 

2. (a) If A, B, A+B are all acute angles, prove (geometrically) that 

cos (A+23)=oos A cos 13-sin A sin 23. 

(b) Find the value of 

sin* 6Q°+cos a 150°+tan 9 120°+cos 180°-tan 185 # . 

8. (a) Find the values of 8 between 0 s and 860° which satisfy the equation 
2 sin*0+8 oos 0*0. 


(6) If A+23= 90°, prove that 


cos 223-008 2 A 
sin 2 A 


“tan A-tan B. 


A. (a) In a triangle ABC, prove that a= b cos C+c oos B. 

(b) In a triangle, the angles are to one another as 1 : 2: 8; prove that 
the corresponding sides are as 1:^3:2. 


5. Two vertical pillars, the height of one of which is double that of the 
other, are at a distance of 150 ft. from each other. At a point between the 
pillars and on the line joining their feet the angular elevations of the tops of 
the taller and the shorter pillar are found to be 60° and 80” respectively. 
Find the heights of the pillars and the position of the point. 

6. Draw the graph of sin x between the valuesfaj“ -r and x»r wad find, 
from the graph, the value of sin 120*. 


1960 ( Compartmental) 

„ 1 (a) The difference between the two aoute angles of a right-angled 
t&angle is |ir radians; express these angles in degrees. 

' (&) is the length of the mo of a circle whose radius is r and 8 is the 
, Radian pleasure ' pf dhe; #s#e at the oentre, standing on the aro, prove that 



$55-*rr*afw «nmoi w* 

2. (a) If A and B are both acute angles and A is greater than B, prove 
(geometrically) that 

sin (A-B) = 8in A cos B-oos A sin B. 

(5) Ii sin A — § and cos B «*■$§, where A and B are aoute angles, find the 
value of 

tan A— tan B 
i+tan A tan B 

8. (a) Find the values of 0 between 0° and 360° which satisfy the equation 
sin 3 0--2 cos 0+i-O. 

(6) If A + B+ C 33 180°, prove that 

sin .4+sin B+sin C«*4 cos %A cos JB cos jC. 

4. In a triangle ABC, prove that 

a ft a +c a — a 3 /..x B—O i-l , \ A 

(i) cos -4“ - 2 ^ c —» (ii) a cos —- (6+c) sin ^ • 

5. The upper part of a straiglft tree brokon over by* the wind, but not 
completely separated, makes an angle of 30° with the ground, and the distance 
from the root to the point where tha top of the tree touches the ground is 
30 feet. What was the height of the tree ? 

6. Draw the graph of cos x between the values of »“ -w and a; “ t and 
read ofi from the graph, the value of cos 150°. 


1961 

1. (a) The radius of a oirole is. 10 cm.; find the angle, in degrees and 
minutes, subtended at its oentre by an arc 6 cm. in length. [ r=V -1 

(b) The angles of a triangle are in Arithmetical Progression. If the 
number of degrees in the greatest angle is the same as the number of grades 
in the least, find the angles in degrees. 

2. (a) If A, B and A — B are positive aoute angles, prove geometrically that 

Bin (A-B)»sin A cos B-cos A sin B. 

(b) Find the value of 

sin 330°+tan 45" - 4 sin 8 120°+2 cos" 136°+ sfio* 180°. 

8 .. (a) Find the values of 0*between 0 ° and 360° whioh satisfv the eauation 
(s /8 sin 0 +cos 0 » 1 . 

( 6 ) If A*+-B+C“180°, prove that 

tan A +tan B4-tan C«r tan A tan B tan \ 


4 . In a triangle ABC , prove that 
* • * 


i % B1U A niu Ja# BU4V 

(a) - 5 ~ 

(b) a sin (B-G)+6 sin (G~4)+c sin [A - B)*C 



ISwHftffc 


*8* 

5. On a straight coast there are three objects 4, B and 0 such that 
4B*BC«4miles. A steamer approaches Bin a line perpendioular to the 
ooast and at a certain point AO is found to anbtend an angle of 60°; after 
sailing in the same direction for ten minuteB, AC is found to subtend 
an angle of 130°; find the rate at which the steamer is going. 

0. Draw the graph of sin x between the values of ®*0° and «“860° and 
read off from the graph, the value of sin 240° 


1961 (Compartmental) 

1. (a) Define a radian. Taking t=T1416, show that a radian contains 
306265 seoonds approximately*. 

(6) One angle of a triangle is 9® grades and another is degrees, whilst 
the third is ^ radians ; express them all in degrees. 

3. (a) If A, B and A-B are all positive acute angles, prove geometrically 
that 

cos (A—B) *= cos A cos 5+sin A sin B, 

(6) Find the value of 

f-tan■*"80° + C 860 * 45!, '"‘ 5ut, 45°)* ( 605 * 60°+sin 9 120°). 

8. (a) Prove that 

cos 34“4 oos'd-S oos A. 

(b) It A+B+C "180*, prove that 

sin 24+sin 2B+sin 20“ 4 sin A Bin B sin 0. 

4. In a triangle ABC, prove 
(a) e m a oos B+6 oos 4. 

‘(h) (6-c) oos g «o sin - 


6* Two vertical poles are 130 feet apart and the height Of one is doubli 
t that of the othefc From the middle point of the line joining their feet, 
* an observer finds me angular elevations of their tops to be complementary, 
Kted their heights* 

T * JM ‘ , “ <p • Bi 


Sedas of oos 800*. 



IMPORTANT FORMULAS AND RESULTS 
Solid Geometry (Mensuration) 

1. Rectangular parallelopiped (or cuboid). 

If a, b t c be its length, breadth and height 

(i) Area of the surface * 2 (be + ca + ab). 

(ii) Volume ^abc. 

(iii) Surface area of a cube of side a-6a*. 

(iv) Volume ■ o 8 . 

2. Right Pyramid on any regular base 

(i) Slant surface *|({>erimeter of base) x slant height. 

(ii) Volume ~K are a of base) x height. 

3. Tetrahedron. 

Volume — }(area of base) x height. 

4. Right Prism. 

(i) Lateral surface * (perimeter of base) x height. 

(ii) Volume -(area of base) xheight. 

5. Right circular cylinder . 

If r is the radius of. the base and h the height of the 
cylinder, ' 

(i) Area of the curved surface 

•(circumference of base) xheight 

• 2 nrh. 

(ii) Area of the whole surface 

• 2nrh +2«f® • 2nr{h + f). 

(iii) Volume -(area of base) xheight*«r*A 

I. Right circular cone , 

If r is the iradius of the base, h the heh 
and* the semi-vertical angle of ~:: 



(i) Area of curved surface 

» ^(circumference of base) x slant side 

** — nfl 

=nr Jh* + 7* =nr a cosec a. 

(ii) Area of the whole surface -nr(l + r). 

(iii) Volume « 3(area of base) x height 

= far 2 h ~ $nh* tan*a. 

7. Sphere . 

If r be the radius of the sphere, 

(i) Area of curved surface=4»r®. 

(ii) Volume -far 8 . 

Co-ordinate Geometry 

1. Distance PQ- -xj* +(y 2 -yj® 

Distance OP = r* Jx r +y*. 

2. Point dividing the line joining two given points in 
a given ratio : 

m t +~m 2 y % + Wa 
Middle point $(x 1 4 x 2 ), i(y x + y 2 ). 

3. Area of a triangle with given vertices 

(y« - y.)+ x *(y* - y i)+*.(y. - y.)h 

4. General equation of a straight line 

ax + by + c » 0 (a and & both 0). 

Every first degree equation in x> y represents a straight 

« 

line. 

5. Transfer of the origin (directions of axes remaining 
unchanged) from (0,0) to (a, ft) 

x~X + a, y~F + 0. 

6. Straight tine parallel to the #-axis : y=*b. 

Straight line, mrallel ta the v-axls • jem a. 
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7. Equations of straight lines in standard forms : 

(i) Intercept form : ~ + g -1. 

(ii) *»’ form : 3 / = m# + c. 

(iii) Form through a given point: 

or 

(iv) Normal (or perpendicular) form : 

x cos a + y sin a**p. 


x-x A 
cos 0 


y-y-i 
sin 0 


(v) Two points form : y - y x « --—— (x - x x ). 

x a —x 1 

8. Point of Intersection of the two lines 

a x x + b x y + c x — Q, a a x + b a y + c s =0 : 

V 1 , v _ c,a,-c,a K 

“ifr.-oA y oA-«A 

9. Condition for concurrence of the three given lines 

a x x + b x y + c^ 0, a 9 x + b 9 y + c 2 ~ 0, a 3 ^ + fe 8 y + c 8 -0 : 

— ^ 3 ^ 2 ) — ^a®a) ^i(®a^8 ®s^a) m 0* 

10. Condition for collinearity of the three given points 

C*i» yx)> (*a» y 9 )> C*a> y 8 )» is 

^iCy 2 - y») +^aO^s - 3^)+* 8 Cyi - y a )-o. 


xx« n.ugic uciwccii iwu given mica ; 

/ 

(i) When the lines are y » m x x + c x , y*= m 2 x + c 9 

* 

, , *n« ~ m 9 

tan <t> - 

1 + m x m a 
’ (ii) When the lines are 

<»r* + & 1 3'+Ci-0, o,^+fr,y+f,-0 

4 . j a x b 9 ~a a b x 
tan d> — - * ■- * L - ~ A " • 

o x o fl + b x b 9 


12. Conditions for 
(a) parallel lines, 


(i) m t 


m 


9* 





(b) perpendicular lines, (i) w t w 8 «-l, 

(ii) a x a a + b t b a =0 . 

18. Length o£ the perpendicular from the point (x lt y x ) 
upon the line ax + by + c - 0 is 

ax y + by i + c * 

± Jo* + b 2 

14. Equations of the bisectors of the angle between the 
lines a x x + b x y + - 0, a g x +■ b 3 y + c a * 0 are 

a x x + byy + c Xtm a a x + b g y + c„ 

Ja x *+b L 2 ~ Ja 2 * + b g * 

15. Equation of the circle 

(i) Standard form: x 2 +y i 8 «o* 

centre : (0, 0) ; radius o. 

(ii) general form : x 2 + y 2 + 2 gx + 2 fy + c * 0 

centre : ( - g, -f) t radius - Jg* + /* - c> 

16. Circle with the given points (x lt y x ) and (x a , y 9 ) as 
extremities of a diameter 

O - *i)(* -*,)+(y - Vi)(y - jo) - <1. 

17. Fquation of the tangent to the circle at (x lf y x ) 

(i) for standard form : *x x + yy x *o®, 

(ii) for general form : 

**i+yy i+ 9(*+*i) + f(y+yi)+c - o. 

18. Equation of the normal to the circle at ( x lt y x ) 

(i) for standard form : ~ ? * 

*i y% 

(ii) for general form : x(y t + /) - y(x x + g)~ fx x - gy t . 

19. Length of the chord of the circle x 2 +y a «o* intercepted 
by tbeliney«w#+cis 

0 Ja 2 (i + 

4 * If , -A —' 



20. Condition of tangency; condition that the line 
y=mx+c may touch the circle x 9 + y 2 * a 9 is , ' 

c*= ± a Jl + m* 

y =fnx + a + m* is a tangent to the circle x 9 + y 9 »a 9 

for all values of tn, and in that case the point contact is 

am _ __ a 

~Jl + m 9 j\+m 9 

■k 

21. Length of the tangent from an external point (x lt y x ) 
to the circle x 9 + y 9 + 2 gx + 2fy.+ c =■ 0 is 

Jx x * -ty^ +2gx~~+ 2fy ± Tc. 

22 . Standard forms of the equations of conics. 

(a) Parabola 

(i) y * =4 a(x-a) »(with axis and directrix as axes of 

co-ordinates). 

(ii) y 9 =4ax (Standard form), 

(with the vertex as origin and the axis and the 
tangent at the vertex as axes of co-ordinates), 

( b ) Ellipse 

(Standard form). 

> (with centre as origin, and major and minor axes 

as axes of co-ordinates). 

(c) Hyperbola 

x 9 v 9 

~~a - -1 (standard form) 

(with centre as origin and transverse and con* 
jugate axes as axes of co-ordinates). 

23. Parabola : 

(i) Standard form y 9 =*4ax, 

(ii) Latus rectum =4o ; focus is (a, 0) ; extremities of 

the latus rectum are (a, ±2a) ; directrix is - a.. 
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(iii) Equation of the tangent at (x Xf y t ) is 
yy 1 **2a(x + x l ). 

(iv) Normal at (jr 1P y x ) is y - y x « - (* - *i)* 

(v) Length of the chord intercepted by the straight line 
* y=*tnx + c is — a Ja(a-mc)(l + m a ). 

m Til 

(vi) Condition that y — mx + c may touch the 

parabola is 0). 

The line y = mx + ^ is a tangent to the parabola for 

all values of in (except zero), 

* l q 2a\ 

the point of contact being I B » )• 

(vii) Parametric representation : x — at*, y — 2at. 

(viii) Equation of the diameter : y ** 


24. Ellipse 

(i) Standard form ^5 + 3L = 1 

(ii) Latus rectum — 2 a(l - e z )~2 

(iii) Eccentricity : b* = a*(l - <?*) or 

(iv) Focal distances of P(x lt y x ) : 

SP « a - ex x , S'P a + ex x ; SP + S'P — 2a. 

(v) Tangent at ( x x , y x ) : -1. 

(vi) Normal at (x Xi y x ) : — Z— 2U. 

a* F* 



(vii) Length of the chord intercepted by the line, 

y — mx + c on the ellipse 

— 2 ab »/l + m*_ */a a m a + 6* — c a 
o*m® + b a 

(viii) Condition of tangency : 

The line y = mx + c is a tangent to the eUr**" :£ 
c—± Ja*m* + b *. 

The line y — mx + Ja*m* + b* is a tangent r 
ellipse for all values of m, and the point 
contact is 

_ o*m ^ a 

ja*m a + b*' Va*m a + £ a * 


int ol 


(ix) Auxiliary circle : J ;r a + y® = a*. 

(x) Parametric representation m . x —a cos 9, y =*b sin 9. 


(xi) Diameter y= — — 

v J J a*m 


x. 


(xii) Director circle x* + y a *= <* a + b*. 
25. Hyperbola 

jg S /y 2 

(i) Standard equation : = 1 . 


a M b s 

(ii) Latus rectum : 2a(£ a -l)* s 2- 


a® -t-fe® 


(iii) Eccentricity : £>® ==a®(£®— l) or e* — 

For rectangular (or equilateral) hyperbola 
a — b ; e *= 4 / 2 . 

(iv) Focal distances of P(x xt y x ) 

SP**ex x -a 9 S'P=*ex x + a 
S'P-SP~2a. 




(v) Equation of the tangent at (x lt y ± ) 


xx 


h* *• 


o* b 1 

(vi) Equation of the normal at ( x lt y x ) is 

_y%. 

v* 


i) Length of the chord of the hyperbola intercepted 

by • y * mx + c is 

2 ab J \ +m* Jc* - o 2 m^+ 
o a m a - b a 

(viii) Condition of tangency : 

The line y = mx + c will *be a tangent to the 
hyperbola if c — ± 

The line y-mx+ Ja*m* -b a is a tangent to the 
hyperbola for all values of m , the point of contact 

t>ewg (■ ~ 


(ix) Equation of the diameter is y ~ x. 


(x) Equation of the asymptotes: y = ± ~x. 



y 

(Circle) 


4*1. a^is. fsqfpf& ^t^« 

^3| 



^frfH 0 ^ c^arRpil isr fcm ?rjt*rr*f; a. fre* 

ft^p-^r ^Rlr *rfw (^, y) ^r, w 0P =a. 

•'• OP»«a*; .*. x a +y a «a a . 

f^F5jr (#, y) ^fal ^ Pffi 

Pftl ’rftafl TO I 

4*2. OT<-^H faqffc?& 



X' o 



TOt* 


»lr 

to to, C( a , p) cto «ipk a TOt*f i ^cro cr-cTO 
f¥w P-*#T (*, y)^ ( WCP=fl^1 cp b = a 8 , 

.’. (x-a) a +(y- p ) 9 “a*. 

$ETO C*T CTO fw TOtt «flfc TO 

^cro ftrftr *r^TO«i i 

a&gi §*rf*1%f^3 fw ^us ^i t 05 ^ ci, c*kto f^r® 
(to, a, 0) ow «ipk of-cro bf^j (to, a ) TOtf-ftfal 
’nflrocTO TOhr 

#® +^ a - 2a# - 2 f)y + (a* + 0 s - a 8 ) « 0. 

'sntfK x* +y*+ 2gx + 2fy + c - 0 <s$ TOFtOTT, CTOtl^r p, /, c 

TO* 1 

^CTO >t*?fTOCTO TOtVI TOUT [ § 4-3 ^TO 

<3bOr TO CTO ] I 

^rf^p® CTOftftl ^CTO CTO g*rnf 0. 

4*3. g, f, c <STOa|S^f*TO OT-CTOt 3 ^ *Tt=* 
x a +y*+2gx+2fy+c=0 8P^t«W®t® «a=ap[S 

RTCV, <©TO ^MiU OMfcgE? -© toMTO^ fspfa | 

«ftf55 *r*flTO# t^PiR^ 'TOtro croi TO, 

x* + 2gx + g 9 + y* + 2fy + f a **g*+f*-c, 

% (* + P> 2 f(3' + /) s = fl |a +/*“^ 

*1, {*-(-P)i a + (y ■- C ■- f)V = ( V^7®~)®. 

bst «rf^ro ci, ftfifl f^ (-$,-/) to 

(*, y)TO-TO */p a +/ a -*TOTOfal 

.*. -TO ’f^TO’^5 TOW^lfe (-p, -/) fasp® CTO * 
Jg*’+f*-c TOijfftPfe *refB 3« i. 

f^Wlfeji *tflro*l1BTO* <ro# tototoji aTOUfl*flhi 

. CTOt TO 

ox\+ay*+2g’x+2fy + c'~v •••. t,i;. 



^5 ifcS 

f5 to, fas -f) cm 

TO, *m Jg' 2 +f a - c 7 * to i «iwft 

fate »nIhRrt # a ^ y a iflw *wpf *fs *ito ^r *ipk ^y-TOfa® cro 
*f*F *rl qtc*, v$c* c**m<h j i , ^l4^*tf5 ^<?f5 ^F5 f%cEH i 

^TO* (i) ^rafapift «iF7fl» > rtTft c i *pffan1 <ffc fre* ot 

'e *TWffa^f*r® ^t*r # a 'e y a v£i* >rWvi 
W ^%l # a +3? a + 20# + 2/y + c = O 'Slt^ *ffaF® ^5^1 
TO1 (-y, -/Jcrora^Ws ^ Jg*+f a -c ^rfattifr fctfj 

4*4. (zi, yi) <3 (x a , y a ) 

e r t^ gfa^ ag^OT - s^*^ *\ fa®fe i 



x' o 

A(x lt y x ) <*W B(* a> y % ) fTO «tt$fH AB-* 

wfH tt(*i+*»). Kyi+y a )} ¥&* w vm 

- 1AB « * J(*i- X % ) a + (y x - y a ) a . 

/. 

{*- K*x+*»)} a + {y - K^i + y »)l a 

*if(^i-^.) s +(yi-^«)*} - ’(l) 

ml *tin5 I • 

AB, fwr *Jt»r v£R^ p to* %tf$* c*-cto fa* <*. v\ 

PA<WPB*W(*ffl 



^«o 




dWFI, PA '9 PB ‘m* y -~& i£M y.zy*. 

x-x x x-x a 

[§3*1(E)«J 

.*. PA ^ pb m^5 rfm\ 

yzii.y-y.,.! 

X-X x x-x a * 

^1 (x-Xi)(x-x a )+(y-Fi)(y-ya)"0 ••* (ii) 

frw c^-c^ ff?P^ tWf wi ft* *ri*nri 
’Tsffaspi i 

W^J i ’rffarci* (i> v® (ii) c*r *fta, 

*m un i 

4-5. (x„ y,), (x„ y.) <3 (x„ ,,) f®*l(S fstffcffc 

ftir^ 

x 9 + y* + 2gx + 2fy + c **0. ••• ■•• vv 

fsf5 «nre f^tU w tot ^f®ral 

x l t +y l ‘ + 2g* 1 + 2fy l + c = 0 
x t , +y,*+2gx, f2/y,+c-0 
x,‘ + y, a + 2gx, + 2fy, + c - 0 

(*i. Ji). (*.. y,) <W (x„ y t ) 9 JTfJT CT«9l «tffa»! fW8 TOf®- 
9fft g,f, c *K9f*IS.>ifc fostft WR *l?-’tf(49*l 9$T5 *1991' 
g, f, c 9 ftfiiS nftrs «nft i 

g. f, c 9 -ift *™ art=r (i) rtwi 99t^' *twn jc«9 1?(rt9 

1^1491 *tt$ W ^19 OW{-g,-f) <49* 9mK -jg’+f'-c * 

*ffe9l9t9l 



4*6.' 'S 1 


refa mw* % n 

P'eQ^ ’rcrefare *i**rmTre P re$ 

*fltoi *R to 1 ssro rem^n to a, ^f- 
rero pq in? «m c§TO^ y w 
P-* ^cs «rarere p 
*rf^ ftforl to, wr PQ-* ^ 
c-rc toto pt re p ft^r® wwfa 

"»rt% ( tangent ) ^ri ^ I 

P-?r W fwl **l4¥ PT-* 5^- 
CWI PG re P fafre ^aFOTlft* {normal) TO | 

4’7. (A) x 2 +y a «a a (B) x a +y a +2gx+2fy+c* s 0 

RqfFfg (X 1f yi) ^gC<35 




(A) TO m. x*+y*-a*...( i) ^T P * 

Q OW wtf WTO (# a , y a )* (* 9 , y a ). 

$1*1 T&PI PQ *01-* 

9‘fir £&*-** 



f^p, q j&k ^rai 

4Fi *+^1**0® ... . ... (iii) 

■*’** + 3 , a"*° 9 *" •■• (iv) 

.*. f^CW 4R«ll (x a B -x x a ) + (y a a -;y x 9 )~0 ; 

• y*~yi M „ + x x t 

*a-*i y a +yi 

^^-(ii) <m\ 


y-yx = 


x 9 +x x 

y*+yi 


(x-x x ). 



<*wc*i, Q aR*ft p f^r HflfSn^r 

QfHP f*[f*nrl *rfc^ irc Q-* ^Tt* (* a , y a ) P-* 

tftt? (jt 1# 3> x ) ^ >rf^5 m i ^ m PQ *fjt 

P fafre $rs* i$F* ^ (v) wr 

^ *i(* - *i)+? i(:y - ^x) - 1 o> 

## x +^1*^1® +y x * *=a 4 L (iii) ^ *iWWJ ] 

.*. x 9 + y a ®*a* (* x y x ) f^p® "’Km »P?IWI 

xxi+yyi-ft®. »~- 


(B) ^ ^T, 4r*+3f*+2^ + 2/y + c«=0 — (i) 

*tM^3 iH p» Q ^ W *wtarc*r (*,., y x ), (* a , y a ,). 


iPQqTRr y-yi = % 9 z %* ■•• («) 

*b“*i 

P,Qf^wpi^[’l##1 

^ , i*+yi 9 +2^jr 1 +2/3; x + t:*0. — (iii) 

*b* + y»* + 2g* a +2fy a + c~0. ' •.. (ir) 


j^Pf ^1, # . • 

ta 9 - *1*) + (y a * r Vi*) +2 0(*« - *i)+2f(y* - y») ■ °> 



^1, (*,- x x )(.x t + x x +2g) + (y,~y x )(y, + ji , + 2f) = 0, 

« *.** 1 + 2 g 

’ x,-x x y,+y x +2f 


PQ < 171-5 (ii) C®r«t 1 5 t 5 


y-yi - 


x ^ + Xj +2g 

~y, + y l +2f 


0 - x t ). 


• • • 



<amA, Q p fart? cw^ Q fH 

p ft*g? ftPrai ^ Q-* ^Rt* (* a » 3 / 2 ) P-* ^RR 

(* x , 3? x ) <47 5rf^5 «<w 1 wr pq *71 P fc^r 

5W #? opr (v) 


% 


y-y 1 = 


2 ( ^ 1 +g) 

«*+/) 


J>-*i). 


(*i+ g\* - * 1 )+(y t +f)(y-y i) - 0, 


xx x + ?y x +gx+fy=x x * + y 1 9 + g* 1 + fy x . 


*tc* gxi+f4>fc& (Pi ^fwl 

x*i+yyx+g(*+*x)+f(y+yi)+c 

^Xi*+y x *+ 2gx 1 +2fy 1 + c~0. [(iii)^T®] 

(i) ftrtpR fTS* (x lt y t ) %ps **rf* 

xxi+yyi+g(x+Xi)+f(y+ji)+c-0. 


4*8. (A) x a +y a «a a (B) x a +y a +2gx + 2fy+c-0 
(x 1t yi) (normal) 

*p9NRPI | 

• * 

.(A) * a +y a -a 9 (jitx, y ± ) f¥sp® * <**» 

2 

* yi 

.*. (* x , y t ) fiTjlrtl’ 4| flPprt ""Kf y- -^ 

j^i ji 



arhsrrtr ■ 


"1 ?! 

% 5,-i- 

yi 

4$ owl p^f cm (o, o) f^rrfr i 

(B) x* + y* +2gx + 2fy + c *0 (jr t , y x ) " p ffc 

**i+yy x + 9(*+* i) + /(y •* J'i)+* ■ °* 

H <7) +y(y x +f) + {gx x + fy x + c) * 0. 

‘>»’ = 

3^1 +/ 

(x x ,.y x ) ^ tot« 

*ra*fa**l 

y-yi- ll P (*-*»>■ 

* 1 . *{yx+f)-y(*x+9) m f*x-Wx' 
ar^ri o#c?wi* p ii^^Brcw(-p, -/)faprffi 1 

'$rfr$ cwllfP i 

cq-cw qjFrUfiP %’i1fl‘ fcn* *w i 

4*9. y“mx-f c C5Ffct1x*+y a -a 2 


A 



TOEW TOt* f3 'fi TOWt* 4W| *rfrW 

f*re TO I TOWTl^, ^ y WTO*I *fifc»T C^f^ 

¥*, ter *tfiro ^r® *ft>«n i 

# 2 +(ntx + c) a «*a 2 , 

^1, jt*( 1 +fw a ) + 2mc4f + (c a -o a ) = 0. ••• "(i) 

^1 x «ii^ fW 1 ® ^f*ral x ^rtaf $§f& srfa *n^fl i 

3 'rf ^5 wirnffB to ^ %r® cw<r TOre i 

TO ^T, A, B opfi^ l *ITO WTO (*,, y t ) 'S (* a , y a ). 

TO1 ^$c*r> x x w # a (i) *iffaTO?r fN i 


jr t +x a 


2mc c 2 -a 2 

1 + w* J 2 1+w 2 


• • C^t " #a ) 2 * (^i + ^a ) 2 ~ s 

4 m 2 c 2 4(c a - a 3 ) 

“(1+m 2 ) 2 TT~m^ 

_4{m*c a -(c a — o*)(l + w 2 )} 

(1 + m a ) a 

_4{a 2 (l +w‘)-c 8 } 

" (1 + m 2 ) 2 

«, y A - ^ c ugprc y 9 = mx t + c. 

.*. yi-^a^wC^-jr*). 

as *jm Mr 

* ^■=>;y f +o^53 l - Jfc^yji+tn 9 ) 


/4{fl 2 (lTm 2 ) - c 2 } 
V 1+m* 


2 */a*(l +#» a )-c* 
n/1+»T> 


’•rafti'fai ctw AMI ^wri -*H* wsi? <#i 

* 

cro cw ^ fre* fl* *rri-* -Mr # o to cwftfOT 

**rf^fTOI ■ y~m4r+*<r cW * 2 +y 2 «a 2 

*fl6 c a =a*(\ + m a ), 

K o- ±a*/i+ m ». 



«i$ frfara i 

jrw c^s ^r$ or^rrthf ^otMj ^rrprfoft ’TO i 
.-. ^rt c*m (0, 0) m^-y+c=o c^ §*nr ®m 
h<fj - a, 

Tl» ~ j - ■ ' 7 8 = ^* • • ^ = i+W*. 

± VI +m a v 

ariNji ^i^f5 wrra^ii y^mx+c^ ^rsitw^T 

CW1 "*rf* Wl ^ = w# ± 0 Jl +tn*. 

4*10. y-mx+a^l+m* 03*11 x a +y a -a a 

30^3 <sst^t 3 efsrt®t, 

(x x , yx) R*^ "’pfo XX x + yy x * o a , 

^1, i?jr 1 + yy 1 -fl a *0 ••• (i) 

y = mx + aj\ + w a % tnx-y + aji+ m * = 0 — (ii) 

cWf& (jr lf y t ) "’ffo (i) «ipr (ii) *nftw ^f5 

_li„__ , 

m -1 O/s/l + w* Vl+m* 

am a 

• * i “"7ra ,3,1 “vrr^' 

(x u y t ) f^ft fiif^CT fc^r ^rfr® ^ to 
( ii) f5rdH%® cwtfi 1 

OTCTO (- 7 ^)%(- 7 ^) 9 .a>^5^ri 

,\ n/ 1 + m*' wl + m*/ 

f%$ ^ irflrt *f£^ 1 

*TCWW, wfdRT y = mx+a J\+m* CWtft. 

x % + y 8 - a # aw 

w - . am w a 

1 7 Vi+in* 1 Vi4- in* 



fs 

Offejl ^11^, y-mx-aJT+m* (SWtfite x* + y* = a* 
JCVT **rf* " p rffr 5 ^ (-7^=^,—=^.. 

4*11. x a +y a +2gx+My+c-0 ^C^Pgf =3fa?$^ 
Spgfa, y^^^S 
£p?^B I 



O 

TO 4*J, P (# x> y t ) &F3 PQ. 

c^!8 c i TfPrft (-g, -f) CQ* J g * +f*- c . 

' *Jjtf *Rtt Vrt CQ, PQ OHT frnr *H I [ § 4’8 S&J <ff*r ] 

.*. PQ*~CP a -CQ a 

* (*i+ 9)* +Cyi+/)* - ( 9 * + /■ - 0 

* * 1 * + y I 9 + 2gx x + 2 fy x + c. 

.*. PQ* Jx\* + y x * + 2 gx x + 2fy x + c. 

ft* (*1> >'i) At* +y* -a a ^5 
"»Hm Vjrx B + yi a -a a . 

Of#^rI # 8 +y a +2£# + 2/3> + c*0,Wfl ^*+y a -o a »0^n 
*PftwH TO’CT ^ C?PT ft*J (* 1# 

ft**§ro *rcfiii §*r* *fe**Kw brctnr^f wprai.*fft i 

ft* iim to bt^r * 



I TO ojt 9 + ay* + 2g'x + 2f'y + c' * 0 *tfT- 

TOTO aTOI <5ff TO*1 ^ 9 +y 9 +2^ + 2/y + c-0 TOtfnr 

brcTO *rftre ^ c*M^ *i?fTO®fa 
TO to (*, *rfro^(* x ,y t ) i [ «nt toc£ § 4-3 

•stir cw] 

4*12. ^TOseitTOrtoi i 

1. Find the equation to the circle passing through the 
points (2, - 3) and ( - 3, - 4) and having its centre on the line 
7# + 2y + 6 = 0. 

N TO TO,' fTOT CTOTO TO!* (a, 0). «HT5 (2, -3) * (-3, -4) 
^cro toRps *Rral cro ’wjjR’ft i 
.*. (a-2) 9 + 0 + 3) 9 -(« + 3) , +( i 8+4) 9 l 
*1, 10a + 2/5 +12*0 5a + 0 + 6*0 - (i) 

*rrro, cto, «ira c*ro toIt® TOm 

7a + 2/} + 6*0 ■•• •*•• (ii) 

(i)* (ii) »|fwi TOTO TOsrl a* -2, 0*4. CTO (-2,4) 
3^5 (2, -3) 1¥p jjrcfc $cro TOTOr. 

/. r 9 = (2 + 2) 9 + ( - 3 - 4) 9 *65. 

.*. ^CTO ftc^nflTOl (* - a) 9 + (y - 0) 9 * r 9 , 

*1, (x +2) 9 + (y - 4) 3 *65, 
x* +y* +4x-%y -45*0. 

2. Find the length of the chord intercepted by the straight 
line 3 #-431 + 5 =0 of the circle passing through the points 
(1, 2), (3, -4) and (5, -6). 

5TCH Wi, (1,2), (3, -4) (S, - 6) fells f^rtfr f?W 

*• +y* +2gx + 2fy + c**0, ••• •» (i) 

/ TO1 ^C»T ^iTOFl TOtWft* TO 
- • • 5 + 2 p +4/ +$ *0 
. IjjnS +i6<jr— 8/+c * 0 
6i*tQ0-l?/+<?«O. 



^ g - -11, /= -2, c = 25. 

.’. (i) ^(8 A"* +y a - 22 #- 4 ;y + 25*0 — (in 

<2firs<3[trrj5 3^-4v + 5=o. — - (Hi) 

(ii) (iii) C^ff^Fp CTOS ^5? ’T^hFfl‘1 ^Fb 

y *r*r*mw fti^pJIroRr fN 

# a + (— 4 --) 3 “ 22# - (3# + 5) + 25 « 0, 

^1, 5# 8 - 74# + 69 = 0. ••■ ••■ (iv) 

(ii) >W (iii) > 41 ? OWlTf. 5 ^fS? (*„ y ,) «W (x„ y ,) 

5 ^, W* .r x «Jr, (iv) »r?rtwft #fa I 

.’. #1 + #0 - VI *1 *a “■ V* 

.*. (*i - ^ a ) a = (*, + *,)* - 4# t # a - (V-) 8 - 4.V « ^ 

^ (# 2» .Va). (iii) ^rfirw ^frnrl 
3#i ~4y 1 + 5 = 0, 3# a - 4jy s + 5 - 0, 

.*. 3(# 1 -* a )-4(y 1 -y,)~0 f .*. (y, — >',) 3 - i'U#j-#,)*. 

.*. / fer it frtr *fc*r 

* 8 -(*i - *«) 2 t Cvt - y a ) a - (1 + A)(*t - *•*)“ 

“If X 4*1"-256. 

I -16. 


froi *tif% i 


(ii) fra* C^OTT (11, 2) W 

r= ^ll 3 +2 a -25*10 r§4-3c?^T] 


(iii) 9im frt^T 


P 


^3.11 ~4.2 + 5* 
n/3 8 +4* 


*wci(Ui) cwi wrro ab-*$« nr 

•W^CN^^WN, AB-^wfH 1 ^t^pT AN*-CA*-CN*. ^ 

.*. fif* WT\~H brtx-AB = 2AN -2 Jr* - h* * ZTJTmZ' 'Sfc m 16. 



3. Show that the straight line 4jr + 3y -31 = 0 touches the 
circle x* + y* -6x +4y«12, and find the point of contact. 

«ffr«TOC441 4 jp +3^ — 31 =*0, ••• (i) 

# a + y*-64f + 4y-12 = 0 ••• (ii) 

fgre "44 TO, TO C*\t "44^4 (x t , y x ). 

wf4t*, (ii) (* lt y x ) "44 to 

•4?4r x + yy x - 3(x + X x ) + 2 (y + y x ) - 12 - 0 

41, (*i - 3)* + (y x + 2)y - (3# x - 2y x +12) = 0. 

4$ mrs 4?iwrfi> (i) *#a ^4 1 


. ^ 1 ~ 3 y x + 2 i _ [ 3.y x 2y x + 12 ^ 

* * 4 "3 31 

44 s 

_ (34? x - 2y x +12) - 3(4? x - 3) + 2(y t + 2) _, 

" 31-3.4 + 2.3 ‘ “ A * 

*i = 7, y x = l. 

(ii) 4^ sprite* fed ft4i *4 I 

.*. (ii) ^34 fett 44*ft f%pfk fH( 7 > !) C4 "44$, 

(i) C44T* ^5 | 

.*. (i) <M (ii) fTO "44 TO 44S "44^ (7,1). 


Hk*$, (ii) fTS* C4OTT tfttf (3, -2) 44* 4Tt4T«f 
- V( -3) 1 +2* - ( -12) * 5. 


(i) 4*ro*l?r (ii) yx* <m 4TO $t, • 

TO *4^ 4WW1 fffe* "44 jfiW I. 4TO, (3, T ?j: ft* ' 
i) ^§4sf to* bKr 


4JJ+ 3,(.- 2V- 31 - ■_. * jirufj* 



(i) (ii) to i 

st=rr* ( x x , y x ) iffihn tw (i) »d fa^c® 

^rStwnr ^ftnrl sr® (* lf y,) 

^1 1 

4. Prove that the locus of the middle points of any system 
of parallel chords of a circle is a diameter passing through 
the centre . 

*rs* resrre qfirai cm\ TO 

* a +;y a -a a .» (i) 

iJCSS *lTOTOr WTl-sRl^I *i?|^ e | 

y-mx+c ••• (ii) 

to w wji-s cto ‘w* jr^f, faf®a *?jh cro c ftm far i 

(i) ^ (ii)-4* fspfr ^ *rfhR"l S$T® 

3? ^n»iTW *ftc*r c^rf^sr to*i faH^hwi rtr® 

# a +(w# + c) a =a 9 , 

<Jl, # a (l + m a ) + 2mcjr + (c a -o 9 )«0. 

(i) (ii)% «rJH *tTO (*,, y J * (# ai y # ) 

*$C»r, *i. X* ^*T1TO flW *Pnl x x 4 * a * - 

*Wt, •TTHr (X, Y) tfr\ 

TOT*, X, Y (ii) WPlt? §«T* TOft® *Pnrl Y-mX + c. 
*nfNw sfe® c TOot 

X- - ,- w B (Y- mX),or, X + «Y-0. 

1 + *n a 

c Iwto* *$rai ^ *rfrw *itotot tyrjf*^* 

TOft TOl.ft* ^ fttffpi® TO* 

flltfl’ | **!&$:§.^*1 ^frf* 5 ^ ^dj."frw* nwrtrriV* dftdfe'wwirwrt • 

fMn to.i * ww-;tai w *m i‘ 



Examples IV 

1 . Obtain the equation to a circle having its centre at (3, 7) 
and diameter 10. 

What is the length of the intercept of this circle on the 
y-axis ? [ H. S. 1960, Compartmental ] 

2. The extremities of a diameter of a circle have co-ordi¬ 
nate/ (-4, 3) and (12, -1). Find the equation to the circle. 
What length does it intercept on the y-axis ? 

[ H. S. 1961, Compartmental] 

8 . Show that the equation £x a 4- i3y a - 5x - 6y + 4 = 0 repre¬ 
sents a circle, and find its radius and co-ordinates of its centre. 

4 . Obtain the equation to the circle passing through the 

points (3, 4), (3, - 6), (-1, 2), and determine its centre and 
radius. [ H. S. 1961 ] 

5. Obtain the co-ordinates of the centre of the circle 
passing through the points (1, 2), (3, -4), (5, -6) and deter¬ 
mine the length of its diameter. 

Is the origin inside or outside the circle ?•' [ H. S. 1960 ] 

6 . Find the equation to a circle which passes through the 
points (0, - 3) and (3, - 4) and which has its centre on the 
straight line 2x-5y + 12-0. 

7. Find the equation to the circle passing through the 
origin and having intercepts 4 and - 6 on the jp-axis and y-axis 
respectively. 

Find the equations to the circles which touch the axis 
of jt and pass through the points (1, - 2) and (3, - 4). - 

jSXa and B are two fixed points on a plane* and the point 
M moves on the plane in such a way. that PA *j$2PB always. 
,P£ove analytically that the locus of P is a circle. 

[ H. S. 1961, Compartmental ] 



loT B, C are fixed points having co-ordinates (3, 0) and 
( - 3, 0) respectively. If the vertical angle BAC be 90®, show 
that the locus of the centroid of the triangle ABC is a circle 
whose equation you are to determine. [ H. S. 1961 ] 

ftrCI) Find the length of the chord of the circle x* + y® = 64, 
intercepted on the straight line Zx + 4y - c - 0. 

(Ti) Obtain the co-ordinates of the points of contact of 
any one of the two tangents to the above circle 4?®+y 2 =64, 
parallel to the line Zx + 4y - c = 0. [ H. S. 1960 ] 

12. Prove that the straight line y-x + a J2 touches the circle 
x a +y* = o*, and find its point of contact. [ H. S. 1961 ] 

18. Show that the line Zx + 4y + 7 =0 touches the circle 
x 8 + y® - Ax - 6y -12 = 0, and find its point of contact. 

14. Determine whether the straight line x + y**2+ J2 
touches the circle x* + y* - 2x - 2y +1 = 0. If it docs, find #ie 
co-ordinates of the point of contact. 

15. Find the equation to the circle 

(i) having its centre at the point (3, 4) and touching the 
straight tine Sx +12 y + 2 = 0; 

(ii) having its centre at (1, - 3) and touching the straight 
line 2x - y - 4 = 0. 

16. Find the points at which the tangents to the circle 
x M + y * - 6x + 8y = 0 is parallel to the line 34? + 4y = 0. 

17. Find the points on the circle x 9 + y 2 -24? + 6y-58 = 0 
at which the tangents are perpendicular to the line 44? - y ■ 2. 

18. Show that the two circles 

(i) x 9 +y* + 64r+14y + 9-0 and 4?* +y*-44?-10y-7-0 

touch each other externally ; * 

(ii) 4?* +y # - 64 ? + 6y-18=0 and 4?* + y* -2y = 0 touch 
i^ach other internally. 



^rrf uiftf% 




19. Find the length of the tangent drawn from 

(i) the point (-3,11) to the circle x* + y* -4x + 2y 
- 20 * 0 ; 

(ii) the point (7, 2) to the circle 2x 2 + 2y 8 + 5# + 3 ; -15 « 0. 

20. Show that the locus of the points from which the lengths 
of the tangents to the circles x*+ y*-3x + 4y-7 = 0 and 
#* + ;y 9 +2#-5;y + l«0 are equal, is a straight line perpendi¬ 
cular to the line joining the centres of the circles. 

ANSWERS 

1. * 9 +y a -6.r-14y+33-0; 8. 

2 . , 

«• Wl3j (lil). 4. ^ a +y 4 -6jr+2y-l5=0; (3, -1); 5. 

B. (11, 2); 20; outside. 6. * 9 +y 5, -&r-8y-33=0. 

7. jr 8 +3! 9 -4jr+6y®0. • 

8. jr 9 +y 9 -6^+4y+9«0, * 9 +y 8 + 10.r+203f+25**0. 

10. 4f a +y a *l. 11. (i) W'1600-?. (ii) (V, V).or,(-¥,-¥) 

»• ("Tsr “• (_1 - _1) - a Yes: ( 1+ i' 1+ ^)- 

15. (i) *’+j a -6»-83i-0. (ii) 5i , +5j , -10.r+30j+49-0. 

M. (6,0) and (0, -8). 17 . (3, 5) and (-1,-11). 

11 (i) 12. (ii) & 



*rm wit? 


i (Conics) 


5*1. ^<5311 

WCT 4*R| cEreft bf*TCrI CWfa <3, 4 *PF5C»[ 

»*ra*fB fiffa ^ fifft >hito^i ^ 

’srftt® <sp^ «tt^, w ^ 5*raf^r *pW**nw 
(C onic) ^n I 

$ ftfiffc Conic-^ 5rtf% (focus) fiffa *13TO«rtre 

Conics ftutlRJ (directrix!) Wl ** I srfffc ’TfaW®: 

‘S* fin i 

ftjlTOR (directrix) %*|fl »TOWtC* Conic W 

(axis) TO1 ^ I 

ftfft ftfifc *raro*n $$ jjitw w 

*npftTO Conic-4* SejFRSFSl (eccentricity) Wl ^ 4*S ^1 
’rtqWss v’ to *tn ^^5 1 

^5^1 ^-^TSPTft* Conic f®S f%* sitW *[f*fF5 I 

V* (^W3T51) 1 *rR Conic (Parabola), ‘ e% 

1 TOW 1 %S*&( Conic 4^5 (Ellipse) *RK V, 1 TOW 
Conic *lil1fd (Hyperbola) ^TlW ^RjRn© 1 

tflNj i C^R IfC* (cone) 4*ft *)?T3*I *t*1 f*fW Wft* C^f 
. ^rfen *aRW**i fsaf®% <W i§l* *f*m Conic .5|tt* 

Wi^lT^ I 

5'2.. 'SRfew® (Parabola) I 

(A) < e#SS53 fwrtTO? *Ct8*CT SWIG'S 

«w wiR-iwfl i 





mt* wrrftf® 


^ ^fH s ftfift totcwi MM' 

^Tt% (focus) W faltTO (directrix), ^ S f^rNfr.OSX ^RTOWI 



(directrix) MM' <47 0 f^T® ^ I ^t°, OSX OT41 

'aw | 

^ ^RT, OX, ^-'®W ^ f?tai*(* (directrix)^ W^T OY, 
?"***> P 4ft {x, y ). PN * PM 

p iT^ ^n© wror ox 'Q oy <fi?r ^ 

PM = ON — x, PN =y. 

(directrix) ^T® S f^r OS «nr d. S 4 * 

TftT* (<f, 0). 

*rc®i ^r® 

PS 

pjjj-1, ^1, PS = PM. .*. PS 8 = PM a , 

% (^-cO^ + y* — ^* 

. . y a as 2d(x- Jaf). d*2a i£|^ >r*?hRr*| j*toRT 

whmr 

■ ■ 

r*-4a(x^a). .... .... ' (i) 

A, OS 4* OA * AS * o. '. 

• .«W fte»r, A (a, 0). <1$ TW(i).^hRT^ f^i 




i A mfirs v£i^f5 f^i i ^ a f^jw 

(vertex) Wl ^ I 

(B) ^rtw»f «rfata i 

^Rt^s ^froi *1^*1 

(0 frora nfst® ^ 

y 9 -4ax. ... .... (ii) 

*rr*K i 

owtw, ^srf^rsRr sw^rtft 

>Rtwf^r *ttowi <3Frfi;-w i =rrf% (focus) 3$c® 

W^<w ftsrfw ^r® a * mu i 

3Tfa >iTOr ^rtrerfwft 

w *$ wft aw i * 

5*3. ^*1^5 (Ellipse) I 

(A) fm\m (directrix)-^ y-WF OW 3rtf^*g*ffft 

*wawrtw *rfwi §*tfC5* ?rffa*«i i 

i 

i 

i 


p !B 



' TO **, S §*i^T 5Ttf%, MM' faflTO (directrix) Offi 
V (<1) (eccentricity), MM'CJPfW *R 

OSX *-*wf W %Tsp? (directrix) OY OW1 y-’sw I *f?r, 
Sn* f¥^P *OT (*, y) dW PfotW (directrix) 

^®5rrt%« ^ SO, d I P f^^C® (directrix) amr 

§*nr pm pm **x. 



>W 1 , 

pc 

*|, PS-tf. PM. .*. PS 8 «<? 8 . PM 8 . 


.*. S fipp Tftt* (d, 0 ) -<f 9 iTl 

(#-d) 8 +;y 8 = <? 2 ;t: a . ... ... (i) 

fttfaw (directrix) <& y-'QR <£M S 
*-*T* fffilCif ’rotW I Wl TfOT, farlTO (directrix) 

^T3 ^Ttf^ d. 



^nf^rf^s (i) *r*ffa**i ftra* c^n 

# 8 (1 - <?•) - 2dx + d* +y a *= 0, 

■"• o - '■>(*- ,--,*)' *’'-r-.‘ -"■■ S' 

.■ (-ry*,£>-(A)'' 

a=* tfwi w ^cro >mwm *t%i ^rf¥^o c$ c 

(r^~ »* o) ® • o j ft^r® 

to* ^W* ^r i 

*! + _j£_i 

o B 0 8 (l-tf 8 ) l} 

8 8 

2L+Zj-i, **fib*-a B (l-e a ). 
a d 

c f^pp §*rfre* <&m wi m i 

• $&g i ^os?f uro stf-wlto wn^tRi 

*nw*nntHcwi 


5‘4. 

(A) 


(Hyperbola) I 






to S srtffc, MM' w v (> 1) 

^W51, MM' <3<Tfa *re OSX tfNI x-'m w faTO^ 

mm ' **fra oy c?«i i «nu *nrt^r <fl-<^r* p ^ 



(*, y) w ^fr$ 5itf^?r jto SO, d ^ i p fa=? 

^r® ftflTOW PM 5ft ^C®r PM = r. 


tfwei, *nrt^ra *r<®to*ilre 


PS 

PM 


-cTl, PS - r. PM. 


.*. PS® - r s . PM 1 . 


/. S ft*55 TWf (d, 0) *Prai 

(*-rf)®+;\*®~<?**®. — - ‘(0 

ftjpprop y*w tst* •wowtw qfror 

farlro* jjra rf to 7 4te 


4*1 ritaM (i) fim wi to 


#®(*® -1) + 2d* - y® * d®, liWTO r > 1. 

_ H t 3 1\/ , d \® * Ja , d® <?*d* • 

^1, (c l^ + ^alj -y ~ d + ’ /? * _ 1 *V» Jl’ 

• • 

/. d *\ 9 V s / df \ J 





°) (" e’ o) irfm *fflfCS?r 

ter ^riTrf *qtvtw *rf**ra ?nr 

*i « r «i 

i a o' f j>»-l) 

% w b 2 -a 2 (e a -l). 

a d 

^rf^ c 5rrt%f^ fifths fro faKtrow 

to fc*i* ftrt^F cwi ti | i <s$ c f^r? 

•W^BT CTO TO I 

fw CS * d + - *£*‘1 = ae. 

* a -l e"-l 

ar&g 1 *w^w *rtro <w otfro wiwiri 

^riw wla cw 1 

5*5. ^pff3gSFtt^a^ I 

1. Find out the equation to the parabola whose focus 
is ( - 3,4) and directrix is 6x-7y + 5 = 0. [ H. S. 1961 .] 

«iRfro §*nr CT-cfft ft^jr tiro, to **, (* lf yj. ftfik 

mf^fH(- 3 ' 4 ) ^9 V(*r^) T +5^ 4)*~ <*r fStrftt 

%tW cswi 6* -7y + 5-0 *re-m 6 ~ x -^M^t -■ 

s -s/6 a +7 B 

CTO ^^^9 *1TO I 

TOtt, (*1 + 3) a + (y x - 4) B - <wf, ^ft- 

FW fc*iflhi c?r-cTO f^r ^t=r \* \x X9 y x ) fro* Pro to i 

85i(* + 3)* + (y - 4)*}* (6x -7y + 5)*, 

Tl, 494?*+84#y + 36y* + 4504? - 61 Oy+2100 •0. 



¥$¥ w 

2. Find the equation to the ellipse, whose focus is the 
point (-1,1) and directrix is the line x - y + 3 - 0, and whose 
eccentricity is J. 

vcum, ^*1^59 cq-c¥ft f¥?9 ¥#* (* 1( y ± ). 

[-1,1) ^T5 + l) a + (j7“l) a <W «t*TB 

39U-y+3=09!^^t9*|¥\¥9 - 

isi? o-ctIji %9 &m «w$ 

&i¥s$i i <« 

••■ JGT+i) v +5^ - J • - +3 

91, 8K* 1 + l) , +(y 1 -l) , J-( J r 1 -y 1 +3) i . 

TOiR, $*|9 ¥9^ C9-C¥ft #59 ( x 1( y t ) ftm 

#¥99^ ¥99 

8f(4r+l)» + (y-l)«}"^-y+3) a , 

"<l, 7^r a + 2^+ 7y a +10^-103; +7*0. 

^ «Wfo fe»^0S9 fipfa ’#¥9*11 



W7T? 

(Parabola) 

6*1, (Parabola) I 

nm wrest croi i wrote*, cro 
>fTO^r §ns »iwl8 fafit fH* ***# ftffo *!STO*ri cwsi «rrfro, 
4> fa* ^ w <sm 

TOW) ^C<S *U-J5* #f *iTO tlCTF, W «S wfff uq^ffc 
<T3Fmi ^*rt TO, W STOtlTS 5 *rfqf5 W1 ^ I 

Rfifc fa*fB ^rfa^rss <Rtfe # (focus) <ipk fast *«ro«ri 

(directrix) sTO ^fafa® I 

% 6 * 2 . ^pJ^FBOT* «rts*t* | 

TO *R, S stffafa*^ MM' fartt* CSS1 I S fa* 



$F5 MM' §*fo SZ. frft W TO ^,‘ZS*^ WfH A!. 

CTOf, AS*=AZ, /. A 4*t* vfl^Fft faf I *H A fa*’ 

« rf wa/u ra Jl^fSnir /V»*fatm mfwfom i 







5Tff%fH S ^5 WH A-* TO a. ^*1 AZ~a 
TOS SZ»2o. 

TO TO, A S f^nft tromcro TOtTOI ASX, *-TOF 
a f^rrft frot^TO TOtror*i croi ay, y-* r* i s (a, o). 

^TO <^-CTO f¥^ (#, 3?) ^ PN, PM, 

P fH ^C® WTO AX TOS frofs^ MM' TO §TO *#® TO TO, 
sro PM = ZN = AZ + AN — a + x. 

»wi f ^rfroiro wl 

PS = PM ^1, PS a =PM®. 

.'. (#-o) a + y® = (a-r jit)*. 

.*. y*-4ax. 

^frorro ^nfro a-cro* fa\* froi ?toto 

'sff^rro 3 #ro^TO ^rfiK *rftTO i 

TOtw ‘o’ fror*w-cswi ^r® «rfrocro ^^¥55 ^ro, 

TOS #-*TTOitn TO^h® fTOfiETO TO S f^nff AX CTO1 ^fTOTTO 

^TOTO 5 * (axis)-3iC*f *|ftfbs® I 

affej 1 wtar z qfrol ^frocro *#ro«t 

fiiTO fipr toi to 1 *iw a f^p® ^rfH tout to §toto 

fsfft® *rfTO3 & >l#rTO«l frofo ^fln? 1 

6 * 3 . ^srhgsfe c^fro^s s& 1 

y* = 4a# *tf|TO4 *$F5 TO& ^Jfl *TO CT, a* TOt*T, y® ’Q 





*SRK y ^ ^ I 'SF5'£ft, y* = 4ajtr 

»fttroi-fttfPre c^f rot 35 ^ a-^ *rfa *ttttf 

to I to* rot ,v-«w-ftrt"W ay croft *tTTO ^^5 1 

^rftln, *-<ro *rft toi*w ^*t «rf^ croft y-m TOft * 
*rfr *it«ri *rft i y («pn) *rWn$ tot** c*tft-‘ 

f¥il tw f¥^ P-5T tosw ^*ft ^ 

#(=AN)-ftfi& *i*ft P' ^tc^ TlTft C*TfB P frojS C^tfe 

f** ^«TN^ i *-ro AX-^ to PNP'-BrT^ft TO* 

®m ax croi TOrfrorf '^®1 ^ cro*rt* 

o to, w to^to fa* ft*i^h» ^ c*tfite o to w fa^fB 

«w yifrogi *rf^$ <ro* ^rl ?ft i rota, to * arcn: 
4 ® ro>, ®ro y-^ ro« 4 ? «ttc* i 
rofa ffcara *r® ro «ltc* A fa$r® %ft* «ros wfrot <*tc* i 

*rtf ox roi^ *ftc< «rf®TO i 

<ft tfCfa *3^ OX C$*Tfc$ *f^TO ro <4FK A fast* 

Wr^TO *fafa® toi to i 

froftCTO TOtwftr (*<ft roro to) **w ro *g* TOfarfa® 

pnp' *ji-c* ror c*tft toti to i pn roi p'n-c*, p roi P' 
fa ?5 c*tft rori to i 

froroc** TOt*?rfa (*<h row to) s fas?rr#f lsl' *ti-c* 

•rtfttW (latus rectum) Wl TO I 

srtfa*im «rt®fasL &u$ fro far** to ^ LM' to, 

«r^t«prtr§r ls=lm=zs =2AS=2o, 

ro<*rc, •rlf%«w~4a 

*«fK, ^rrfaTO s^c® *rrfa* s?cto ron ft?rf^-c?wi 
T^m f^*i i 

3#5W«I y*=4ax rt PN^ 

*4AS. AN ^fF® TO ^«fT^ ’srf^m C^T ‘ff^f C^Ptfe 

c’ft ^p ^ srff^im www 

^kwi. 



^rl^rl <a k *rFre: ^tf^s 
*rtft 

(i) ^rtft*^yifip^} 

(ii) srrfelOT Mr 4 a ; 

(iii) 4if\»4 (a, 0) ; 

(iv) x = - a, fs^tsn^R ?I#hm; 

(v) ; 

OW (vi) L ow L' ort TfSTfr 

WfaCT (a, 2a) aw (a, -2a). 

af^TI (i) x 2 -4ay, (ii) y 2 ~-4ax ow (iii) x a --4ay 
*i ftoms i 

(i) x-'GW 

^P ( ) y-^W WltW ow Sf|f%#|C?M fcfSjj 

4a sfto *pfNRrt * 2 =4ay ^ aw 

ftllf&MM *P$ 1 



**-4 ay 

^KtCT, ^rrl%f^55 (0, a) aw f^W( *pftwi y = -a. 

=rrf^rm «TNrf^^ L aw L'aft ^ITOWffCTf(2a, a) aw(~2a, a). 

(ii) jr-^RT «RtW ftf ft j fUFW 

to *nrj ^f, WiF**to ^rfto^r fihf ^«rN^ i 

wr, y a ~4a.* #W1<1 •rfWW y a « -4a* && ow 

f=rcw to to* to* *r® i 

«#JC^T ’WlW‘(concavity) *rtf'Hf Ito *$C* \ 






tiprrw, srrf^fH* Tlw (- o, 0) w *-a c**t fartro i 

*npW*tCT, tf a - 4cy 3#W«1 y-TO SRl^Pf f^ # ftnfh® fire 


X 8 

2/’*= -4aa: -4ay 

W TNr, ^ * a = - 403 ; ^1 tn^Frtr «w 

$*[OT frf¥l fkara *P5 ** «*PR ^WT*T1f (concavity) 

y-'WiW^ tK®ff^P? Rt^ <tl£4 I 

^iR»Rh^ ( 0, - 0 ) opk fairo-own *rflwi y - a. 

*f 6*4. y 2 =4ax ^1%^ (x l5 yi) far&ZFS 



OT$ y % -)4px . frtfn P fl«p *ffl¥ (*„ yj 

«R«lim#N.«F ft 3 ?O 





• • • 


PQ «rrH y - y x 




^*1, 'Q Q, y 2 =4ax #TC1 

y x =*4ax x ••• (iii) tfPR y fl a =4 ax s ■•• (iv). 

/. (iv) ^5 (iii) 

y a *-yi* = 4 a(* a -x x ), 


Tl 


3 *±-y 


t 


4a 


(ii) C*[*M Tft 

y-yr = r. 4 + v - (*-*i) ••• W 

y a + yi 

4WI, P <^s ^Rti PQ csrttre ^sr^tc^ m 

Q ams p f^r era 9 ^ P ft^r »(ft® 

^^Rtr^f f^lTl Tflf I ^t^Qft^^mt^(^ 9 ,y a )P fif? TfaT* 
(x x , y x )<m *foys ^ni wr pq *ra*imi P 

■»rf* w (v) 

4a , v 

y-y x =2~(*-x x ), 

*1, m-3'i 9 “2o(^-^ 1 ), 

Wi =3'i a + 2a(#-^r x )«4a# x + 2a(y-y x ) 

[ (iii) ^ ^it^tWT ] 

^1 yy x = 2a(x + x x ). 

.*. (*i» ^i) *T?IW 

yy 1 =2a(x+xi). 

y 9 — 4a# "H4$ i 

» 

^6‘5. y*»4#x 'sjfefaC^H *S*l1STO (x„y,) faF&CB 

««Mfaiw i e | gg gr^Wgoi i 

* « 

y*=4ax (x./v*} Rwr® **i>frsa 

! * v *#tfW yy x =*2a(x+x x ), 



vtftf« 




yx yl 

*rfaf?r, ‘w’ = - 2 *. 

Zo 

am 4?!, :y t ft^jrrtt 

.\ »pfcw«l 

y-yi" “ jj (x-x-i). 

6*6. ^ c^t^e^t; ^1^^ 

(sub-tangent) O (Sub-normal) I 



"Ufa am ffa* c^it 

*tikf9 '■CTV ct ffaps W tot, c*$ ^ fw ^RfS 

bf^T SW-^apfa (sub-tangent) *TtCT Kfefad I 

Kfaw am <ti^ ffas OKI 

ct W ftfl tot, c*ft f|* met* brtjre 

(sub-normal) *»Tl I 

P "Ufa PT am *rf%»N PG *ft *WtSR* 

T« G flSp® ciw^or am pn «rfr p~* ctfft **, <®c* tn %*p"ifa* 
NG S*r*Kffc*N I 


P(# 4 >^) "fafa* yy l *2o(^+4f 1 ) y-0 




ct T f^jr® ^ sstri *TNfl ?fa i uwtw 
Tf^C^# + jr x =0’q<fc # = -^ t . 

.'. ^TfOT ^mfra AT - AN, f?% T A f^ST <« s ff3FF Rr? 
wrfys | 

at «w an^ «ift &F5 *tpm 9j i f*ifo<$ 

*fft—a-crt^ f¥& ^n-’ 9 ^ W^p® *rofarf&® ^ \ 

P %ps ^f%?rc^r y-y x - - |j (x-x x ) »rfhroi 
3, = 0 ^Tt^OT G f^ CTO5 *rft 

JT- JPi =2fl, 

*rfK AG - AN = 2a, 

^1, NG = 2*a = ^rtfWT? I 

^WR, t^r jp?rj ^ 1 

AT-AN ^ AS=AZ 

.*. <?rr*t ^ft*i wnwi *rft 

TS=ZN=PM (PM f^itro ) 

= SP. 

Z.SPT= ZPTS=vim^ ztpm. 

^rrrnr,cTO^ z.tpg*i wpt*i, .*. z.spg=z.sgp, 

$%\ ^r® *rt*rai «rrftr® *rtR— 

(i) c*m f^r® ip f^jr >rf^® =rtf^r tojRuf- 

c^n ipf^^r® *#® *m c^M 

*TCR*tf&5 TOT *, 

(ii) <tt f f¥?r® •nfv, ^ vf^rc f^r =rrf% 

CW* *Tft® cw tot *, w 

(iii) cm f^r® ^ w f^ ?tt% 

<mt* -*$$$ to wi §**» to 1 





67. y-mx+c *tt**tt*tt y a ~4ax 

^rTl-^ &^ 3 1 



«rr*ffrs* *rf^5 3*r5 wrra*rft tots itti ^ 

^TI ^ ^W 6 ! y rfm Oprfi^ fta 

*rJlw 


(w^r + c) s -4o^r, 

Ti, w a * a + 2(wtf - 2a)# + c 9 - 0 



b 


x-^S ftTO *rJfoFH #R1, tf-44 CWlTO ^ •rtwl I 
C» 1 $®? 9 J y^mx + c 7 \fk^ y* = 4 a# 5 fft C^ffR^ 

*lt«rl ?rtrc w ^ •fw, w *rf%* *mi 


to ¥*, c^F^ p aw g dpr tfit* wro 

(*». yJ ^ (*.. y*)- w*. (0 

i 


#l+#2 



dPK ***,■ 



C^i — ^a)* “(*i +^a)* ““4^?^ a 

^ 4(mc - 2a) 8 __ 4r^ ^ 16(a* - mca) t 
m m* ~ m* m* 



srirfa, p ^ q ?rPrai 

y x **mx x + c dflR y z -mx a + c, 

.*. PQ wri-s frftr 

" N/(^“^ a ) a +(y a - jTJ* 

« n/(^i - *a) a (l + *» a ) 
w ^/ i6(fl a - mca)(i + w a ) 

•= v/a(a - mc)(l + m®)- 

w ftprai w fp «pji-* o 

cwft ^ i 

^rtk, «pto y=mx+c y 2 =4c# **rf^1? 

*r$ 

a 

a - me = 0, Tl, c “—• 

m 

■fe 6*8. ‘m* «« OT<^st=^ ^£*1 y-mx+jj CPI1 

y“-4ax "*t*Ns ^<3?}t*T i£Wt«i «a=^ 

fgqgfet 1 

y* »4a* (x x , y x ) f^p® *tfhPM 

yy 1 = 2a(# + # 1 ). 


. 2o 2 a#. 

T, y-— * + ^ 
^ 3^1 3 >i 


.... © 


Wl, J*»u:+- .... 

fft 


(ii) <3Pltft (* x , y x ) fops 


-tf* ^T, ^ (i) *£PR (ii) jpftwi i 


2a 2a#, a 
— * m, - 1 ■*-■• 

*i » 

a 2a 

'»"=** *“• 


* * 



Or^i) fafft y a =4a# <£prf> 

fH^» C *&fc (ii) »rfrwi "'t*| 

^,^0’-4a. “, 

rr ^1 ensfarfa i 

'TOR, ‘m’ ^1$ 5J1 C^, y => m# + a c^tl 3; 2 = 4ax 

1)1 

^PR <w 

a. 2a 

Xi = —a’ yi = “■• 
m m 

6*9. y 9 = 4ax *stfep&1T&a f ^gia 

©c^rst ^ftaglCT? ef=5Ft»*t 1 

'srf^TR y*=4ax ^W«l *imi x = at * ^ 3 ; = 2 a* ^Rtt, 

'src «rM <?rfare *N$ *t 9 R TO>r *rtiR fro r i 

5 ^®Tf^, x-at° RS y-2at 'srWR CT-CW 

^rtr s*r ( t’ r ^t^trer Rti ^n 1 f%* t%a f^r cror 

Hr finr f%ar s&r i <^q Sf$i cror m sftffl 1 

*r?lwi w y a »4a# ^ 'srfFrfw 1 «!tre, w 
^Rfwrthr ^ *n?R r i>*r ‘t* * ’rr^tnr f¥p tmt* 

Rfw «tw tori ^tiot f^R *twit to* i 

^ 'stwot ®ro%, 

(0 "^Ncro *nflwi [ § 6*4 «] 

y.2a/*2a(4? + of 8 ), *1, y—^+at. 

RS (ii) TOffefR^’RtTOR [ § 6*5 <m J 
y-2at= - 2 £*(x-at% 

*1, y+tx=2at+at®. 

a&nn v-s i 

*t* cs "’tfrror *nftTOfl ^1 c*, *» 4 f’ c$ 





^03 


gradient, «#5 <3tt1 *lf^® CT CW fe*W 

TOT, C^ C*tCl* cotangent. 

^ 6*10. <e?y« 

*w«t«»w* sm*u 



y* = 4ax .... (i)^f^rn ^ *rat$*t*r WJl-sft* 

PQ <4* WX^y^mx + c .... .... (ii) 

m-tift *rotwt*r ^f%n w <*»’ #•*, <ift 

ftfar *&1-* cf%sf®* i 

(i) urr (ii) ^rRp * wrcswfa c^rfH^ 

® * ^n#r® ^%i «tw ^r® *rr«fl to i 
*i*itoiw «rw ^#^*1 

y 9 « 4a|^~~J* ^1, my 2 - 4ay + 4 ac= 0. 

P, Q KlTO W«* (x lf y x ), (*„ y a ) wa 

^rfsiVi «rr^ 

4a 

y*+y*- m 

.'. PQ-nW wf^v-? C^FtfB y *&»! 
y-itoi+y.)- — 


TOt* WJlftRs 

>nfhRM c firo wfowwHrTOfipp toi tat 


W, tai w TO-wjfap *iwi*w ficw to w 
*nflro #-tort ^sTOr ««# gni to i 

cto ftfft *iTOTOr >ph TO-* ’raftaw ^itaiTOr *raro«ii 
*rf^g* TO* to* ^(%f^ i 

f m' «r far far to tat* *r«ffc to-«Pt *-to* fifar cTO 

frvi* ^fror, far faTO* TOffl TO i 

3fiNj I TOTOT TO 7 ! *rfaTO B ft=5T® CP TO, TO 

Bftp CTO's y--<9cron #=•„ «A 

*' ^ m 4a m* 

^ ftro y=mx + ~ »*4Mrt1 [ § 6*8] <iPK ta "*4ro*tt 

w 

4 fifti TO* TO1 ^rsrfwRs^ wr TO-* **twt* I 

to* *TO*1* c^-cTO **ro*i *ifare* TO 5 !, 
v£FR tat* TOfH^ 5 3 ltTO s ^$ <s#5 "*Hta* *TO*T* *** TO-* 
*Wf|W ta TO* I 

611. ^Pfr^fTOTMl 

Ex. 1. The focus of a parabola is (6, 2) and its vertex is 
(3, —2). FfW equation to the parabola and the length of 
its latus rectum. Also obtain the co-ordinates of the extre¬ 
mities of its latus rectum. 






sipt sttWHS W^A-* , ?m* wtw 

(6, 2) (3, -2). 

.-. AS- N /(6^3)“"+X2"+2y*“S. 

.'. '!tfV?m5ttf%®imbf , <T-4AS-20. 

2 - ( - 2) 4 

^rlrfa, A *£FK S UW »KCTtW*-GW1 AS «W ‘m’= -g^ - ^ 

w ^ «w i mw^irtr Jrff^i’f as <zm r »w 

y — 2— — $(x — 6) ••• ••• (i) 

srrf^re lsu or l ti l' ettra* (* lf yj ^*r 

SL a -=(^ 1 -6) a + (y l -2) a . 

SL = Htf%5Tm^O=10. 

.*. (#, -6) 9 + (y* -2) a = 100. - (ii) 

v£W (jtj, yj ?rrf®®ro y - 2= -f(4?-6) ^nr ^TiT® *r%1 

y 1 -2*-K^ 1 “6). - ••• (iii) 

(ii)'8(iii)^(jf 1 -6) B (l+A)-100 l ^1, C*i -6) a =64 ; 

.*. — 6 = + 8. 

* + x x = 14 (iii) ^T® y t = -4. 

#!- -2 W (i«) ^5^1 = 8. 

TOOT, STTfalCW «IUlf4WWI TtttS (14, - 4) ( - 2, 8). 

<*m, f^ftr ^ftr® sa 

m az=as ^ i z fi^pr (a, 0 ) *nfi 

m, wn ZS^s( K« + 6), K^ + 2), 

A-* (3, - 2) 

.’. K® + 6) = 3, Tl, a*0, 

<W %0 + 2) = - 2, *d, 0 = -6. 

^rtfefH^ 5 *im 3 * 0 ^ Az**fr®£ 
»ct* v !tw1% 3 ^i zas <swt* z 

frotroj 







y + 6-= -K^r-O), ^1, 3# + 4;y + 24*0. ... (iv) 

$*nr fH p * (-«?, y) r p 

^ ®tm brtr pm 

SP= N/(/-6) a +(y-“2)“* 

<9R PM - 3 * , + 4j, - + 24 - 3jr + ^-t 24 . 

V3* + 4* S 

V SP-PM, ^-6) a + (jr-2)*- 3 - + 5 3 ^> 

H, 25{(jf- 6)* + (y-2)*{ = (3*+4y + 24)*. 

^Rfr^ssr ftpft i 

Ex. 2. By suitably transferring the origin, show that the 
equation 3 y* -10#- I2y- 18-0 reduces to the standard form 
of the equation to a parabola, and hence obtain the co-ordi¬ 
nates of its vertex and focus, and the length of its lotus rectum . 
Also determine the equation to its directrix . 

3(y*-4;y)~10* + 18, «r|, 3(;y-2) # -10(* + 3). 

y* «.y>* ... 0 & «rf%er3 ^ i 
«iRsfs* «rr^r i 

^fsprl y a «4<i# *rftfT5, 5?tfw?“4a, 

(a, 0) «iff< x~ -a I 

(i) 

(x> 

Wl, «tT5 (-3,2) 4t(%R^ 

^w»(-3+i, 2+0)'Mt«,(-2fc 2)»rSiw 

x--j~3 *--3j. 



- 1 * 0 - ftfrs ^rtr^ i 

Ex. 3. Prove that the length of any tangent to a parabola 
intercepted between its point of contact and the directrix 
subtends a right angle at the focus. 



'w*? x-w* *fari, to ^r, 

*l*lT<* , si e l y*=4ax. ••* ••• (i) 

*W ^rhr srrfefH* (°»°) ^ 

S[*i X— — a — — (ii) 

fH p (^x> ^i) re *rSVwi ^ 

yy 1 =2a(x + x 1 ). — (iii) 


^ f^ratw-csr^rt (ii) re K f^r® opr ^froi K.f^r 

y% 

SP ^ 

x ± -a x t -a 

l a -(* 1 -o)-0 

SKaWm'.-Z* - — - - 

“O-o 3>i 

mm'** —-. ( - * * t — - g | * -1. 



tot? 

*r®43, sp ow sk Mr*,, pk, s *jtoh 

Ex. 4. -Two equal parabolas have the same vertex, and 
their axes are at right angles ; prove that their common 
tangent touches each at an end of its latus rectum. 



TO ^3, 4^fi>3 jtfhRM y*=4ax ... (i) 

t$T3 3 TTO •TtfosTO'e 4 a yte3 43< f3^T33 ^3^8 

TOl^fo A f^r® stc3 I ^rfafS, ^ 

wife 'tor ^qto y-^ 33t33 '^frs i 

^tk, fafe ^ftjc*3 1# a - 4o^ (ii) 

Wl *lf3|F53 | Jjg* 2aw^ 

y-m#+ w (iii) 

4$ C331 3ft Iftffo ■*rf* 33, STO (ii) 43S (iii) 43 C^f 

ft^jw *rffe <*ct, flffei 1 3 *%! 419 

#* -4a |w#+ ■= 0 /: -- N 

*tffrTO3 jfcft 1 

(4om)»+4, 4fl -!-0 # 

m 

31, W* *® — 1. ,*. Wt B “• 1, 




- X - P, 


Tl, x + y + a — O. 

m= -1 ^rft*rl <rt“ *mrfa«i(i) 

^nfinr "*Kf^ ^RT* (a, -2a) upk t*i **&$$ srtfwv* 

L' -mm vRR i (ii) ^rf^frs^r ^nfe "tfow 

**Kf^r #- -2a r V (iv) wr^»nrl 

4am = - 4a ] t£|^ srR (ii) *1^1 ^C*l y » a I 

(ii) *P?hRW-ftrtPra srlf%«IW4 L'j. tftzm VRt* 

^ssit ( - 2a, a). 

.*. ^T*fR«i *’'#? sitfw ^fN 'Sn^ppfe «rr^p® 

**rf TOM • 


Examples VI 

K^funch the point on the parabola y 2 — 18.r at which the 
ordinate is three times the abscissa. 

2./The parabola y 2 ^4ax passes through the point (2, - 6). 
Finoithe length of its latus rectum. 

w*3. Find the equation to the line joining the vertex to the 
positive end of the latus rectum of the parabola y 8 = 8 x. 

~A. A double ordinate of the parabola y 2 * 4 ax is of length 
8a. Prove that the line joining the vertex to its two ends are 
at right angles. ' [H. S. i 960 ] 

5. Find the latus rectum of the parabola whose focus is 
(2, - 3), and directrix is 5x -12 y + 6 = 0. 

6 . Find the equation to the parabola 

(i^ whose focus is (5, 3) and directrix is 3# - 4y +1 ■ 0. 
(ii) whose focus is ( - 6, - 6) and vertex is ( - 2, 2). 

7. * Find the vertex, focus and latus rectum of each of the 
parabolas (i) y***4(x+y ); (ii) s* + 2y$x'~7. 





* 8 * 


8. Find the equation of the tangent to the parabola 
y ® «*4 ax at the extremity of the latus rectum. [ //. S. i 960 ] 

sJI. Find the equation to the tangent to the parabola 

(i) y 8 = 9# at the point whose ordinate is 6. 

, (ii) y® « 12 a* at the positive extremity of the latus rectum. 

Show that the foot of the perpendicular from the focus 
of the parabola y® =4 ax on any tangent lies on the y-axis. 

[ H. S. 1961 , Compartmental ] 

11. Prove that the tangents at the extremities of the latus 
rectum of a parabola meet on the directrix, and are at right 
angles. 

The two tangents drawn from a point P to the parabola 
y® are at right angles. Find the locus of P. 

18. (i) Prove that any two perpendicular tangents to the 
parabola y® *=4o.ar intersect on the directrix. 

(ii) If two tangents to a parabola are at right angles, 
show that their points of contact are at the extremities of a 
focal chord. 


14. A tangent to the parabola y® — I2x makes an angle of 
45° with the axis. rind the co-ordinates of its point of 
contact. 

15. A tangent to the parabola y® *4 ax makes an angle 60* 
with the axis. Find its point of contact. 

18. Find the equation to the tangent to the parabola y*—7jr 
which is parallel to the straight line #-4y- 3*0. Find also 
its point of contact. 

17, Find the equation of the tangent to the parabola y® «84r 
which is perpendicular to x +2y + 7 » 0. 

1 

>18, , Find the point on the parabola y*«8x at which the 
,nOfs#a|i Is inclined at an ancle 60* with the nositive direction of 
, the ’ 



10. Find the equation to the locus of the foot of the per¬ 
pendicular from the vertex on the tangent at any point of the 
parabola y 8 —4ax. 

20. Find the equation to the chord of the parabola y a =*8x 
which is bisected at the point (2, - 3). 


21. Prove that the locus of the middle, points of all chords 
of the parabola y a -4ax which are drawn through the vertex 
is the parabola y 8 —2ax. 


22. Find the length of the chord of the parabola y 8 — 12x 
which is inclined at an angle of 45° with the axis, and passes 
through the point (1, 3). 

23. Find the length of the chord of the parabola y 8 =20# 
along the straight line x - 2 y + 4* 0, 

24. Find the length of the normal chord of the parabola 
y 8 ~4ax through an extremity of the latus rectum. 

25. Find the middle point of the line 3y -4#=4 intercepted* 
by the parabola y 8 **8x. 


26. Prove that the'product of the ordinates of the extre¬ 
mities of a focal chord of a parabola is constant, and deduce 
that the normals at the extremities of any focal chord are at . 
right angles. 

'>27. Prove that the normal chord of a parabola at the point 
whose ordinate is equal to its abscissa subtends a right angle 
at the focus. 

^88*. Find the equation to the common tahgent of the para¬ 
bolas y* « Z2x and x 8 * 4 y. 

Prove that the common tangents of the parabola 


y 8 *=44# and the circle x 8 + y 8 - 2 ax *» 3o a are both inclined at 
30* to the ar-axis* 


80* Show that the sum of the ordinates of the extremities 


‘anyone, of a. parallel system of chords of k paiabi^liff 



W *rrrftfe 
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ANSWERS 

1. (2, 6 ). 2. 18. 8 . y~2x. 5. 8 . 

6 . (i) 25«*-5) 9 +(y-3) 9 }=(3*-4y+l) 9 . 

(ii) 4x a — 4j*ry-f-y a -f- 104 jt-+- 148y —124-=0. 

7. (i) (-1,2); (0,2); 4. (ii) (4,4J); (4, 4) ; 2. 8 . y=±(x+a). 

9. (i) 3x— 4y+12“0. (ii) y**x+3. 12 . .r = — 1. 14. (3,6). 

15. ( 3 . 16. ;r-4y+28=0; (28,14). 17. y**2x+L 

18. ( 6 , —4J3). 19. x(x' i +y t )+ay' !l =0. 20. 4.r+3;y 4-1*0- 

22. 4n/B. 28. 80. 24. 8 o v/ 2 . 25. (5,3). 

28. 2^r+y+4*0. 



JTgJT WTTV 

^^5 (> 

7 * 1 , (Ellipse). 

c^t*i wot *itwn ^ 

m nm fififc wiwi rtw W* IF* 

to* ^F «*ras 1 W ^r, sot ^ ft 8 ?* ^f 5 

i 

f^i sitft, ftfii ^ <src< 

1 W$^r ^ ^OTW8l •TtCT *rf^fir$ I 

7*2. I 



hflff ^TC, 3Tff%fH S » MM' fctfff ^ ^( < 1 ) 

MM'-^ SZ fcft *W SZ-C^F A'fiA' 

* f^g* ,?: i R^rtr® * qRffov ** i ^ 

SA' < A'Z. ^ssk, fiviro-flUi MZM'^r <3 ♦rW a ^wfips 

A' <?R •ftrtT <w (fc*Kf& feara to) s ft*p wRrt *rftrf ^rflp® 
*4k s fH^ * A ' flv** wi 1 

dpfW, $A*e.AZ SA'-e.AtX 



**• ttto 

’KwfepriCT A « A' $fi» fc't’pwr fe*fni 
^fT® I TO TO, AA'-ifflr wft^c. 

'W, SA + SA' - c (AZ + A'Z) 

% AA'«l<K2.CA = <r.2CZ ’ll, CA-e.CZ 
<W SA' - SA - «(A'Z - AZ) 

’ll, 2CS = e.AA' - e.2CA, % CS = f.CA. 

CA-CA'-o, ’5t^1 ?&*T, CZ=? <ff« CS=oc. 

WT TO TO, C AA' CX CTOI 

C thrift AA'-tfft Vft B'CB TOtW CY CTO y-'m I TO TO, 
^*mr ct-cTO P-< TOJ 1 ? (#, ?), p 
AA'-uw *FT PN uw< faTO^F MM'-^BT TO PM. 

TOTH, CN=^r, PM-ZN=ZC+CN«° +jr. 

€ 

V CS-o<r, S%?T?KHP(-oe, 0). 

.-. SP-«.PM ’ll, SP a -e a .PM a . 

(4r + oe) a + v*-c‘ +x\ • 

*1, *«(1-e«)+y a -o , (l-f“) [•.• e < 1] 

fl, j 5 +Ji“l [Tft b* —a*(l-e*)] 

$*tlJlTO CT-CTFT P-? *rt ft* TO ^ftirt 

fc'fipn Rfpf-^rWOTt »r^hw*i i 

<«TO, ^*RTTO CTS Sltw AA'-tW C 

CA-CA' = iAA'-o fr* =-a a (l -e a ). 

7'3. *S*fflCTOW ^STfipfe ■© C*nf»TOI* «Pl | 

4 8 

wFffETO 4* *1 TO(TO*i TOP® TO <SfOTTO TO CT, 

*Mt #?fW> i<WI|5 JTft TO^t 3Hi^ TO® TOft ^ TOiJS TCTOJ* 



fctfS km 

TO ± „ Jx'-a* •Than TO I TOTO, AA'-<OT CTO *ITOTO 

Qf 

aa'-^ owntcf *rafa® p fas^ *rfa <*re fas p', 

aa'-^s *iwiW «rrcw i aa'-^w *i^t wji 

aa' w§? *rofarfos& i ft*ip x-wm *ftttf «rfa*ra • 

y-*£R «iraft *rfa 0r® .r-uw ^ 

*rt«ri *rt*r i wi*, fcnp ^ww •nr* «tfw i 

TRW, *-*fc*re CS' = CS aw cz' = cz ^fari c fas* 
vr*tw 0 ft fas S', z' *t*, ow farfspp mzm'-oi* 
*r*mm *fari kz'K' *ft w? wi *t*, *sc* bcb' c**rt* ftwr *nrf 

ft*f^5 «tRpr *farl S' sftfa, KK' faftw ow * ft^srsl iffarhe 

ftnpft *rcrc wi m i c fas* 

$*f*re* faifa ^ 5 Tff% S' ow faffa 4 * fa^ts^F KZ'K' i 



, *rr*t?, y-0 0C9f *p!favi 0r® *rfa*t *= ±a *0 f 
ft*T^ *-W^ A' ow A fasr$ C^f <0 0 fapr 

fBFWSR^o^ -a. ^-0 0^ y** ±b <T0 I 

&ifs y~* F*CT B aw B' fas?® ^ ^ ^ ^ ^ 

fas^r c*tft wsfc* b aw -&, cb«cb '-b (brdr) i 

-.2 , 

'«[fiTO, * > a wn < -a , > 1 4ffi y * «|«|tTO I 

^wrft, y TOfc* i tom, a' ft^r tPwW to*ii a to- 

1tC< %*lfT8? CTO TO sift I TOWTO*, y > b TO1 

y o*yt,* ■»»£>+ i d ^wi B'ft# 



*8* Tftl* 

%*r$ra3 3t$ i §*tf5 3tft^ %m *m 

<*wft 33K331 i 

*r%TO, a* + fc*" 1 ^^3 ^ fH p (*i»:Vi> 3ft 

<33fT« ^3 (x lt y x ) ^!7§3 *T?IW ftl3i TO, TO P-3 CSttl- 
f3*rfh$ f¥% Q(-* 1 , -yj fc*TSK83 fe*rsr < 33^5 ^ 3 * 

PQ ONI C t¥sr® 33ft3fes5 1 ^W3, AA' 31 BP' 43 
C 43 ^53 *ftrf tffTO I 43 3*13:31 C fi 5 ^ 4*1^3 C^B 
3 5 Tl 33 I 

33t33 2a bffrftfai AA'C^ *Rrf? 

(major axis) 3 a Tl ^ -, 

0333 y-*W 33133 2fc nfaflte btfjftfaS BE' C3 ^3fT33 
(minor axis) 3*Tl 33 I 

*!3tT3 i 3 *13 1=l3t3W3 33f$3l*[ §*l^r53 S 31^3^313*1' 

LSL' SfJl-C3 31 S' 3lf%f3^3l3t LjS'L^ *rJl-C3s ^C353 srtfiff^ 
(latus rectum) 3*l1 33 I BE' W*JK33t3 &53 *t1C< ^tf§ «rfro 
3ftf3l LSL' 43* LjS'L'j «?J|-33 3il ,g 33 3313 I 

CS f -aCy 3lfW33 L x 31 L' x «TfC^3 ^W-or. ^Wfs, 
8 8 

§*T3FS3 * 8 + £*» 1 tf = a<? 33lfe*T y 43 313 L x 31 

L' x C3tf5 31931 3l%3 1 

o 9 * a y® i 
o*” + &*" 1, 

.'. y * ± b Jf-~e j = ±a(l- e *). 

*F343, ^r?r53 3lf^3 L x L' a 31 LL' 43 bf^J 

-2a(l-e“)-2—• 
a 

/,\ *^rf%9i3tf*~-o(i-^®). 

«rttw33 L x «m?83 Tf3t3 {a<?, o(l - e *)}, 

. » 

■WV^. .ill _ _■ - - k . --■*-- - - jbJ|1i aMmI imkaa 

WlWWI w^8 mW5l 3T931 3t3 



*81 

6*-o*(l-«*), ’fl, e* 

a 

Wra* Wot cto m «nffefi\TO s, s' 

SOT SP, S'P. 

to to, P faro TOt* (**, y x ) TOT* sttfstro S' to TOT* 

</»<*. o). 

.'. ST* «(*, - «■)* + — (JT, - at) 2 + &*(l - *’/)■ 

[ Wl^TO ^^TO*! ^5 J 
~(*i”°*) a '* (1-r 2 )(a a ~.v l *) 

[V & 9 = o 8 (l-r*)] 
= r a ^r 1 9 - 2x x ac + a 2 = (a - e*.*^) 9 . 

.*. S'P = a-ex,» TOS ST * *Rm TO 

T V x x <a TO* e < 1 |. 

SP-a+exv 

otto, sp+ st- 2o -touto Mr i otto ***# 
to*i farMro tom *fit i 

STtffcfap* 3^5 WtfTO Wot <?KTO S*tOT 

«§FOT «OT *ITOOT TOTOfTO I 

TOS S pW Tf g I ^Tfefas Wrro to fro TOTcto 

TO* i 

arfeo l. Wpstfeara *r^ to Ww bcb' to $to TO ^rtW 

OTTO to ^ftrorOT *fa*l, to^ ^ot ftrotrortl W^w 

*ft*l stffefas (ar, 0) S TO1, *flH W**? («> 0)ATO1, X- a TO1 

6 

’tfra lrfSw Pm|j|+ mzm' 9R1 <w ^fr HtfiR^-a?, 0) S' nfiri, 
WtA 1 toi« x- - “ to ftro* kz'k' toi 

C 

oritojjs. ■>•»-. 



2 2 

<wcaf wi? *nm* *rfaif&*> wi ^hr 

fl 0 

y-^W uq^ y-^CV s^Tl Tfa, 'OT' 

^ + % t* + o*“ 1 ^ 1 <£ ^» <* > b Wfo 2o br^r- 

fifti ire* aw 26 Mrfaftl s§*rfa tf-'sra ^ft^r i 

•ilfaR^ *t*kHs ^inri i5sftr<i 

^Tt* (0 , ± ^a* - ft*) | srfa c- J a *- 6 a /o- 

ffirttw $*rrm (tfurtre ) ^^riwfa ^f*rai ^iot 

a 

y *± . 



7'4. £+£-1 *S*faraa ^**tfwS (x„ y,) 

a d 

^t^feaWH WRSia«| | 

2 g 

TO ^f, jg + & -1 ••• (i) w't’JCTJf 9*tW| P R^S 

«n*rtf (f v ji) «m *ifif^ «wj «w tHQ.^ w> (*•> y>)- 




• • • 


^C®T, PQ *JH 

{*-*x) - Oi) 

x *~" x x 

»WI, ft*?P, Q (i) ^C3< «wfv® ^QTO 


* 8 » 




. y± 

o a + fc a 

# a a , y a * 
+ 6 * 


a* 


1 


y». -y% 


(iv) (iii) faro TOt*r, 

«_A| » 

-°.^. r , 
y ■* a ~ * 3 

(ii) *rf)wi c*w m 

b* 


X ^- X x\y^ 
a* + 


/; ! 

V 


(iii) 

(iv) 

ya+^l' 

W 


0* X» + X, , x 

y~yx-* ~~ v • 1 (#-#,). 

a 2 

p ft*?r? cm ^Iwi pq cn\c^ to, cw 

Q p ft*?? p ft*?* >rf^» 

‘SreTO* ftprfI TO l Q ft*?? TO1¥ (# a , v a ) P fa*?? TOtf 

(# x , yx) ** 5 #® *fte* ^ pq *i*TO*rt p fa*?r® 

! **r*fo *$?:* «n*rc (v) *$r« 


*«i, <y-yi)Ji+fi(*-*i)-o. 




** a . yy x 

a ■ + b* 


fS + y^mi 

a 3 + &* A ' 


[ (iii) 4* TOft*J ] 


(i) fc*qc*RT (* lf yj ft*?F3 "’rfflRT ’PltaM 


XZi 

a* 


+^i=i. 


rs. S»+^-i^*l«r®a^*1lii , 5?(*i,yi) 

a d 

+ ?, -1 Snf^r {x v jiJ fiw «*t^R >rf|WI 

u 0 

l, 


xx ± + yh 
-• + 6* 



utftfa 




^1, y «■ - tan ‘m’ - - fea / 1 • 

fl a yi 3'i o 8 ^i 

(*!,?*) fnprtft **t4r<M ^ wrt tan 

OX | 

i 

.*. *tfs*ro tac< 

a a <y, . 


x-», y-yi . 
£i il 


a“ 


7*6. y^mx+e £^+3 £«i ^*>j- 

a a b* 

^ZF59 &t^ 151 


B 

X 

V^P (gj. ¥i) 

r 

v%) 

A'\B' C 

8 )a X 

^- 

B' 



** + |*-l fc*ljrOT *lfer* .v- w* + c *mra«fo Tfaft 

*fal fam ifowfc n i -raK, 5 §fi> fta® y 
*ftal c* ^rfapn *if«il *fir sl*itar® ** *itari qftar, 

j.( mx ± c )l .i 

T in' *) 



Iff * <n ajfft ftate tahwi m x obt 

cp%^ am ai| 

|i|# ^«wri ^pt»ri^ i 
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TO W*, 4 P, Q ftTO *rTOC*l (*,, 3 1 ) ^ 

(* 4 , ;y„). Wifi fkf # t 'Q j? a (i) f|W I 


44 S 


*.«.-- 2 ;VO 

'■'■-G’-'l/L'* 


w*\ 2 »ica 2 
b a f ”fl*m J +6 J 

m»\ <i a (f a - fc a ) 
£> a j ” fl a Wl a + /»* 


.*• (#1 - jt ») a *(#i + *j) tt - 4#,# a 

4w*c a fl 4 4a*(f ? -ft a ) 
“(o S! wi a + ft*)*"’ a'm* + b* 

4a 3 {w a c 3 a a - (r 3 - /> a )(a*m a 4 ft*)} 
896 (a a w a 4 & a ) a " 

4a a fc a (a 3 m a + b* - r 3 ) 

(a a w a 4 & a ) a 


TOfr, P, Q tow <^TO TOftss wfosl 


- mx x + 1, y^ = mx % + c. .*. j» t - 3 ^ =- m(x 1 - x 2 ). 
PQWJl-ftar- J&t-Xiy + tot-yiy 
- j(xx-**y(i+™*) 

_ /4a*b*(a a m*+ b*—c % )(\ + w a ) 
V (a a w 7 a + fc a ) a 

_ 2ab ^4-m g ^a a m*-i-b a - c a . 
a a m*+b 2 


w?*fSfWtWI -TOf¥^TO*^l 

W *[ff® TOW (STO GFtf 4*5 f ffW 

ftfart to wr fp wm brfr o p, <$wro 

a *rtft ^ ^fro i fwro, tow < 3 *n y-m*+c $tow 

X l + rl -1 (^"’rfwTO 1$ a*w a +£ a -c a ~T) 

a* o* 

<« 

* <j*± «s/a a m a 4-b®. 





TRW WTtfifa 


77. miaacaK^lsisrfsi^Cwiy-inxi v'a^+b* 


«N 1 * 4 +h-l 


a* 


b a 




ersrt^i <3 I 


** y 8 

» i a 


B 


'1 ^T5* (^ x , y a ) fa*$W ,bp Hot 


y.-K*'***' 
o* 


o a y a 


y» 


(0 


^f*t y — mx+ Ja a m 2 + ft 8 CSttl - (ii) fenfBCT (jr x , yj 
TO, TO (i) »iPR (ii) *|<|WI ^ I 3S5*ft, ^ ^ 

^c*r 

7,2- A» __ 

- a 11 -*?!* W "» N /a a m a + & > . 

«y a yi 


y '~ Ja'm' + y*' 


a*my x _ a*m 

b• 


am - \\(- b \ 2 -l^. 

a ~+W Va a m a -T& a J ”* 


Ja*m a + b a 

2 2 

.*. fH (JF X , y t ) i^+j s -l WiTf *4^15 

(ii) *R»RStl fe*fJTO **K ^fTO, 

wT p ite f ft Wfti i 

’sr&OT, ‘m’ ^ ^ s*1 <T*R y~mx+ Ja*m r * b* 

cswi j-g+^-i ^tpr^ wp rt r »w ^rfr (# lf yj 

WW (- . .. Iyi , —\ | 

» <s/a a m a +b a */a a m a +b a / 

f» uwr C*r CTO y~mx- Ja*m*Tb* *m- 

cwt'fi *. + is -1 frw ra il - rf> »W< - K f w TRW 


{t£"W~ J?m~ + t ‘)^ 1 ' 




*40 


<rrfa ^ <$ 

fs tot i 

fTSS C <W ofaWf flfTW ^rt^rtf *8*1* >1*TW 

*$c* 

r“+y a -a a . 

^ ^r, c^tfB PN re *i^lre pre 

Q %r® opr tot i 

'3t*1 P ^W #, CN *t*l ^fF3 *P*ftwl 

* r * -*• >1 *$F5^re*retft 


™W*-(i-fl->=?. 

«rt*fa, *i*ire$re* *r?lwi ^ 9 + y a =a 9 s$z<s ^ CN=x 
CJN retf5=* -y/o*-^ a . 




PN 

QN 


b 

a 


“$*1^ reft retf5 uq^ %*fr ’T^tw ^ 5 * *l$*i*f 

f^rerfa^rapFF® <rtre ofw <*$ *i$*rte $*rara* 

w* opk iot *r*fttm w»r i 





^48 


af^ji arawtaf swra 

»rt*lOT <*i*FW i fcnscw Ww fas* fce,c^fwF <^t«i i 

RCT W, Z.QCN-0. <?TC^ CQ=fl, CN =0 cos e 
NQ- a sin 0. 

.'. NP- ^ *NQ - ^ • a bin 6**b sin 0. 
a a 

^rrai ^nfw refa fanj* w 0 -* ^mco - 

a cos 0, b sin 6 SOT CW I Rtf I 0 <& fc*!RT5* P faf* 

wM r«ti i 

7*9. ^ i- g gvs^ i ^srs er^ 

3R»t9t«*1«t 5 ^Tf3=i | 



8 2 

TRW SR, + ? 8 -1 (i) fe*qWRT 4S ^ RRtWfr ®FJH 

PQ C5fa1 y- tnx + c ••• (ii)Rfal ^fF® t 

oni-sft ^rfwm #ral sji-r cro *«* fas ftai 

t^R ^Firsr cro r ^ fes f^R i 

• 

(i) «RK (ii) »|S|W y ''f'tffa CT ’tffoRW 'It'fflrt *1? 

CT^ JI^WCT? ftW ^T3 PQ 0W1* "f^S fe*t|T8? *» 

•ttwruftw, 

•S-I^-I. 

f(, (a*** 1 ^*- b*)x* + 2a*mcx +o*(c* - b*) * 0. (Ui) 



m 


(*t, jr,) dm (*„ y,) P, Q *R«r «, w .v,, ,r 3 

(iii) tflWrt 'fa I 

TOTK, (X, Y) sift PQ <« wfai L <« 41414 54, W 


X»4(*i+-r,)- 


a 9 me 
0*111* + !)* 


*rr«fa, v L, (ii) «wnr Rn« fan, 

Y » mX + c. 


Y = wX - 


o 4 ;w a i 


fl B WI 


o a w 


X, 


vipk *pw *rn * wfan* 

cto «i$ «rnt^r t 

.*. 3I=I»# «rJM apfjf^ 

»*twt 



W t*1 yjfint Rnjraff c^9r C faj’ttf!' uwR 

WR3TCI I 

*flrownf Rnfe^r Hfw i ‘m’dfir Na f%* 

»rfCT* cro (•rttro ’ft^s faf^a c^tc«i sre fa* f^a eft wjh 
cto) Rn?ra* cresfaFftffr ftfa* ^rm *r$ i 

710. I 

Ex. 1. SAow J/mj/ /A? equation Sx* +9y* + lOx -36y-4*0 
represents an ellipse, and find its eccentricity, latus rectum 
and co-ordinates of the foci. Find also the equations to its 
directrices . 

anrs ’rfhRMft ftnw ’•tWi* <WI 4ft 

fi(**+ar)+9ty»-4y)-4, 41, 5(* + l)*+9(ji-2)*-iS, 







(- 1 , 2 ) *s 



j«ri5 fam 
(i) 



wfo, (i) ^s *nrf x \ +?*-1 ^ vri 

O D 

^fa*r (i) *rsffw«ft c*kh ^rwl aftrs *rfc o 2 -9 ^ & a =5. 


c =° 




2 . 

3* 


’RtNwr- 26, -% 5 -3'• 

s o o 

iiflrti ittn 

(± «<?, 0), (± 34, 0) (± 2, 0;. 

s?wk, •j-faR 


(- 1 + 2 , 2 + 0 ) (- 1 - 2 , 2 + 0 ) 

<Mh(l, 2) W(“3> 2). 
or< c^src^f «Hfrwi 


#-* ~ <rf*< 


3 9 

*-|- ± 2 


^wtt, «wttprtfr 

.fct timw > ifr wft r 
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Ex. 2. Prove that the point (x x> y x ) is inside or outside 
the ellipse +£,«1 according as + < 1 or > 1. 



to p (*i, yj ^ 

1 CP Q C§i? TOT I s rt^^g-A^ff^TOA>l 

^$t*T p TTfTO ^ A < 1 P 

PN QM CAX ^ ^ ^*T, 


jr^CN, y x «NP^ 


CM MQ CQ 

cn“np “CP 



.*. Q flp*jr w cm mq wmx *' w ^- 1 * 

A A 

Q #rei s#h*i fro 

i 


- l - +■*- 

A a o* + l*fc* 



*rcww, ^V+^r> 1 PlH <w 

CJ V 

^V + ^r <,1 ifoff P vi ft a Ufo i 



*7Jtfare 


*«b- 

Ex. 8. Prove that the locus of the point of intersection of 
any two perpendicular tangents to an ellipse is a circle. 

2 

tot ^r, * 9 +\ (0 


/ 

/ 

/ 
i 
i 

i 
i 

i 
\ 


V * 

y**mx+ Ja*tn* + b* — («) CWl (i) | 

w nf^c6 - 1 ftfror t*fa *mttn 

tn 

mfys **i*fcre •itsEi *rfa i 

y-- 1 * + */■-. + &■ H, my--JFt Ja'+T'm*. (in) 

tn t w 

(ii) am (iii) off CMftV» ’rfi’Wft ttflfVw TWf TO1 PTC 
?? i ?3 ?tk, a$ $ >#rc*i “*»’ *fan ct "rt*it«rt 
«W ^«wt? «trare orrsi »w-’*rtm c^rfatp® Pro ft i 
wr, afc KtfSWi ’wtrtw* *pfNw i 

(ii) f (iii) ^T5 «rWH 1$ 

.y-mxm J a * m > + j* 

’•Pit twy+ar- Ja'+b^m*. 




$*ff5 

w: affirm 

(x* +y*)(l + m a )=(fl 2 + &*)( 1 + m 2 ). 

.*. x a +y a *a a +b a . 

^ <TTO ^ fg ^ftvg 

4C3 I 

.•. fttfa wfcm <4418 p i 

Offc^J I <4^ W*f f3 (director circle) 41*1 I 


Ex. 4. Find the length of the chord of the ellipse 

*® «> 

=> 1 whose middle point is ft, §). 

TO, ft, f) TOJfH -STtC^ «i$TO PQ 3J71-* *rftroi 


y - 2 ■ m(jr -1), Tl, y = m# + 


4- 5m 


2 2 

£ 5 +^ 6 -l ••• (ii) PQ CW* Cfrf^ 

P « Q v£)^ (i) vq (ii) ^5 v ftl *tflTO1 

ntrour* 


* 2 

25 



mx + 


4 - 5 m\* 

10 I 



41, (16 + 2S«» , )** + 5*«(4-Sot> + ( --- 5 ^-- 1 ^-0 - (iii) 

<44E4, (*„ yj « (x„ y,) 4ft P <441 Q ft^p Tftft 44, «C4 
x v 4f, (iii) »ftt44C«l4 4^4 I 


5m(4~ 5 m) 
16 + 25m 2 



_ (4-5m) * -1600 
1 * 4(16+25m*) 

PQ CJ 414 Wft^t 'fSf C 4 «l 1 410 ? |. 

.’. i(*i+ *.)-*> 41, + 


.’, (iv)4?$ra - 5m(4 < - 5m)«16+25m*, 


t 




m 


(V) 

* ’’-f** 





W ^5 x x x, -^4 3 2 6 —“ - 12 . 

.*. {x x - x a Y —{x x + jr a ) s - 4x x x a -1+48—49. — (vi) 

f^p q (i) <3r*rc ^f*rai 

yi-f“»»(*i-i). y,-#“*»(*.-i)’ 

•■• Vi - y» - *»(*i-■»»)“ 

PQ« ^(*7-*.)”+(yl r y.)** +«) 

- ^49 x fj “i n/41. 

Ex. 5. Prove that in the ellipse a + ^ - L, if the line 

a o 

y * m'x bisects all chords parallel to y — mx, then y - tnx bisects 
all chords parallel to y = tn'x. « 

§ 7*9 ^tc^r «rrf%, ^+^g = i 

CWtt ^fSSRT W *?TR I ^Wt*, ^ 

Ww'*- b * v-0 

o a m a* 

W y = w'* flWI y~mx CKtS W?T #tf^ 

y«W 4 r y=*m'x CW* W «FJl-C^ 

«w'* W ^ (i) <*FT 3Tf|^ I 

o 

S 9 

^3RTt^ ^ ym'# *,+^-1 y-m* dWt? 

*fni'*nn»r W SfJl-C*F ^y^tnx CW 8 y « m'* C$m 

wte m to «m-c? *wfatf&5 &s* <ma$ 

b a 

*I«HWW>B Turn* -I'O mm - -?*• 

*wi, *rf? c¥fr iM^rw vra <w *&tc»w *whw*t 

w*i «oW¥ ’nfttfa® ewiv < 5 #* 

•WJllVRKfR «*TW <Wfm Ifjl-c^ wWlw *TTO I 



'S&m* ^f5 (conjugate 

diameters) ^Tl ?*l 


Examples VII 

1. (i) Find out the eccentricity, and the co-ordinates of the 

foci of the ellipse 9x * + 25y 9 - 225. [ II. S . i 960 ] 

(ii) Find the co-ordinates of the foci of the ellipse 
9x* + Sy* -45. 

2. An ellipse has its major axis along the #-axis and 
minor axis along the y-axis. Its eccentricity is $ and the 
distance between the foci is 4. Find its equation and show 
that the ellipse passes through the point (2, 3). 

* \ H. S. 1961 ; Compartmental ] 

3. (i) Find the equation to the ellipse whose centre is the 
origin, whose axes arc the axes of co-ordinates, and which 
passes through the points ( - 3, V*) and (0, - 4). Find also the 
co-ordinates of its foci. 

(ii) An ellipse having centre as origin and axes along the 
co-ordinate axes, passes through the points (},-3) and 
( - J6, 2). Find the equations to its directrices. 

* 

4. Find the equation to the ellipse having centre as origin, 
and axes along the axes of co-ordinates, whose latus rectum 
is 6 and eccentricity |. Write down the co-ordinates of the 
extremities of its minor axis. 

5. (i) The latus rectum of an ellipse is half its major axis. 
Find its eccentricity. 

(ii) The distance between the focus and directrix of an 
ellipse is 16 inches and its eccentricity is $. Obtain the lengths 
of its principal axes 

6. Find the equation to the ellipse whose focus is (~ 1,1), 
eccentricity isi and the directrix is x - y 4- 3 *0* 





7. Find the latus rectum, eccentricity and co-ordinates 
of the centre and foci of the ellipse : 

(i) Zx a + 4y 8 + 6 x - 8y « 5. (ii) 9x a + 5y 8 - 30y * 0. 

\s 6 ‘. Is the point (i) (2, -1$), (ii) (2, -1), inside or outside 
the ellipse 4x a + 9y 8 * 36 ? 

9. Find the equation to the tangent of the ellipse 
9x a + 16y 9 * 144 having equal positive intercepts on the axes. 

[ H. S. 1961 ] 

10. Find the distance from the origin of the point where 
the tangent at the extremity of a latus rectum of the ellipse 
9x a + 25y 8 - 225 intersects the major axis. [ II. S. 2060 ] 

3 3 

11. Show that x - 3y * 13 touches the ellipse 25 + 16 * ^ * 

What are the co-ordinates of the point of contact ? 

[ H. S. i 960 ; Compartmcntal ] 

12. Find the equations to the tangents to the ellipse 
9x a + 16y a = 36 which are parallel to Zx - 3y + 7 - 0, and find 
out the points of contact. 

x a v® 

18. If a tangent to the ellipse .„ + «1 intercepts lengths 

a and j5 along the axes, prove that \ + u - % = 1. 

o p 

14. Prove that the product of the perpendiculars from the 
foci on any tangent to an ellipse is constant and equal to the 
square on the semi-minor axis. 

15* The straight line Zx - 5y + 25 «0 touches afi ellipse 
whose principal axes are along the axes of co-ordinates, and 
t whose eccentricity is given to be f. Find the distance between 
the foci of the ellipse, 

15* Find fhe equation to the normal to ellipse 
2**+^**71 at(2, -3) and determine the distance> of the 
poin^ where itihtersects the major axis, from the foot of the 



17 Write down the equation to the normal to the ellipse 
*1 at an extremity of the latus-rectum, and show that 

xx xv passes through an extremity of the minor axis, the eccen¬ 
tricity of the ellipse is given by e* *$( J5 - 1 ). 

18. If the normal to the ellipse x* + 3 y 9 * 12 at a point be 
inclined at 60° to the major axis, show that the line joining the 
centre to the point is inclined at 30° to the same axis. 

x* v 9 

19. Obtain the equation to the chord of the ellipse g + ^ -» 1 
which is bisected at the point ( 2 , - 1 ). 

j|*i 

20. Find the length of the chord of the ellipse 25 + 16 “ ' 

intercepted by the line x + f^Z. What arc the co-ordinate of 
its middle point ? 

21rf- Find the equation to the diameter of the ellipse 
6 x 9 + 9y* * l bisecting all chords parallel to y * x. 

22 . Show that the straight lines Zy—4x and x + Zy = 0 each 
bisects all chords of the ellipse g + «■ 1 parallel to the other. 

ANSWERS 

1. (O i; (±4,0). (ii) (0,±2). *. T’+J'-I. 

*• (i) 2l’ + l6 -1:(±3 ' 0) - (,i) »“± 4 */ 3 - *■ j6+?2 _1:(0 - ±2,/3) - 

*• (>> (ii) 30 inches, 24 inches. - 

6. 6{(*+l) # +(y-l) 9 }.*(*-y+3) a . 

or, lx % + Zxy + 7y 9 +10*-lQy+7=0. 7. (i) 3; J;(-l, 1) *,(0,1). 

and (-r2,1). (ii) 3§; f;(0, 3) ;(0,1) and (0,5). 

8. (() Outside. (ii) Inside. 9. jr+y-5: * 10. 6f. 

11. 12. 2jr-2y-±5;(f,—ft) (-rf. ft). 

18. 6. 16* 21*+4y«30; 17. *-*(y+ae a J. ’ 

. 19, &r-9y-25. 20. 7»; UM$). 41, 2*+3y«0.* 



wfcti cwnr 

( Hyperbola ) 

8*1. (Hyperbola) 

4# 5»W CTO ’W5OT 'Wl'StH TOM TO C3, •& W5^ 

Mfc'Wfrjdm fifft <33 »nwcwi 3 ^$ $ro $ 33 m ^njntw 

l^lJRWl TOWI ^53 33, TO >& ft 5 ?? JffiW »|3t^5 

toi 

fH *W$33 3tf«, fifii toiohi fefir ftiPrc <w 

1 TOW }333 TOIt® §313 &I3531 3tC3 '3(®I$3S I 

8*2. * t-Bt'g&^a a^tqsggt | 



TO 33 , H | ||W 3 tWH s » MM ' fcfo ftro* <W r( > 1 ) 

l^firi fcroarsi 

S fin33 C331 MM'<33%13SZ*13 tft, <333 SZfeWCT 

* : 1 'TOf*rtC^5 A ft?T® toRw m A' 3l3^W 331 
CTO^e > 1, SA' > A'Z. 7S3R, ft?t33C331 MZM'>33CT •tttf 

A 33fr®, A' 3t*t3 f3*rffe nttf s flpp to tro (&tm fScanr 

TO ) Win, '•pffc SA «W A' TO1331 

TO 3# AA' cWt3 wrftw C <03< AA'“2o. 3T33l<. CA-CA' 



•RTffS tt* 

I, SA-e.AZ dm SA' - e. AZ'. 

WK •nrqww a dm a' fa* ^ 

M ^5 | A dm A' fa^ *ftfaT5* *Wf^ (vertex) ^*Tl 

#ri<rrrei 

*rprfo, SA + SA' - r(AZ + A'Z) 

<1, 2CS = e. AA' ■= e. 2CA, <1, CS - ac 
dm SA'-SA = <?(A'Z-AZ). % AA' ■ r. 2CZ, 

Tl, 2.CA =■ e.2CZ, <11, CZ a 

to c y*if4% A'a mrmr cx «*ri ^ mm' ow 

5fSTlWt^ «£im AA' dBT C fas’ftft CY <mfl 3>-*W I 

dft*, (#, 3?) P ftj *fot$^r ®*RT ^ d^fft fa* **! dm 

P fa^^S *-TO* ^ PN 'Q farfaF C^tl MM' drc 4*p* 

PM ^r, TO CN «= 4r, PM - ZN - CN - CZ - .r - a • 

e 

S fa*5 (ae t 0) [ *.* CS=ae]. 
vmtu, *mw&* ’wtfr 
SP-ePMfl, SP a = <? 8 . PM 3 . 

.*. (*-ae) a f^ a = e a (jr-“) a . 

^1, x*(e* - l)-y is =a a (e 9 -1). L V dprftsr <? > 11. 

Tl, TO a 9 (e a -l)-b 9 . 

fapr TO'h? d$ *r$ *p«i to ^fartri ^t?4 
«rfaK*4&l§ n<iijcwi »tffaw i 

durtwc^s^nri *ifafa$ aa' w wft\c ^rfa?, ca-ca' 

* a dm b* « a a (c a -1). 

8‘3. « , WI«.^wi tfWft csJtfcw i 

2 g 

•nrtfrs? jf-ji-i »ifwi $ra faftfas Ijrowfir »wj 
T t^r® *ttn t 




^'wv 

^ y = 0 x “ ±a | *WT9 A *3 

A'cw to «*pr «*$ $1M^p^wwifl’e -a^M 

^rrm, A'*o^»r, y 8 <n«tm **, y ^lufa^ i wfc, 
*WfS y-*wre ort^ cw*r ^rl i 

*-43 TO o *R?N»| ^83 - a «IC*M |^53 ( 

AA' CW* 3C*<J ^f^s) *%*T, £ a »* a -l IflW « 

y ^mf^f ^E3 I TOTft, AA' ^fat* TON *RTl^W *K"t =Tf% I 
*-43 tstTst a $^S3 Wl - a ^CWI TOOT w*l» flS >1 

**, ?*-**- 1 - *wft^tfti 

D d 

:. y-43 10 >psrf5I« f*j*T?te 3fa *tmi Tfr i 
^TW, ^Iflfl A V$F5 irfac*i w 

A'1^^^^«prtf^^^^^*rwrfwi *-43 to 

apH: 3&5 y-43 TO* fcsnrtw ffo TO i 

TOT3, y-43 C3-CTO9 TO *, -1 + l t - 4^ft 33 ftft stfa I 

.*. *-43 i0 *iTO * f^tfNs TO *IT«I TO I 



♦ • 

•Wun, fiofa w* cwtwl stortw c*fr wn ?DS 


*t4tp w 

*T4tf5 44S A ft*? 4$C7 *rf7E»! 7 A' ft*? 7^C7 4tt7 <34tf47, 44< 

*-77 * 37-7*74 ^ ntttf §71 erfw i 

y-' 77 CY44 *rtzrf *r4ffci4 «rf74t7T 7 ^ 71741 C44r® 

•rft <r, cs'=cs ^ cz'=cz tRti cft**p 7i7*rfitf fT? 

*$4l MZM' <4? 47T74t*l KZ'K' 4ft 777 741 4t4, 7C4 S' mfeffy* 
KZ'K' f74t47 C441 7 %*C7TOl r 7f44f7 *f4tf7ft 777741 4t4 I 

^nrh, C ftpp «ffe»i44>C«T 74fw *f4tfC74 ft^4 <47 srrf% S' 7 
frSfa 47 t74T77 KZ'K' 7f£$ I 

7ft"fc4, *141^54 Wti C7t7 f7*4 7f7t7 (.r lf y A ) *l4T$nJ4 

77^4*1 ** -1 r«H 7C4, ^34ft, (-* x , -y,) 717176 4^7^74*1 

Pta Tto i ^ww, p- 4 cTWt’Sfft f4*rfte Q *t4tfcs4 fc*r* 
TTfas 7^7 44S PQ C441 C f4=?ro TTfTTft^s 7§C41 

.*. C ftvtfl’ *t4tfT34 «fcW7 «H1 C fip^TO »!4f7rRWf I 

^®4ft, AA' C44T4 747ft 5 * C ( 7^7*6 4C1? )-4 Fg^ttaf *i4t^5 
4fwr I 4^ TfaW C %C7 «T4t4n54 £7® (Centre) 4*Tf 74 I 

44ft7, *-77£7 7H7 (Transverse axis) 741 74* 

47 A A' 44 2a C7 47| 74 I y-'MIPCft 

TRp (Conjugate axis) 47 4^ 77 44144' 26 *ffirfiR5 47 frKf 
BB'C7(CB-CR'*6) 7744it 7C74 bf^J 771 7^41 7tC7 1 

fW* 7C74 74 (7<fc f74t7m 7717417) S 7tfaft 5 **IP?l 
LSL' (7441 S' TtfTfT^TtTt L 1 S # L , 1 ) 7JI-C7 74t^C74 «rrf%ff7 
471741 

CS-44 btfj ae 4p|4l TTfWT LSL' 44 L 41 L' «Ttt74 ^7«=ae. 
*Wft, 741^74 77^74*1 7^® 7ffWT4 L 41 L' «ltC74 CTtfe y 
ft* 7^744 7^> 1 1t74l 714 

a*** y* , 
o*' "P” 1 - 

?S?rf<l, y~±bje i -l”±a(e , -l). 





Wt, frf%LL' -8a(e*-l)-2 — 

ft 

?rrf%wr* & - - a (c 9 -1). 
a 

5Tff%9im L eftcm {ae, a(e* - 1)}. 

^F3r®t, 6 9 -a 9 (e* - 1) *r?fa**l ^5 «Tf$ 

e 2 - 8 *-^” - 

1. *ff*F o = fe 'TO TO(*filt^5 (rectangula 

or equilateral hyperbola) TO I CWCH ^TO3F®1 

<? = J2. 

&&T 2. P-* 

*fe<5 J** SP, S'P. 

to P frpr Tffl* (*,, y t ). s fap (<*<?, 0). 

.*. SP a «(Ar 1 -or) 9 +y 1 a -(4r l -*a<?) 8 +fc 3 |^V - lj- 

- (*x ~ «*0 8 + (* 8 - l)(*i * - o 8 ) 

[V fc a «a 9 (<? 9 -1] 
s =e*x x 2 - 2x x ae + d 9 *= (^j - a) 9 . 

..•. SP=exi-a, fctl SP-* WtWsrft, 

*.• <<WlPf x x > a*W e > 1. 

^PTStW, S'P - ex, + a. 

.-. s'P-SP-2o-f%<f '•ic’wMn 

fert ^rfjRn *rai^wr ffipfe <iwft <rt »t1$ »Rrffra? 
*Wfipt C4*3t4 ^ fWW *WW" 

#4 «PR I®** <«WHI *Wl*f I 

,8*4. K friMK i *©*1%* f*rtSr?& (*„*,: 

WSKFP r'liqw^jjpiB I 



• *« 


•ratfs 




30 8 

toi ^r» **- y ba -l ••• (0 W^iror p fi^r TtTO 
<* x > y x ) <w *Ritfc^r Mn vrr ow fas Q«« tou 

C*a» ^a)* 

PQ «rrhr 

y-y l =^I 3 ' 1 (*-*0 ... (ii) 

<wi toss fa^p * q *rstp (i) ^ tors 


*i a _y. a 


« *•" ^ 


l 


<*■ 6* 

9 

(iv) ^T3 (iii) ftwW ^finil, 


(iii) 

(iv) 


X* -X. 


y*_- y-y 
6 a 


8 «0 si y® 3^1 


*■-*1 o a y 9 + yx 


(ii) - Va " yi tiff <*$ TO s*rttori 


x %~ x \ 


b* x 9 + x* f n 
-y- v,= --• * 1 (*-*%). 

^ ^ o a y a + y x v 


(v) 


«w, PQ wtht P f¥*p* fts Tfftnrl PQ *rjl -wstcs f?rfevs TO 

OT^pnrPpjQapH! p -7 ^ p ^ 

<*h:*stw ftfasi to i wt^QfH^^TO(^a.ya) p fap tout 

(*i» y 3 ) ^ *rf^s *jf%« w <??^ cro pq p fs*$ps 

**Hr? *rf%«te <ipr (v) ^c$ toff-< *rafa**i 

y-yi-^* (*- *i\ ^1. y h l (y-yi) * j 1 (*-*x), 

• ^ ft'* 1 KWHtlWW] 

TS 5 t<, 0 ) *!«*« WN (jr x , y t ) lifNm 



8*5. (*,, y,) 

■•tfibviLUHs | 


•Rt^rej (*„ yj -»t4c^r X *, x - y h -1, 

O 0 

_, b*X, b * , , & S .Vj 

Tl, y* 2 1 ’-'f ~ wt = a 1 • 

O .V t 3’x a*yi 

(*i, rct%?rc J? **Hm S»k arc #rcl 

b*x x 

2 

.-. rcf®snTC9 afllvn y - y t - - “ y J (* - .v,), 

0 X ^ 

■sfi mil., IxJLl. 

’ Xi 2j 

a 2 b 2 


r« -2 


8*6. y - mx + c =^355 5- -£-« l 

- a 2 b 2 

£e?^j i 



m «f*r* ’rcrourfa c^rf^r® fer ft* ^ i 
^rt^, ^ $ *r9to**i y ftnra srte *r?twi 

, _&"*+£*! .1 

» a* 0 * 

u. - 4*>* + 2mca’;r+a*(6*+c*)« 0, (i) 



x w fart* wrt ** 4 * *rtn ^fB to *tr*ri 
*ttor i s^nrn, nst^re* *rf^s «nre wcwa tot *tc* 

w fH^» nira i 


to **, «fr ^ <^rft-5 P « Q «m TOt* (* lt j'x) * 0r 2 >3' a ); 

^r?1 3$t*t * x 'Q x s >lffW1 (i) ^ In I 

• r +* - - 2fflffl * 4m A - * _« a (* 8 + c 5 ) 

” 1 2 a*m*-b* ^ jll * 9 ~ <j 9 m*-& a ‘ 

■*. (*i-•*■*)*-(*i+ •*«)* 

4m s r 9 o 4 4o 9 (&*_+c a ) 
" = (a 9 m 9 -& 9 ) 9 ~ o 9 m 9 - fr a 

4a 9 {m a c 9 a 9 ^-(&®_+ c 9 )(o 9 »; 9 -fc 2 )} 

(tf*m 9 -& 9 ) 9 

4 a*b*(c*-a*m*+b*) 

(o 9 m 9 - fr 9 ) 9 

^TOfa, P W Q < 2 Hf^ C^ri 3 / - «i.r + c v£Rr 4l%?f1 


y 1 -«Mf x +t, .V a -m* a +C. .*. “ 3 ^ =Wi (*i-■**«)• 

.*. PQ «m-« bfti 


= n/(^i -^2) a + (^i-^a) 9 * V(^! - ^2)^(1 +w 9 ) 

_ /4a 9 6" 9 7c 9 y a *w 9 TF 9 Xl + w 9 ) 

V (a*m 9 -fc 9 ) 9 


_ 2ab */n-m g «yc g "a 9 m a +b a . 
a a m* - b* 


wfltPwtai "*N* *f# 1 

«iw5ewt? »rf^® «W|tot$ >1 E 5 f , ?tw ftfSrai »rnr 

fa ^ f|s w-7 frtr 0 w? «wa c?wi *rslf8"»H r va 1 

4 8 9 

resits airs owi y-mjr-t-f.^'-lj-i •rct^sCT 


• . ■ c , -a , m , + b , -O l ^ e- ± * 



THT¥ *UTw® 


8*7. mifirei OT- C«P t Hs) t = l 35^*1 y-mx+ Jt» m»-b a 


,2 -2 


CWI |- -L_1 na f g^3g-3» "*t< asfsc* 'Btst® 

<sfsjt®l <3 fsqefe I 

*nrt|t^ (*,, yj ft?TS "»rtPRI >lftwl 

"*-y.’-i * *-£*-;* •••■ (o 

*rfff ;y = w# + sja*m*-b* — (ii)WICT«! •rttfSW (* x , y x ) 

**rf TOT, ^5CTf (i) * (ii) *pflWI ^fB *jf%« I 


b*x t ™ & 9 

fl9 3'i 3^1 




3'i““ 


i*m*-b* 




mo®^! 


Ja*m*-b* 


9 8 

^ (ii) *fttf5re **rf i 
Priii 

WRf, ‘w’ura ^n <^R,;y*m;r + Jo*m*-b* 

9 9 

cm * -£j-l •RTtfSff "'tf Tffl*(*„>,) 

rnsfpi 

(_ , a * m - b \ _ \. 

' Va*m*-b* Va“m“-b”< 

*W$*WtCT ‘m* <« OT cmr Jiff $OT y-mx- */o i i»* -6* ONt* 

**14* && or* 

/ 'a 0*W ft* \ -Sfc- , 

Vi^5 *~*P JifimF^b*! 


.1 «• 



8*8. <S?Hrg| 

% =5m** i 



sx 


2 2 

^ o» “ &« = 1 *** w tftr ^iwr»r *jht 

^13^ PQ CSPTfa *r?fa*q y = mx + c. — (ii) 

^rl-sf% *rati*t*T ^f*nri ^Jl-^ c*ra w vrfWfo foi 
<£fr$a fsa 1%a ^xl-a c^csi t-<r f«a f^a "STt^r i 

(i) »IPR (ii) y ^f&*1 «fW fil-»pfrwl 

(i) w (ii) »rtoHM c^t1%hj $Vffa ^ *rt«*ri i 

(m* + c) a , 
o a ~ b * - - J * 

Tl, (a*w* -b*)x* + 2a 2 mcx + a a (b a + r a )-0 ••* (iii) 

«*FT, Rft P WQ«« (^ ,y t ) « (jt,, 3’») ** ^ 

* x , x 3 (iii) J|JhFTCHT ffa RSW I X5 F®*PJ, ^x+^3* - J*™**' 

^3ft, PQ 43 wf^v 43 ^Kf3 3f? (X, Y) 3?. 

3K3 X-ifo+ *,)-- , a ‘,”‘ C .,^ 

1 a/ a a m*-p a 

*rtrfa, *.* v (ii)*npmt*^*rtf^®, Y**mX + c. 

.*. ’Tl -&*X- -o'wY, 

* a*tn*-b* 1 

3l, Y-^X. ^1c-feK*»3«3t3 4t«t3»I3>»I’I3mt*I 

O m 

*m-* wfaflr cron «iwtaT i 



*18 ftRlf 

/. y-mx *ra*imt* *Wfrw *rH$N *m-* wfH* 

TOtf*W y--S-x. 

am 

tfl *fti^r cw C f^trfr rtos*! i 

^ wrc**n *mi*fCTOr ^r Rlw 1 

*tn r ow fa fell RtOT CTO ( ^pjh Rfa ftfa C^tW TO 

fa fa ^ «?ji-f cro) ^nn n^Tfre* crofa’ttff' ftfa RTtR i 

8*9. ^^tsi *"iTO I 

TOTCTl §87 TOfftHT C*rfatft CR, y**mx + Ja*m*-b* w 
2 2 

c**rrft -| 2 = i **K¥ ^ 

I 0 2 w fr 8 _\ 

\ Ja*m % -b*' -s/fl , 'm*-^*/ ^ 

«mRi m-«mr ftR-fft ^wTOfe* •itoi Rt^]cR,*o 8 w 8 -ft a »o,; 

Tl, w«± ^* b *i j ^Rp 55^rrc^r i 

.*. ^~ ± ^ ^ - j£ - * **t*fa, w 

ip^ 1 ^ c*«rtw^ ^rr^r *f*t r*ti f* i 



- 'fa^ *lfa 9 C^IW TO, R«1R tan 0~ ± (b/a), 
■'■^hprf^ CTO.4PK faf TO 2a-* *IRtR ^ ftf, * 


’■f’W* 



*r«tf5 




W Wl TO, TO ^ «ltWTOf *Rfa *M 

»jPR ^ ^ C^n *ftt3C5* ¥$ps ^5 

fttol i 

ftc*R CTO Wo = 6^f,^ *w s$f& ^-^im ?jf^$ ±45° 
wrr°, ^f& *wfa *w *ra**ft *w ^ t 
^ w ^ ?rora, c*r| ^ ^^rsrifs ^n 
$# <fsr**fa wwi to i 

8 * 10 . ^p?t^®rr«i5^ i 


Ex. 1. 77k? co-ordinates of the foci of a hyperbola are 
( - 5, 3) and (7, 3), and its eccentricity is f. Find its equation 
and determine the length of its latus rectum . 

to, S(7, 3) «mr< S'*-5, 3) •ni't^OT ^ ^rH%, 

<OT$1 = f 2a *[ft ?sicw$ bftf **, w 

SS'-2a<r, *1, 12 = 2a.». ,\ a-4. 

’srftfa, *R5[rof bf^j # 2b \sr< 

& 8 »a 2 (e*-l)»16ft-l)~20. 

.*. sftfow Mj*2^* = 2.-V = 10. 

a 

ss 'm wfH c 

4(7 - 5) w 4(3 + 3) *l«fc(l,3). 

« ss' m\ 

(y- 3)(7 + 5) + (# -7)(3-3)*0 y-3. 

.*. $$ ^rsrtwfa i 

'Wl C <7F srfwl ORR 1%^ WF *-TO ^1 

C *.* a* «16 *£Pft b* «20 ]. 


«TO *rcwr %tre §*rf^ *nrrfre* ^rr? 

(i,3)«w^1^TO*^<rTO 4 to 

*r*l^g* 


(^D*_fcJl!_i 

1* 9H 1 



• M 


IM 





fawawtfh 

<«Ht« = 2a = 8. 

^rfrfa, ^ stffro® ^ jjcw 

Wf^r w^ *rarft i <*wc«i, *nn^R c^t=r 
f^r *rffi (^r, y) ^f, to 

V(tf + 5)* + (:y-3) a ~ <s/(*-7V+(:y-3) a -8 
Tl, N/(4T*h5) a +(3;-3) ai = J(x-7y + (y- 3) a ±8. 
w^r ^farl, 

24# — 88 - ± 16 *J(x — 7)* +(y — 3) a 
*1, (3*-11)° »4{(.r- 7) a + (y-3) a |. 

% 5# a -4;y a -10# + 24;y-111=0. 

*pftow (i) *lffWl $*l 

Ex. 2. Prove that the tangent to the hyperbola # a -3;y a 
= 12 at the point (-6,2^2) bisect f ^ angle between the 
focal distances of the point. 

•nt-fCHW '£tro irosr 'stfwtuz csftl *rfo 

*’-y*.i ... ... a) 

12 4 * w 

^5^, ^rtfw S W S' v£RT (±VI2T4,0) 
(±4,0) 

•nrt^r Wi* P Rpp (- 6,2^2). 

SP CHIT j- _ 2 6 ^ 2 4 (jr-4) 

^«lffc x J2 + 5y ~ 4 J2 = 0. ■•• ••• (ii) 

am S'P tt<rr* y * ~^ 4 (#+4) 

K x J2+y+4J2**0, •*• ••• (iii) 

/.SPS'«ifo ^trtfT <*K ^SPS'^W^nffc, (u)« 



•Wtfl *11 

x_J2 + 5y — 4 j2 ^ x ^2 + y + 4 ^2^ 

” \/2 + 25 >/2 + l 

^Tl* at J2 + 5y ~4 j^/2 + 3 (a' ^/2 + y + 4 J2) ■*(), 

"4i, .f+ */2y + 2 = 0. ••• ••• (iv) 

'srfafa, (i) (- 6,2 ^2) **tfm >?#hrc«l 

*(-6) y(2 n/2)_ i 
12 ~ 4 

Tl, * + J2y + 2-Q, t^1 (iv)^$^f%s | 

.*. «nr§ mt^m p(-6, 272 ) *rn^w 

•rtfwr sp * s'P c^n ^fB* 

^SPS' *NfcrRsr® to 1 

Ex. 3. Find the length gf the chord of the hyperbola 
x 8 -4y 3 -9 along the straiqht line x + 4y + 3 = 0, and determine 
the co-ordinates of its middle point. 

•nrtfS x* - 4y r = 9 •••• (,i) W »1WW1 a + 4y + 3 * 0 •••• (ii) 

^ 5$ .r 3T8 fiTS 

’ifhRFfa I 

(4y + 3) s -4v Zs= 9, <1 y(y f-2) = 0. .*. y = 0 41 -2. 

y-<*TC 'srfa (ii) * «■ -3 ^1 5. 

^K, *rri-* ^ «rrsfw TOt* (—3, 0) (5, - 2), 

*TW, *JH Ml- n/(- 3~-5P + (0 + 2)® = 2 -s/17. 

K-3 + 5),4(0-2)^ffc(i, -l). 

Ex. 4. Prove that the portion of the tangent at any point 
of a hyperbola intercepted between the asymptotes is bisected 
at the point of contact. 

Si 2 

to *re, *nrrf§fB* ?r#fw! = l ■••• (i) 

’tfflWl y » ~ x •••■ (ii) W y ■ - - x. ••• (iii) 
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(ii) Q f^T® Cm TOT, WX (ii) « (iv) 

*rt*rr y *ttm\ *rfa i 

xx' y b . ^, a 
« ~i 2 - *--i, ti x =~,—--. 

a* n v a x v 

~ b 

(iv) 'S (iii) «*|TCM C^ffH 


R ^ ^sr .r = -7 


* . y 

o + b 


QR wfH* 

1 r Q , a ~l _ x' „/ 

51 •#*' _ y #' y I. ,r' s _ y* 

z> o 6 ^ a 9 fc 9 


QR <OT wfw C^tf5 y. , ^TK P, QR 4* 

*wfHi 


Examples VIII 

1 . Obtain the equation to the hyperbola whose focus is 

(a, 0 ), directrix is the straight line x = \a, and eccentricity 
is J2. [ II. S. i 960 ] 

2. Find the equation to the hyperbola referred to its axes 
as axes of co-ordinates, 

(i) whose eccentricity is J2, and distance between its 
foci 16. 

(ii) whose latus rectum is 10 $ and distance betw een focus 
and directrix is 3$. 

3* In the hyperbola 4x* -9y* *36, find the lengths of the 
axes, the co-ordinates of the foci, the eccentricity and the 
length of fhe latus rectum. [ II. S. 1961 

4. A point moves on the plane of the co-ordinate axes 
** that the difference of its distances from the points (± 3 , 0 ) 



*mfs 


is always 4. Prove that it traces out a hyperbola whose 
eccentricity and length of latus rectum you are to determine. 

5. By transfering the origin suitably, show that the equation 
5# 8 - 4y * - 20x - 8y - 4 * 0 represents a hyperbola, and determine 
its eccentricity, co-ordinates of its foci and equations to the 
directrices. 

6. Find the co-ordinates of the foci of the hyperbola 

■# a -y a =9. Also find the distance from the origin of the 
point where the tangent to the above hyperbola at (5, 4) meets 
the #-axis. [ H. S. i 960 , Compartmental ] 

7. Show that the tangent to the hyperbola ^ ^ = 1 at 

each of the points (i) (- 5, f),» (ii) (8, - 3 J3) bisects the angle 
between the focal distances of the corresponding point. 

8. Find the length intercepted on the conjugate axis 
between the tangents at the two extremities of a latus rectum 
of the hyperbola 7x * - 9y a * 63. 

9. (i) Find the points on the hyperbola 3# B -5y 9 = l5 at 
which the tangents are inclined at 60° to the #-axis. 

(ii) Find the tangents perpendicular to x + 2y * 0 of the 
hyperbola 7x 9 - 4y 8 * 28, and find the points of contact. 

10. Prove that the locus of the point of intersection of any 
two perpendicular tangents to a hyperbola is a circle. 

11. Find the equation to the normal to the hyperbola 
16#* - 25y® *31 at the point whose ordinate is - 3 and abscissa 
positive. 

12. In the rectangular hyperbola x* - y* * a*, show that 

(i) the intercept on the #>axis of the normal at any point 
is double the abscissa of the point. 

(ii) the length of the normal at any, point intercepted 
between the axes is bisected at the point 







18. Obtain the length of the chord of the hyperbola g - 

»1, passing through the origin and making equal angles w 
the axes. [ H. S. i 960 , Compartmenta 

14, Find the equation to the chord of the hyperbt 
x 9 - 2 y 9 -1 which is bisected at the point ( - 3, -1). 

x 9 

IB. Find the length of the chord of the hyperbola ^ - 


= 1 along the line 3x + 2y « 12. 

16. Find the equation to the diameter of the hyperbe 


x % y 9 
4 " 5 


1 bisecting all chords parallel to x - 2y + 7 * 0. 


17. If P be a point on a rectangular hyperbola, prove thal 

SP.S'P-CP*. 


x 9 y 9 

18. The normal at any point of the hyperbola ^ « 

meets the axes in M and N, and lines MP and NP are draii 
at right angles to the axes ; prove that the locus of P is t 
hyperbola 

a 9 x 9 -b 9 y 9 ={a* + b 9 ) 9 . 


ANSWERS 

1. 2x*-2y 9 ~a\ 2. (i) Ar 3 -y 3 -32. (a) '*-J*-l. 

8. 6,4; (± n/13,0); Wl3; 2§. 4. 4; 5. 

5. 4; (5, -1) and (-1,-1); *»3Jand x**l e. (±3«/2,0);«. 

8. 6. 8. (i) * * 2 ) 411(1 ("*2' ~ ~2 )’ 

(ii) y«2i r±3; ($,i) and (-4, 

11. 75r-64y«492. 18. -V */2. 

15. 4'Jtf 18. 5jr-2y«0. 


14. 3*-2y+7«0. 
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1. (a) Prove that in any triangle, the square on the side opposite to 
an acute angle is equ.il to Ihe sum of the squares on the sides containing 
the acute angle, diminished by twice the rectangle contained by one of 
these sides and the projection on it of the other side. 

(ft) Prove that three times the sum of the -squares on the sides of a 
triangle is equal to four times the sum of the squares on the medians. 

(tf) Prove that the internal bisector of an angle of a triangle divides 
the opposite .side internally in the ratio of the sides containing the angle. 

( d) A straight line All is divided in a given ratio interiitdlv at C and 
externally at D If P he a poiat where CD subtends a right angle, 
prove that PC bhecls the angle APB. 

2. (a) Show that the angle made b> a tangent to a circle with a chord 
drawn from the point of contact is equal to the angle in the alternate segment 
of the circle. 

(ft) ABC is a triangle inscribed in a circle; AD, A1C arc lines drawn 
to the base BC parallel to the tangents at B, C respectively; prove that 
BD ; CEc=AB a : AC 2 . 

Or, 

(6) Tangents AB, AC are drawn to a circle; CE is perpendicular to 
the diameter BD through B; prove that AD bisects CE. 

3. Draw an equilateral triangle, each side of which is 2 inches. Now 
proceed to construct a square equal in area to this triangle 

Or, 

Draw two circles of radii 4 cms. and 2'5 cms. respectively, with their 
centres at a distance 10 cms. apart. Proceed to construct a transverse 
common tangent to the two circles. 

[Statement of construction, and full, neat and distinct traces are to 
be given in either case, but no proof.] 

4. (a) Obtain the co-ordinates of the point which divides the straight 
line joining the points (x u yO and (x„ y„) internally in the ratio »» x : «*,. 

(ft) If A, B, C, D are points whose co-ordinates are (-*-2, 3), (8, b), 
(0, 4) and (3, 0) respectively, and AB and CD are ioinedr find the ratio 
of the segments into which AB is divided try CD. 
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(c) Obtain the equation of the straight line whose intercepts on the 
axes OX, OY arc a and b respectively. 

(d) Determine the equation of the straight line which passes through 
the intersection of the lines given by 3*—4y-f-l = 0 and 5:r-f-y := 1. and has 
equal intercepts of the same sign cm the axes. 

5. (a) Find the length of the chord of a circle x a +y a = 64, intercepted 
on the straight line 3x-\4y — c — 0. 

(b) Obtain the co-ordinates of the point of contact of any one of the 
two tangents to the above circle jr a -f-y a = 64, parallel to the line 
3x+4y—c = 0. 

(c) Find out the eccentricity, and the co-ordinates of the foci of the 
ellipse 9jr s 4-25y 2 = 225. 

(d) Find the distance from the origin of the point where the tangent 
at the extremity of a l.itus rcctran of the above ellipse 9x s 4-25y 2 ~ 225, 
intersects the major axis 

6. (a) Find out the equation of the tangent to the parabola y s = 4ax 
at the extremity of the latus rectum. 

( b ) A double ordinate of the parabola y 2 =Aax is of length 8a Trove 
that the lines joining the vertex to its two ends are at right angles. 

( c) Obtain the equation to the hyperbola whose focus is (a, 0), 
■directrix is the straight line x = la, and eccentricity is V2. 

(d) A rod of length 6 units slides with its extremities always on the 
co-ordinate axes. Prove that its middle point traces out a circle, whose 
equation you arc to determine. 

7. (a) A thick hollow cylindrical pipe is 6 inches in length, and its 
whole surface (outer and inner curved surfaces and the plane edges) is 
308 sq. inches. If the external diameter of the pipe is 8 inches, and if its 
material weighs 4 ors. per cubic inch, find its weight. [ Take r~ V 3 

( b ) When is (i) a straight line, (ii) a plane said to be perpendicular 
to a given plane? 

If a straight line is perpendicular to each of two intersecting straight 
lines at their intersection, prove that it is perpendicular to the plane con¬ 
taining them. 

(f) Prove that in any triangle, the middle points of the sides and 
the middle points of the lines joining the orthocentre to the vertices lie 
on n circle. 

Prove Also that the distance of the orthocentre from any angular point 
, of the triangle is double of the distance of the drcum-centre from the 
side. 
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(d) Obtain the co-ordinates of the centre of the circle passing through 
the points (1, 2), (3, —4), (5, —6), and determine the length of its diameter 

Is the origin inside, or outside the circle ? 

1960 (Compartniental) 

1. (a) If two triangles are equiangular, prove that their corresponding 
sides are proportional. 

(b) Prove that the line drawn parallel to the parallel sides of a 
trapezium through the point of intersection of the diagonals is bisected at 
the point. 

(r) Prove that in a triangle the sum of the squares on any two sides 
is equal to twice the square on half the third side together with twice the 
square on the median that bisects the third side. 

(d) Show that the sum of the squares on the sides of a parallelogram 
is equal to the sum of the square^ on the diagonals. 

2. (a) If two chords of a circle intersect outside the circle, prove 
that the rectangle contained by the segment* of one is equal to the rectangle 
contained by the segments of the other. 

(b) Prove that if the common chord of two intersecting circles be 
produced, it will bisect their common tangent 

Or, 

ABC is a triangle right-angled at A; AT) is p(rpcndicular to BC. 
Shew that AB 2 = BD.BC. 

3 Draw a circle of radius 2 ems Construct an equilateral triangle 
circumscribing this circle. 

Or, 

Draw a triangle with sides 3, 4 and S ctns Now construct a square 
-equal in area to this triangle. 

[ Statement of construction, and full, neat ani distinct traces arc to 
be gwen in either case, but no proof.] 

4. (a) Find the distance between the points whose co-ordinates are 
(xi, yi) and (xz, y 2 ). 

(b ) Prove that the points whose co-ordinates are (—2, —2), (2, 2) 
and (4, —4) are the vertices of an isosceles triangle. 

(c) Find the angle between the straight lines whose equations are 
y=wt*'4-ci and trnx+ca. 

(d) Obtain the equation to the straight line passing through the point 
(—1, 2) and perpendicular to the line 
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5. (a) Obtain the equation to a circle having its centre at (3, 7) and 
radius 5. 

(6) Find the equation of the tangent uj die circle x 2 --y 2 = a 2 at any 
point (xi, y\) on it. 

(c) Find the equation to the tangent of the ellipse 

^,+^"=1 at the point ( x,, y,) on it. 

(d) Show that x —3y .= 13 touches the ellipse 

*V'-i 

25'16 - 1 * 

6. (a) Find the equation to the uonnal at (a*i, yj) of the paialxila 
y 2 z=:4ax. 

( b ) Prove that the length inlciccptod on the ,r-a\is of the parabola 
y s =z:4ax, between the fool of the oidinate of am point of it and the point 
of intersection of the normal at that pofcit with the .r-axis is constant 

(c) Obtain the length of the chord of thf* hypeibola 

x- v J . 

(J ~ 2S— 1 

passing through the origin and making equal angles with the axes 

(d) Find tlie co-ordinates of the foci of the hyperbola x 2 —y 2 —0 

7. (a) Prove that all straight lilies drawn perpendicular to a given 
stiaiglit line at a given poinl of it are coplanar. 

(b) The volume of a right circular cone whose height is 24 inches is 
1232 c. ins. Find the area of its slant surface. [ * y ] 

(c) AB is a diameter of a circle; AC and AD are any two chords 
cutting the tangent at 11 in P and Q; prove that L PCQ = L PDQ. 

(d) A straight line is drawn through the point (3, 5) such that the 
point bisects the portion of the line intercepted between the axes. Find the 
equation to die line, and calculate its perpendicular distance from the origin. 

1961 

1. (a) If two triangles have one angle of the one equal to one angle 
of the other and the sides about these equal angles proportional, prove that 
the triangles are similar. 

(b) If two triangles are similar, prove that their areas are propor¬ 
tional to the Squares on their corresponding medians. 

(c) Prove that the ratio of the areas of similar triangles is equal to 
6ft ratio of til|£ squares on their corresponding sides. 
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(d) If ABC be a triangle inscribed in a circle, and the tangent at 
A meets BC produced in D, prove that BD : CD = AB 2 : AC 2 . 

2. (a) If from a point outside a circle, a secant and a tangent be 
drawn to the circle, prove that the rectangle contained by the segments of 
the secant is equal to the square on the tangent. 

(b) If the diagonals of a cyclic quadrilateral are at right angles, show 
that the perpendicular from the point of intersection to any side when pro¬ 
duced backwards bisects the opposite side. 

Or, 

( b ) From the extremities of any chord AB of a circle, perpendiculars 
AQ, BR are drawn to the tangent to the circle at any point P. If PM is 
perpendicular to AB, prove that PM 2 = AQ.BR. 

3. Draw a circle of radius 1 inch, and then construct a regular hexagon 
circumscribing the circle. 

•Or, 

Take a straight line of length 2 inches and divide it into two parts 
such that the square on one part may be double the square on the other part. 

[ Statement of construction, and full, neat and distinct traces are to 
be given in either case, but no proof.] 

4. (a) Obtain the area of the triangle whose vertices are the points 
(xi, yi), (X 2 , yz) and (* 3 , ys). 

(b) Find the area of the triangle whose’ vertices A, B, C are respec¬ 
tively (3, 4), (—4, 3) and 8, —6); hence or otherwise find the length of 
the perpendicular from A on BC. 

(c) Obtain the equation of the straight line passing through the points 
(xi, yi) and (# 2 , ys). 

(d) Find the equation to the perpendicular bisector of the line joining 
the points (—2, 7) and (8, —1). At what distance is this perpendicular- 
bisector from the origin? 

5. (a) Obtain the equation to the circle passing through the points 
(3, 4), (3, —6;, (—1, 2) and determine its centre and radius. 

(b) Prove that the straight line y — x-{-aV2 touches the circle 
# 2 +y 2 = a 2 , and find its point of contact. 

(c) Obtain the equation to the normal to the ellipse — 1 at the 

point (x lt yi) on the ellipse. 

. (d) Find the equation to the tangent of the ellipse 9jr*-H6y*=144 ' 
having .equal positive intercepts on the axes. 
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6. (a) Find out the equation to the parabola whose focus is (—3, 4) 
and directrix is 6x —7y-f-5 n= 0. 

(b) The two tangents drawn from a point P to the parabola y 2 —4x 
are at right angles. Find the locus of P 

(r) In the hyperbola 4x 2 — ( ty 2 = 36, find die lengths of the axes, the 
co-ordinates of the foci, the eccentricity and the length of the latus rectum. 

(d) Find the condition that y — mx-\-c may touch the hyperbola 

X 2 —y 2 = a 2 . 

7. (o) A and B are two fixed points whose co-oidinatcs are (2, 4) 
and (2, 6) respectively; ABP is an equilateral triangle on the side of AB 
opposite to the origin. Find the co-ordinates of P. 

(6) B and C arc fixed points having co-ordinates (3, 0) and (—3, 0) 
respectively. If the vertical angle BAC be 90°, show that the locus of the 
centroid of the triangle ABC is a circle whose equation you are to determine. 

(r) With the material of a hollojv sphere of outer diameter 10 cms. 
and thickness 2 cms. is made a solid right circular cone of height 8 cms. 
Find the surface area of its curved surface to the nearest square centimetre. 
l>-¥] 

(d) How is the angle between two intersecting planes defined? When 
is a plane perpendicular to auother plane? 

If two straight lines are parallel, and if one of them is perpendicular 
to a plane, prove that the other is also perpendicular to the same plane. 

1961 (Compartmeulal) 

1. (a) Prove that the bisector of the exterior angle of a triangle 
divides the opposite side externally in the ratio of the other two sides. 

(b) In a quadrilateral, if the bisectors of one pair of opposite angles 
meet on one diagonal, prove that the bisectors of the other pair of opposite 
angles will meet on the other diagonal. 

(c) If a perpendicular is drawn from the right angle of a right- 
angled triangle to the hypotenuse, prove that the triangle on each side of 
the perpendicular are similar to one another. Hence deduce that the per¬ 
pendicular is a mean proportional between the segments of the hypotenuse. 

(d) In a right-angled triangle, if a perpendicular is drawn from the 
right angle to the hypotenuse, show that the segments of die hypotenuse 
have the same ratio as the squares on the sides containing the right angle. 

2. (a) Prove that the obtuse angle between the tangent at a point of 
a circle and a chord through the point of contact is equal to the angle in 
Sht alternate segment, 
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Or, 

If from any point on the circumcircle of a triangle perpendiculars are 
drawn to the sides of the triangle, prove that the feet of the perpendiculars 
are collinear. 

(&) If two circles intersect, show that their common tangent subtends 
supplementary angles at the points of intersection. 

Or, 

Two radii of a circle are perpendicular to each other, and a tangent cuts 
them when produced; prove that the other tangents drawn to the circle 
from these points of intersection are parallel. 

3. Take a straight line of length 6 cms; divide it into two segments 
such that the rectangle contained by the segments may be equal to a square 
on a side of length 2 cms. 

, Or, 

Draw a circle of radius 1 inch. Find out a point outside this circle 
such that the two tangents from it to the circle, and the line joining the 
points of contact may form an equilateral triangle. 

[ Statement of construction, and full, neat and distinct traces are to 
be given in either case, but no proof.] 

4. (a) Obtain the distance between the points whose rectangular 
Cartesian co-ordinates are (xi, yi) and (xz, yz). 

(b) Show that the triangle whose vertices are the points (—2, —5), 
(4, —1) and (—1, 0) is isosceles. 

(c) Obtain the equation to a straight line which is inclined to the- 
jr-axis at an angle 9, and whose intercept on the y-axis is c. 

(d) Show that the points (1, 4), (3, —2) and (—3, 16) are collinear. 

5. (a) The extremities of a diameter of a circle have co-ordinates 
(—4, 3) and (12, —1); find the equation to the, circle. 

(b) Find the condition that the straight line y = mx-\-c may touch 
the circle x 2 -\~y 2 = a 2 . 

(c) An ellipse has its major axis along the jr-axis anjj the minor axis 
along the y-axis. Its eccentricity is i and the distance between the foci 

is 4. Find its. equation and show that the ellipse passes through the point 

(2, 3). 

(d) Find the equation to the tangent at the point (xi, yi). of the 
eUip« ' £ii£=t 
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6. (a) Show that the straight line y — wwr-kf is a tangent to the 

m 

parabola y' J =4a.v, whatever m may be. 

(b) Show that the foot of the perpendicular from the focus of the 
parabola y 2 z=4ax on any tangent lies on the y-axis. 

(f) Trove that in the hyperbola x 2 —y 2 = a 2 , the difference between 
the focal distances of any point on it is constant 

(d) Find the length of the chord of the hyperbola £,=1 along the 
hne y = mx. 

7. (a) A and B are two fixed points on a plane, and a point P moves 
on the plane in such a way that TA —2TB always. Trove either geometri¬ 
cally or analytically that the locus of P is a circle. 

( b ) OA, OB, OC are three straight lines on a plane. If OP l)e 
perpendicular to OA and OB, prove that it is perpendicular to OC also. 

(r) A solid right circular cylinder, whose height is 9 inches and 
diameter of the base 4 inches, is deformed into a sphere. Find the surface 
area of this sphere. 

(d) Find the equation of the straight line which passes through the 
intersection of the lines 3x—7y-\-S = 0, x — 2y—7 == 0 and has equal inter¬ 
cepts of the same sign along the axes. 

1962 

GROUT A 

1. (a) Prove that in an obtuse-angled triangle, the square on the side 
subtending the obtuse angle is equal to the sum of the squares on the sides 
containing the obtuse angle, together with twice the rectangle contained by 
one of these sides and the projection of the other side on it 

(b) Prove that the sum of the squares on the sides of a parallelogram 
is equal to the sum of the squares on its diagonals. 

2. (a) If two chords of a circle intersect inside the circle, prove that 
the rectangle contained by the parts of one, is equal to the rectangle con¬ 
tained by the parts of the other. 

(6) Through any point X on the common chord of two interesting 
circles, chords AB and CD are drawn one in each circle. Prove ilxat 
AX.XBsrCX.XD. 

3. (a) Prove that if two triangles are equiangular their corresponding 
jsides are proportional. 

(3) In the trap^iuib ABCD, AB is parallel to DC, and the diagonals 
intersect at 0. Show that OA : OCssOB*: OD. 



EXAMINATION PAPEKS 


4. (a) Prove that the internal bisector of an angle of a triangle 
divides the opposite side internally in the ratio of the sides containing the 
angle. 

(b) AD is a median of the triangle ABC, and the angles ADB, ADC 
are bisected by lines which meet AB, AC at E and F respectively. Show 
that EF is parallel to BC. 

5. Construct a regular hexagon circumscribing a circle of radius 
1'5 inches. Measure a side of the hexagon. 

[ Statement of construction as well as justification , are to be given.) 

GROUP B 

6. (a) Find the co-ordinates of the point which divides in a given 
ratio m l :m a internally, the line joining two given points (x If y t ) and 
(**, y a )- 

(b) The ccordinatesof the vertices of a triangle are (x l ,y l ), (x ir y a ) 
and (x it y»). Find co-ordinates of the point where the medians of the 
triangle intersect. 

7. (a) Find the angle between the straight lines whose equations are 

y = and y = m a x-j-c a . 

(b) Find the equation of the straight line passing through the point 
(—3, 1) and perpendicular to the line 5x —2y-f-7 = 0. 

8. (a) Find the equation of the circle passing through the origin which 
makes intercepts 6 and 8 on the positive sides of the axes of x and y 
respectively. 

,(b) Prove that the centres of the three circles 
x*+y 2 —2x+6y = —1 
x 2 +y 2 +4x—\2y = 9 
and jr 2 +y 2 —16 = 0 
lie on a straight line. 

9. (o) Find the equation of the parabola, whose focus is at the point 
(5, 0) and whose directrix is the line 3x —4y-f-2 = 0. 

(b) Show that the straight line y =is a tangent to the parabola 
y*»4fljr. 

10. (a) Find die equation of the ellipse whose major and minor axes 
lie along the axes of co-ordinates OX, OY respectively and whose^eccentrksty 

is ~j 2 and latus rectum 3. 
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*3»o 


(b) Show that the line x—y — 5 touches the ellipse 


GROUP C 

11. Prove that all straight lines drawn perpendicular to a given straight 
line at a given point are coplanar 

12 . If a right angle rotates about one of its arms, prove that the other 
arm describes a plane. 

13. Find the volume and the lateral surface of a right prism 8 inches 
long, standing on an isosceles triangle, each of whose equal sides is 5 inches 
and the other side 6 inches 

14. A right pyramid stands on a rectangular base whose sides are 
12 inches and 9 inches; and the length of each of the slant edges is 8‘5 inches. 
Find the height and the volume of the pyramid. 


1968 

GROUP A 

1. (a) If two triangles have fheii sides proportional, when taken in 
order, prove that they are equiangular. 

(b) Prove that the areas of two similar triangles are proportional to 
the squares on their circum-radii. 

* 

2 . (a) If the base of a triangle be divided externally in the ratio of 
the other two sides, prove that the line joining the vertex to this point of 
division bisects the vertical angle externally. 

(b) Prove that the external bisectors of two angles and the internal 
bisector of the third angle of a triangle are concurrent. 

3. (a) Show that the acute angle made by a tangent to a circle with 
a chord drawn from the point of contact is equal to the angle in the 

alternate segment of the circle. 

(6) Two rircles intersect at A and B, and through P, any point on 
of them, straight lines PAC and PHD are drawn to cut the other at C 
and D. Show that CD is parallel to the tangent at P. 

4. Construct^ to the scale, an isosceles triangle with each bf the 
equal sides equal to 2 inches, and each base, angle double the vertical angles 
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Or, 

Divide a straight line of length 2 inches into two parts, such that 
the square on one part may be three times the square on the other. 

[ Statement of construction and full neat traces are to be given in 
any one of the above cases, but no proof. ] 

GROUP B 

5. (a) Obtain the distance between two points whose rectangular 
Cartesian co-ordinates are (.r u y t ) and (x it y a ). 

(b) Prove that three times the sum of the squares on the side of a 
the successive angular points of a rectangule. 

6 . (a) Obtain the perpendiculor distance from the point (x lt y t ) to 
the straight line ax-\-by-\-c =0. 

(b) Find the orthocentre of the triangle whose angular points are 
(2, 7), (~ 6 , 1) and (4. ~5). " 

7. (a) hind the equation to the tangent at (,r lt y t ) of the circle 

x 2 -\-y 2 — a 2 . 

( 6 ) Obtain the equation to the circle which passes 1 bough the point 
(0, 4) and touches the .r-axis at the point (2, 0). 

8 (a) A tangent to the parabola y 2 = 1 lx makes an angle 45° to the 
axis Find the co-ordinates of its point of contact. 

( 6 ) The co-ordinates of the foci of a hyperbola are (5, 0) and 
( -5, 0), and its eccentricity is Find its equation. 

9. (o) Show that the locus of the middle points of a system of 
parallel chords of the ellipse ,+^*1 is a straight line passing through 
its centre. 

(b) Find the equation to the normal to the! ellipse 25 +|g = l at an 
extremity of a latus rectum. 


GROUP C 

10. ( 0 ) If a straight line is perpendicular to each of two intersecting 
straight lines at their point of intersection, prove that is it perpendicular to 
* the plane in which they lie. 

(b) If PA=PB = PC, where P is a point outside the plane of the 
triangle ABC, and if PO be drawn perpendicular to the plane, prove that 

. O is the circum-centre of the triangle ABC. 

* 
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(c) If two straight lines are both perpendicular to a plane, show that 
they are parallel. 

(d) If the middle points of the adjacent sides of a skew quadrilateral 
are joined, prove that the figure so formed is a parallelogram. 

11. A right circular cylinder and a right circular cone have equal 
bases and equal heights. If their curved surfaces are in the ratio 8 : 5, 
show that the radius of the base is to the height as 3 *. 4. 

Or, 

i 

f 

A sphere of diameter 6 cms, is dropped into a cylindrical vessel partly 
filled with water. The diameter of the vessel is 12 cms. If the sphere be 
completely submerged, by how much will the surface of the water be 
raised? 



SOME IMPORTANT FORMULAS AND RESULTS 

1. eifessi *3 (Remainder 

Theorem and Divisibility): 

l {x) -ix-a)Q(x) + R;R-f( a ) 

X - a 

2. <s?*£n^ (Harder factors): 

(i) a* + b a + c° - 3abc 

= (a + ft + c)(a 2 + ft 2 + c a - ftc - ca - ab ) 

= }(o + b + c) l(b-c)* + (c-a)°+(a-b) 2 }. 

(ii) a 2 (ft 4c) + b*(c + <r) + c 2 (a + ft) + 2aftc 

= b j(& + c) + ca(c + a) + aft(a + ft) + 2 abc 

- a(ft 2 + c 2 ) + ft(c 2 + a 2 ) + c(a* + b “) + 2abc 
= (ft + c)(c + a)(a + b). 

(iii) a 8 (ft + c) + ft 2 (c + a) + c 2 (a + ft) + Zabc 

* bc(b + c) + ca(c + a) + ab{a + ft) + 3 abc 
» o(ft 2 + c *) + b(c 2 + o 2 ) + c(a 2 + ft 2 )+3aft<r 
= (a + ft + c)(bc + ca + oft). 

(iv) (ft + c)(c + a)(a + ft) + abc = (ftc + <ra+aft)(a + ft + c). 

(v) a 2 (ft-c) + ft 2 (c-a) + c 2 (a-ft) 

— ftc(ft - c) + co(c - a) + aft(o - ft) 

■■ -{a(& 2 -c 2 ) + ft(c 8 -a 2 ) + c(a 2 -ft 2 )} 

= - (ft - c)(c - a)(a * ft). 

(vi) a 8 (ft - c) + b*(c - o) + c 8 (a - ft) 

• = - (ft - c)(c - a)(a - ft)(o + ft + c). 

(vii) (a + ft + c) 8 - o s - ft 8 - c* ~3(ft + c)(<r + a)(a + ft). 

(viii) o 8 (ft 8 - <r 8 ) + ft 8 (<r 8 - a 8 ) + c 8 (a 2 - ft 8 ) 

--(ft-c)(r-a)(a-&)(a + ft + c). 

(jx) 2ft 8 r 8 +2c 8 o 8 +2o 8 ft 8 -o 4 -ft i -c 4 

***(a + bf c)(b +r- 0 X 1 ,+ 0 - ft)(a + ft + cjf 



VI 




3. (Law of Indices): 

(i) o*xfl»- a m+n . (ii) o m + o n = a m ~\ 

(iii) (a m ) n = (a n ) m » a mn . (iv) a n xfc»~ (a*) n . 

(v) o° *= 1. (vi) a«=«/a. (vii) cfl=($]a) 9 , 

(viii) 

4. (Involution) * 

(i) (a + & + c) a = o a + & a + c a + 2a6c. 

(ii) (o + & + £) 8 *= a 8 + b* + c* + 3 (b + c)(c + o)(o + 6). 

5. (Surds): 

(i) (Ja+ Jb)( Ja- Jb)-a-b. 

(ii) a+ Jb = c + Jd *3, TO a = c b = d. 

a ± Jb » 0 V!>t^ a = 0 & * 0. 

(iii) a a - b TO 

(a± \/&)^ =* ±{ J\(a + JaP-ab)" Vl(o- Va a -c&)f. 

6. sge?Tf-^©i (Evolution) * 

(i) fro § 6*2 cw i 

(ii) Mot *rt<rfoi fro § 6*4 cw i 

7. (Simultaneous Equation of First 
Degree): 

If a x #+.b x y + c x = 0, a a x + b 9 y + c 2 =*0, 

X mt ^l g « ~ ^a g l , y g l°8 ~ g 8 g l , 

a ib»~ Q>*b x a x b a — a a b x 

8. =PT^t^s^«1 (Quadratic Equations): 

(i) a* a + &* + c~0^r,TO 

^ -6± Jb*-4oc 

" 2o 

(ii) a, ]3; <i# a + {ur + <;~Q ■««i%. > - 

b . . e 
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ix 


{e) amp. (j 1 5 a ) = amp. s t +amp. s a . 

(/) !’ -!?!• GO amp. V*amp. r x -amp. r a . 

«a I w a I "9 

14. 'O feeifs 
(Theory of Quadratic Equations and Expressions): 

(i) ax* + bx + c = 0 « a'x* + b'x + c' * 0 fhf 

*i^ (fo' - b'c)(ab' - a'£) = (co' - r # fl) a . 

(ii) a* 3 + 2/z^ + by 2 + 2gx + 2fy + c = OC$ dPWfa- 

ftW*l 1# abc + 2fgh - o/ a - bg* - ch 2 = 0. 

15. 'O 3=r^^t^ (Permutations and Combina¬ 
tions) : 

I.(i) •?.-[*-1.2.3....*. (ii) [0 = 1. (iii)- 1 =0. 

(iv) n P,= L? “*(»-l)(n-2)....(n-r + 1). 

iM — f 

(v) "P r -”- 1 P r + r."- 1 P r . 1 . 

II. (i) (ii) »C 0 -1. (iii) «C,-"C». r . 

L£ l n ~ f 

(iv) "C r + »C r . 1 -* +1 C,. 

(v) “C 1 + ' , C a +”C„+.+»C„-2»-l. 

( vi ) » Cr -^l±l x*C r . 1 = " -'C,.,. 

16. (Binomial Theorem): 

(i) ^T, 

(a) (^ + o) ,l *^ n + n C 1 JP n ” 1 .o + w C a ^ n “ a .o 8 +. 

+ n C r x n ~" r o r +.+ n C n a n 

•*x n + nx n ^.a+ “ 2*1 ~ * ft “ a o a +.+ a*. 

(5) (1 + #)* * 1 + “Cj# + n C 2 x* +. +x* 

~l + nx f+.+ *». 

> (a4 «)* ^ 1%fW5 (r + 1)-^R *fif 

• ** = »C r fl w “ r * r » W ( W "IX* -2) .(” -r + l) a »-r tJ r 












(iii) (o + x) n iiBT R^(v*C\* «t*f 

ft~l W+l ft -f 1 B-l 

= n C n . 1 o a .X 2 'G «C iT 41 a 2 *“ 2 

[ n w$[ <twh wri ^*r I 

“ W C* a* ** [ n ^ W«IJ 1 

(iv) (o+x) n >e (i +#) w 3j^r w § 19*7 c*r*r i 

(v) n ^‘Tf^F ^ 

(а) (!+*)■ = ! + nx+t&^x* + g feL lJX* ^. 

L£ L" 

+.. i [ # ^ l ^*f*Ff J 

(б) 0 + 1).^T «ff = -- ( "-- 1)( —. (n ~ r+1) *>■ 

[r 

(vi) 1 -# + #*-.* n#® = (l +*) -1 . 

(vii) 1-2;r + 3.*‘ a -4;r 8 + •*•* «» = (1 + x)~ 2 . 

(viii) 1+3# + 6.af a +4# 8 + •— » *f*T®«=(l -.ar)“ 8 . 

^3lt^ § 20*3 m I 

17. 3 3p^PC2St^t (Exponential series) : 


(i) x m 


v r® 

‘•- ,+ n + fi + L + . 

• ••• CO ®| 

(“) ,?_1+ I ! + 2i + 3! + . 

... CO I 


(iii) G* * 1 + p (log e o) + |-J (logeO) 9 +. «» *1% r 

18. (Logarithm series) : 

< i, (-1 < x < 1)^e*t, 


*■••• p 


(0 l°g« (1 + x) -4T - %£ + y - +. 

(ii) log*(1 —x)= ^—........ co *f% t 











axis 

integral ’ [number 
'WS integral positive 

conjugate surd 

conjugate 
complex quantities 
, «Rjf3wrtr corollary 
elimination 
eliminant 
divergent 

ert infinite 
divergent series 
function 

minimum 

convergent 

caf% infinite 
convergent series 

identity 

WlJl irrational number 
Wtfc*Pltfi*F antilogarithm 
*PH*1 dissimilar surd 
mantissa 

^TST®^ Argand’s plane 

*r*f® method of 

induction 

^1 ?r®-^R involution 
monomial 

surd [ surds 

rationalisation of 
rationalising 
3R order of a surd 
^?R'"lT3I calculus 

3tf"t imaginary quantity 
ordinate 
motion-graph 

geometric mean 


^ZT'ft^S^T geometric series 
or geometrical progression 

cube root [ of the person 
*TtT®I descending order 

T>^3R cyclic order 
5^1® wj} biquadratic surd 
maximum 
M variable 

3tf“f complex quantity 
^f5®T *ffi®®T complex plane 
fas^t® cubic surd 
fspfif ^tf*f trinomial expression 

Crfamft C2l% oscillating or 

periodic divergent series 

I^Tl® quadratic surd 

theory of 
quadratic expressions 

f^Tt® quadratic equation 

%f® *lflWI-®$ theory of 

quadratic equations 

IVtff binomial theorem 

%T® binomial 

quadratic surd 
ft*TTTl1*l binomial expression 

<SR^ constant 
1%t*l base 

selection 
*f*T, Ttfl tejm 

C^PT conversion graph 
complementary surd 
characteristic 
*Jjf complete surd 
•JfT perfect square 
«Pff® progression 

«Tff® Tl C#Ttfo 5FMf^ natural 
or Napierian logarithm* 
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method of cross¬ 
multiplication 

duplicate ratio 
s< l uare root [ expression 
?tf% multinomial 
*rrf^ f^ null point 

distributive law 
Rftsi’Sf commulativc law 
fet 5 ! permutation [progression 
harmonic 

^sfPF harmonic mean 
inverse 

circular function 

fwfarel ‘<1 frwfa 

divisibility or factor theorem 

f<m -<n «rf>iar far* *f^fa**i 

pure quadratic equation 
Iwfr amplitude 
f^f% expansion 
’S'NM'nPfa discriminant 
^PSOTT inverse variation 
W graph, division [ theorem 
'®f 5 fCi 3 f remainder 

abscissa, side 
variation 

tfStf-iFW variation constant 
*lfs^t*[ modulus 
fSp$ mixed surd 

*T?tWl adfccted 
quadratic equation 

rational and 
integraj algebraic function, 
polynomial 

tppf WJl rational number 
origin 


evolution 

^IT-W pric*. -graph [argument 

(u«r qtft* ^ ) 

^1% compound surd 
dffW C^f joint variation 
graph of an 

expression 

logarithm 

effitfoTO c.^ logarithmic series 
C*Pt graph 

absolute value 
W pure surd 

CS|% series 
*ipi sliding 

*iyi like or similar surd 
combination 
^1% equiradical surd 
W prin¬ 
ciple of proportional parts 
arithmetic mean 
TOtW Csfll Ti arithmetic 
series ; arithmetical progression 
C®1^ graph of an 

equation 

simple surd 

*13*1’TCPTCl simultaneous 
equations of the first degree 
fTO associative law 
’TfaW common difference 
general term 
index 

theory of indices 
vfltm exponcntial'equation 
co-ordinate . 

natural numbers . 




JfSV*f VfVTTV 

( Theory of Quadratic Equations and Expressions ) 

171 . ^ faro *rilwi ofcirMto to- 

Wfw o^ 9 + &jf+f*0, <£$ ^tc^r *ff**te ^ TOi 

^ frtw* *it^j f^TO too siftroi- 

^3Fti? TOtftv fro ^«rrtw *r%®rffF® i mfro 
s^TO ^ *ratoTO* s^f& #fa i mt 4 ! wl 

frit® stcsra «rf^%w^t%^^ttc?r5rii 

( A quadratic equation cannot have more than two roots. ) 

TO o* a •* tar+ c*~0 f^$ *lf[wrffor, ^ TO ^T, fai# 

fta a, & y wr$ i 

a, 0 , y *ratwtffor ffa, «m^f5 ^wif&re fi\% 

^fro i [ fwrerrsi-f^w § i*3 ] 

•(vi^rK, Oa a + &a + c = 0. ••■ ••• (i) 

a/J a + &0+ c«0. ••• •*• (ii) 

ay* + by + c**0. •■• ••• (iii) 

(i) (ii) ftarw ^fwi ^twi *rrt 

o(a a -j3 a ) + fc(a-/0**0, ^1, (a-J3){a(a + p) + b\ «0. 

.*. o(o + /5) + &»0 [Va, 0ftf%3^f*ni1a-0 7 «*O. ••• (iv) 

^*T®TO (ii) 'S (iii) ^5 ^t^ll *rt a(/3 + v) + b » 0 — (v) 

.*. (iv) T&J7G (v) ftciW a(a - y)- 0 •« (vi) 

W, CTO? a^O^a.y ftfim ^rlTOl a-Y * 0. ! 

"■T3WW, C^t=T f^t^5 ♦IlCT 5T! I 

<*l*f5wWn VtTT (Mr a + &* + c«0 

.ftfa* ^fa,^Ml^ri1^ 3^; <ro fe*m (vi) aw o«Of 







a-y ^ 0, uw (iv) 'Q (iii)^C® g^ttapCT 6*0 ^ c = 0. 

«rewrc, *i#rwrf& o.* 8 +o.*+o * o-c® ^ i ^ * 4 * <^-c^r 

qfol Pffi ^Pnfl ^1 dftft (Identities)., ^®aft, ^1 ^C® 

«rr*ral finftf*® Pp^ra ^ 

<&fr farte *^ir«i wmps srrPfa s^orcr *rhr 
Tfal ws, wa ®iwr i 

fWfaafCT, ^# 8 + 5* + C = 0 gft ^fB 

fWB *ti w®tf^ iw Pra ^r, -4 *o, 5 *o, c* o. 

*}^S ^*nnfa®Pir® gm, ^tuPw, ^ stpf *ferl *iPrc"fo 
wrrRi **i ^rrts i %t® *r?lwnr fNr-^apt® wir*ri^ft tf*rt 
cv, »rurhl®fc* %T® Jfafrwifor fte, *i«rci «rf3*r stPr 

^sPr w sWe fhra *fB*re 

^r® *ftm *nra®^ ^rgroraPrc® ^ toi P"ft®tFT ^twtRt 
^Rn^n 

Ex. Prove that 

" a(x-h\x-c ) b(x-c)(x-a) c(x-o)(x-b) 

(a - b)(a - c) (6 - c)(6 - a) + (c - a)(c - 6) 

fcql fart® *r*ftwi i w *4* f^srfB fa®*] 

*rft a, 6, c, 4f^r *tfarc3> Pra ^ ^rPral fa *^ir 

ct-c^pt srlw Phi ^*®*K ^1 *reri ^nrat® 5 
^$Pht®-*rapitar £rtr® ’tfftwfifr* ’rfr /4* 8 +5* + c=0 c*hi gpr, 
®^<?rci ?fe^ ^-o, 5 * 0 , c-o. sw«r^ witf 

’Vfa® Wl i 


ITZ. fis^s a 5 T5N*SlC®te efcgsfe =Ti 

(Nature of tlie roots of a quadratic) I 

,K * * 

»rtW’it¥imft^ , ratwi<w*+i4r+c-o (nJ.'timiim 

• / k _—__^ 

♦■6+ */&* - 4ac 


# , 3pN ; ) <g?r fhhg 


2o 


<flFR 


~ 6 - ,/fc* -4oc 
2« 


» n 





afc ^rtw faroft % ^n w i 

v(l) 6 a -4oc *RT^ ^T, ffa ^fB «IPK ; 

(2) b % -4ac ^5f, f}W ^Tff ^ 'smft ; 

(3) 6 8 -4ac »{3r f|w ^tf5 «ipR ; 

*W (4) b* - 4oc qi 4 !^ ^5f, ffa ^fB *pr|^ v£RS '^ppitsr I 

a# 8 + &* + c *0 ?pftwffB wftft *1 ^s%l &* -4ac 

^3 <®imj ftWTO ^f^5 *ffft 4f*Rl 6 s -4ac 3tf*f- 

fate *l^lTO1T ftW-folPfa (discriminant) ^1 fa*te 

^1 ^TI 

Ex. 1. -STtow that the equation 34r 8 -7jr + 5 = 0 cannot be 
satisfied by any real values of x . 

eTfpS JfiffaFrfBre ax* + b£+c -0 *T?falFPr ^Rl 
o-3, b= -7 W c = 5. 

.*. ffaW& 8 -4ac<£KTO =“(^7)*-4.3.5 =49-60= -11. 

.’. «lf5 *pffaim ffaff ^tVT I 
.-. ^ fN I 

Ex. 2. Prove that the equation Spx* + (4p + 5q)x + 4q •* O' 
has rational roots . 

em ^rafawsr ^fapr *prc fas*te ^ i 

ft5^=(4^ + 5 q)* - 4.5 pAq 

= 16^* + 40^g + 25g 8 - 80^g 
“ 16^ 8 —,40 pq + 25g> 8 
=(4^-5g) 8 

/. 'snrs ff«wr i 

. Ex. 3. For what values of k will the equation 2a*x* - 5&r 
+8=0 have equal roots ? 

■ fr«TO >RtH ^ I ^ 

fiVW 254* -4.2a*.8~254*-64a*. 

.*. 254*-64«*-0 ^4K 4-±fo «W« 4$fast*t4 ftw 

*rcft*fe4i 





17*3. ^ t ^r «5 ggg ? R S =pfes g=EgS»t 

^f^ha (Relation between roots and coefficients) I 

ax 8 + bx + c - 0 a, 0 **, TO 


-&+ N /& a -4ac Jb*-4ac 

• -2a - W '-2o ' 


.'. a + jS— — 


2& 

2a 


& 

a 




_ ( ~ &)* - (n/i" - 4ac)* &*-(&*-4aa) 
4a“ "" 4a* 


4ac c 
4a a a 


(0 



ax 2 +bx + c = 0 * a + + c =0 «rr^r« 

a a 

ftffar, 

§*fERI (i) * (ii) *F*T 3^5 «T|TCl fafaro farfa 

* 8 < 4 ? ^ fer* 

(a) <fNrora *rft wfr * «w TO’Tsr 

fNljff *, 

(&) ftTCW W®!, qftWT* *-fe»C«T* *TOT (absolute term) 

5 W|*T ?%LA I 

ftnftearc*r, cw ftvra* « w*r 

W*rc*r p <w <? «rfc®l ^spitnr 

# a - £# + g « 0 I 

farf* sure ftaroi <fes tifrt i 

3tc=r *?, a, ft ftrf? ’i^rtwnr «r*rs ft* <*m %4ir 

x* +px + q** 0. 

.’. a + 0« -p »W aj3~<?. 

'.-. filft>lflWU , -(« + 0).r + aJJ-O [ />, ? ^>t=T ] 

*1 , (*-qX*- 0)«O. 

.-. fart's >tffaM fSfcPifawiw <wt *sl rtftrs *ttc? 





*psftTO*l 'Q frote 

fwte ffw c*r^l ^rrRrc»i *rtrol *$zw$ 

>r?tor«rf5 fafa *rrft i 

Ex. 1. Fiwrf the condition that the roots of ax* + bx + c*=0 
may be (%) both positive, (ii) opposite , but the greater of them 
negative. 

a, P ^TOTT^ ^f5 ^C*l, a + ft « — - <4^ ap = — ■ 

a a 

(i) ^f'TN^ ^C« 1 , oi p Sf*TtTO .'. c <4^ 

a <£&$ I ^TTfa, a + j3 *f=TtTO - ^ e fT^ J&CT, 

a 

.*. &s? fto a ^ e Hu 

(ii) ffcro fanfte f^®* a p .*. c*m 

a ftnfte i 

ffa TOtro ^froi a+)3 TOforvjfcrc, .*. b wH* 

a 

ifPK bQa y&fe I 

.’. fTTOS ft*tfh5 f^8* «W ^5# <« e tm ^r, a, b app f^ 

Ex. 2. Find the condition that the roots of the equation 
ex* + bx + c ■» 0 should be (i) equal in magnitude and opposite 
in sign, (ii) reciprocals. 

to to, «nre *rctrom flw a, p. 

(i) %6f S[^fB a + p * 0, 

••■ - |-0. % 6-0. 

TOt^'hr, fmm <*reft ^ufer , rorf^ ^c*r, l 



®E-TOJt*fa toto® 


«10 


TO»*rc, ^ = 1, Tl, c = a. 

:. ftTO w?m?a~c i 

17*4. ^Ttf^W^Tl ax 9 +bx+c=0 ^®t^t¥!=aF 

t®l®W (To determine the factors of Quadratic expression 
ax 9 +bx+c) I 

TO **, ojp* + bx + c*0 ’flTO WTO a ® p. 

b c 

a + j3 = - - «W a fi- c -. 
a a 

'» 

*TO a# 8 + ft;ir + c«a|# > + + £j 

= a{jr®-( a + jS> + ai5} 

= a(*-a)(tf-/3). 

i topiw ftro jpfrwi®1W® TO^itow toj 

#®ci i **11®:$ fw® *n?hraM #& to 
to to, fti fat® VfPWTO *««OKTO TO Wt TO I 

®F*j3rorFS I § 17-2-C® ffafaflPW TOtCTT fat® TOt^rcTO 
?N®fa TOf® fsrfr TO i fat® TffartTO W?hi®®fa 
^rft^rcro ^ftw^lror ^pf%c^ i cro, 

®f*T (a) ^ ft* -4ac, SRlro TO o, ft, f ^9|Jf 

to? WTO^'Q^fpr 3 $ftTO ft*-4ac«Rmt%® *tfaf sn 
(0 *rfB»r ^ster ft*-4oc to^to i (rf) tow «w *TO#w 

TOft*-4ac~0TOi ^<Hc*i$CTO[a# 8 + ft# + <: Stftft v$TO 

17*5. fe g rt ^s =^^ac®i^ a^lCTj ^ ^ t i r 

etfe^ra ^ tfrort TO^a gtfsq from i 

^ *rft-*rTOi® cro tfftTOfc® ufam to* nfar$ ®*t*fc 
TO TTPmtTO tow TO* to stProtte* ♦ 


fart's ’tftwt « fans stfarw^s 




^ Stfa «tfant (symmetrical) TtfalW ^5 I Wl, o* + fl*, 

5 + i. —i-T-t-J-! arefa stffaffl a, fi sffanra «faro 

i 

17*3 flronr *r*ifr « 

wr ^ ^ wi i 

*ref*F5 scurfs «rfwi ^rPRtffi ^ fafa- 

Ex. 1. If a, 0 be the roots of ax * + bx + c«0, find the 
value of 

(i)a* + p», (ii) «.■ + /!•, (iii)(?-i\’ and 

• ' 0 a / 

r \ 1 _1_ 

1V ^ (oa +by ( a 0 +by 

a, 0> + 

.*. o + j3« - - »W a0 « -• 
a a 

(i)„* + ^-(a + S)--2a/l-^-2^-^2- e - 

a a a 

(H) .*+P*-(a + fl)--3.K« + rt--J-3^(-3) 

3 abc-b’ 

-S*— 



_ (»•-<>•)• (a + S) , t(a + g) , -4«gt 
a 9 /* 9 " (art 9 



&«(&•-4 ac ) 

oV * 


(iv) V a,0,ox* + bx + c = O arffaftf* ffa, 

•*« flo* + &a + f »0, Tl, a(flfl + ^) aB ”tf» 







^WWSftPT, ap + bm- c . 

P 


_1_ 

( afi + by 


1 + 1 a a* + ^_(a+/9) a r 2a^ 

7* c 7 *“ J 

a 8 P A 
b ’-2 c 

a 2 * a b*-2ac 

c* a c ■* 


17*6. 

Ex. 1. If a, p the roots of the equation x* + px + 0 = 0, 

find the equation whose roots are a » ^ • 

a 

tf 8 + p* + g = 0 ?)W a, 0. 


.*. a + 0 = -p 'm\aP = q 


a + * - —/* ” 29 *R< ® 
’ P a afi q 0 



a 


* ! -£^- 29 *+i«o, 

9 

% 9** - (P® ~ 2g)# -f g ~ 0. 

Ex. 2. Fiwd the equation whose roots are ^ awrf - £ — • 

P-9 P+9 

faf* +9 - £ “ 9 - r^-v 

p-9 P+9 P ”9 

W’flW^WtWT- -1. 

.\ x*--p- q t x-l = 0, 

P “9 

?rl, (p*-g 8 )# a -4^g*+ g 8 -^ 8 -0. 

Ex. 8.* // a, p be the roots of the equation ax* + bx + c** 0, 

fA* value of (i) \ + K and (ii) (ma - np)(na - mp). 

n n 



«w y-*s& f^s jjiffasmn f®i%i y 

“T® ^5 ^ —3(^—4)® >o. 

x~4. 


Ex. 7. If one root of the equation x* -px + q *0 be double 
* the other, show that 2p* = 9q. 

VC*m, x 9 -px + q = 0 jtflwf* i$K> ffa a, 0 «IFK a = 20. 

/. « + S-^,’H,2<l + j-J> I ^ t 3j-^,^,fl-^ - (1) 

0*«|* .® 

•. (1) <OT (2) (!)’*- \ ^ 9* “ |' 

.-. 2/>‘“9q. 

Ex. 8. // r Ac fAc ratio of the roots of the equation 

/> + n* 

ax 8 + for + c — 0, show that — - — - • 

r ac 

iIFT^r, ox* + bx + c = 0 ’flTOT a, 0 »*PK a : 0 = r : 1 

*Mj = r0. 

a + 0= - b Tl r0 + 0=- 6 0(r + l)~- -• 

a a ^ ' a 


•'--a(rVl)^ “K- * J * ^ 


or 


c 

or 


_(r±0*_ 6 ’. 

^ o*(r + l) a * -r ac 


Ex. 9. If a, 0 are the roots of x % + px +1« 0 on J y, 0 ere 
f Ac roots of x* + qx +1 - 0, show that 

(a - y)(0 - y)(«+*)(0+a) - g 8 - J # . 

CTO**, a, 0 wy, a Wf3F^r4r* + M + l-0 <im* B + g4r + l*0 

s #wi^ffafft,a+0--/>, o^*i ^y+a«-?ji-l. 





•Wl, (a - Y)(P - y)(a + d)(p + d) 

m {a0 - y(a + 0) + y s }{a0 + 5(a + 0) + $*} 

"(1 +^y+ y 8 )(l - pd + 6 2 ) [ V a + p * -£] 

«1 + />(y - 3)+(y* + a 2 ) - £ 2 ya - pyd(y - a) t- y 8 a* 
~i+/>(y-a)+g a -2-/>*-/>(y-a)+i r v ya*i] 
-<? 9 -/> 8 . 

Ex. 10. // one of the roots of x*+px + q = 0is the square 
of the other , show that p* -g(3^ - 1) + g B * 0. 

0 a , p4W*ft*V*lx a +p* + q*'0dl*ftW I 

.*. 0* + 0 = — p (i)<£RS0 s = g — (ii) 

I 

(ii) 0-^ ; 0«i» TO (9«n»lftfl, 9* + g*- -p. 

q* + g + 3g J .g^(^ + gfy« -/> 8 . 

^ 1 , p* + q*-3qp + q = 0, [ q^+q**= -p ] 

% P*-Q@P “ l) + g 2as 0. 

Ex* 11. // a « nof to p, but <** — 5a - 3 and 0* » 50 - 3, 
find the equation whose roots are “ and - • 

a® — 5a + 3 » 0, ••• (i) 

0®-50+3-0. ••• (ii) 

CTt^ a j* 0, (i) (ii) "fab, a, 0 

jr®-5^ + 3—0. ••• (iii) 

*\ a + 0--5l* 

«fl*h *0*» 3 J 



*P?|WI 'G f^5 


oil 


a' = ~ «fl?K 0' = £ ^T, 

P a 

Wf, a ' +j3' = - + - = a — + - ^ 3 - ( a .t.P)* ~ ? . ?]* 

(l a aft aP 

_5 2 -2.319. 

3 “3 ’ 

<W a'0' = “ •- = 1. 

0 « 

’TJM’T, ftrf? ** - (o' + 0V + a 'fi' = 0, 

’ll, **-¥*+1-0, 5J1, 3*’-19* + 3 = 0 
Ex. 12. If the two roots of ax * + fo? + c = 0 in the ratio > 

P ■ 9, prove that „J | +\/* + a/o “° - 

*IC*f ^r, fl#* + fc# + C = 0 tfflir flTO a, 0. 

.*. ^= s *- , a + ^= -- o/3« - • 

0 g a a 

a + 0 + a0 ** — " + - = 0, 
a a 

^ V5 + VI + Vf-■V S + V a + ^ 

_a+£+a0 = o 
JafS 

Examples XVIIA 

1. Find the nature of the roots of the following equations 
without solving them : 

(i) x % +2**899. (ii) 6* a «* + 15. 

(iii) 29x* = 842# - 29. (iv) (# + 3) fl - 6# +19. 

(v) x* + 2x + 2**0. (vi) 99** + 100*-101. 

2. (i) Prove that the equation 

(a + b + c)x*-2(6 + c)x~- (a - b - c)~0 
has always rational roots 





OVr 


Show that the equation a 2 x 2 + Z{ax +1) + 4 b 2 =*= 0 can¬ 
not be satisfied by any real value of x. 

s/8. If a, b, c are rational quantities whose sum is zero, 
prove that the roots of the equation ax 9 + bx + c - 0 will always 
-be rational. 

ss4, (i) Find for what value of k the equation Zx 2 -2(1 - Zk)x 
■\rZk* «“0 will have equal roots. 

v/(ii) Show that the roots of the equation (b 2 + d*)x* 
+ 2(ab + cd)x + (a 2 + c 9 ) = 0 are equal, if a, b, c, d be in 
proportion. 

^^/(Hi) Show that the roots of (he equation 

(a 9 - bc)x 2 + 2{b 2 - ca)x + (c 2 - ab) = 0 will be equal 
roots, if b * 0, or a 8 + b a + c* - Zabc « 0. 

(iv) For what value of m will the equation 
a b . 

--J. -ss 1 

x+a+m x+b+m 

have two roots equal in magnitude and opposite in sign ? 

5. Prove that each of the following two equations has 
rational roots (i) 3 mx 2 - (2m + Zn)x + 2n — 0 and (ii) 3(a + b)x % 
- (5b + a)x - 2(o - b) * 0. 

6. Without solving the equation Zx 2 -4x- 1 =0 find the 
sum, the difference, and the sum and the difference of the 
squares of the roots. 

7. Are the following 

(i) t % 2 - a)(b - o) + (x* - b)(a -b) = (a-b) 2 . 

-<s 

(ii) {x - m) 9 + {x - «)* - x(x - m) + x(x -n) 

+ m(m -x) + n(n - x) 

V* 



fate * fate tffartete* 




(iii) (y+s-2x)(z + x - 2y) + (s + x-2y){x + y-2s) 

+ (x + y- 2s){y + z - 2x) 
- 3((y - s)(« - x) + (i - x)(x - y) + (x - y)(y - z) J. 

(iv) 2x(y + 2 -x) + (s + x-y)(x + y-z) 

— 2y(z+x-y) + (x + y- z)(y + z-x) 

=2 s(x + y-z) + (y + z- x)(c + x-y) 

= (y + z- y)(s + x-y) + (z + x- y)(x +y-s) 

+ (x + y-s)(y + s-x). 


identiles ? 


8. (o) If a, ft arc the roots of x 8 - px - q = 0, find in terms 
of p, q the values of the following : 

11 _» /}» _« _l /»S 

(0 


1 4 . 1 
a* V 


8 n 8 

(ii) “ + /l ■ 

P a 


(iii) a + £ • 

^ ' a 8 + fi 8 


(iv) (1 + a + a 8 )(l + /J + j3 8 ). (V) (a + p)-* + (fi + P)-*. 

( b ) If a, P are the roots of ax 8 + bx + c = 0, find in terms 
of o, b, c, the values of the following : 

P. 


© “ + 

P a 


.... 1 1 
(U) a* “ fl*' 


(iii) a'+oV + P*- 

(i v ) a*(* + "«)• W (5rW + (PP + P)*' 


9. If the roots of the equation x 8 -px + q 8 **0 be real, 
prove that p cannot lie between - 2g and 2 q. 

10. If the roots of x* + 2 px+pq »0 be real and unequal, 
prove that those of x 8 - 2{p + q)x + (p 8 4 q 8 + 2r■) - 0 are 
imaginary and vice versa. 


‘ 11, Show that the values of x obtained from the equations 

<m? 8 + by 8 * 1 and ax + by * 1 will be equal if a - b ■ 1, 

12. The sum of the roots of a quadratic equation is 2 and 
the sum of their cubes is 27 ; find the equation. 



&&-*rr*rrf*re 




13. For what value of m will the roots of the equatior 
2jr a -144? + m = 0 bear to each other the ratio 3:4? 

14. If a> p are the roots of x* 4 ax + & = 0 and a 9 , p 8 are the 
roots of x 9 + Ax + B »0, prove that A -= 2b - a 9 , B = b*. 

15. If a, P are the roots of the equation x 9 + px + q = 0, fine 
the equation whose roots are 

0) a +1, p +1 ; (ii) a - 2, p- 2 ; (iii) 3 0 , 3p ; 

(iv) |» |; (v) Ja, Jp ; (vi) p’ p ; 

(vii) a + 2p, p + 2a ; (viii) a 3 + p, j3® + a ; 

(ix) | -2^, | -2a. 

16. If a> p are the roots of the equation ax 8 + bx + c = 0, fine 
• the equation whose roots are 

(i) ajT\ j&T 1 . (ii) a + jT 1 and 0+a“ x . 

(iii) ?« + *,(iv) a + 2/i, 2a+ 0. 

P a 

17. If a, p are the roots of the equation x 9 + px + q - 0, find 
tfie condition that 

(i) a - 0. (ii) a - | - (iii) a -20. 

P 

(iv) a-0*2. (v) a+ 0*7. (vi) - + jj *2. 

a p 

18. If a» 0 are the roots of the equation x 9 + px + q = 0, find 
the value of a* + p 2 without solving t his equation , and form the 
equation whose roo ts are g 8 an d p* expressi ng the coefficients 
in terms of p and q, ^ 

Hence, or otherwise, show that each root of the equation 
x +1 the square of the other root. 



fate * fate stfafate^ 


'ob-i 

19. faf Express the roots of the equation 

g 2 # 2 -(/> 2 -2g)# + l=0 
in terms of those of # 8 + px + q = 0. 

Show that the ratio r of one root of the equation 
ax 8 + bx + c *» 0 to the other is given by the equation 

* acr* +(2ac-b*)r + ac = 0. 

20. Form an equation whose roots are the cubes of the roots 
of the equation 2#(# - a) = a 2 . 

21. Prove that the roots of the equation 

(a + b)x* - (a + b + c)x + 2=0 

-are always real. 

22. If one root of the equation ax 2 + bx + c = 0 be the square 
of the other, prove that b 3 + a 2 c + ac 2 =3abc. 

If a, 0 are the roots x 2 - 100# + 2491 = 0, and a, Y are 
the roots of #*+ 50#-4559 = 0, find without solving these 
equations the values of 0 -y and 0/y. 

24. If a, 0 be the roots of the equation 3# 2 - 6# + 4 = 0, find 
the value of 

{} + l) +2 {l + \) +3al> - 

25. If a, 0 and a', 0' be the roots of # 2 -^# + g = 0 and 
# 2 - p'x + g' = 0 respectively, find the value of 

(«-.')■+(«- »7‘+(e-aT+(fi- e')\ 

If the roots of # 2 -jp# + g = 0 are two consecutive odd 
or even integers, show that p a =4 (q +1). 

27. Find the value of p and the roots , of the e quation 
2# 2 ’-33#+£-0, given that one root is ten tittiestheother. . 



^8. Prove that the roots of the equation x* -4x + 3 
+ a(3*-l) = 0 are real for all values ot ‘o’ except those lying 
between f and 2. 

ws. Form the equation whose roots will be the A.M. and 
G.M. of the roots of x* - px + q * 0. 

80. If a, p are the roots of the equation ax* + bx 4»« is= 0, 
prove that (aa + b){ap + b)= - a* and find the equation whose 
roots are aa + b, ap + b. 


81. If a± Jp be the roots of the equation x* +px + q = 0, 

prove that * ± will be the roots of 
a JP 

( P* - 4q)(p*x* + 4 px) - 16g. 

82. If Ja± Jp denote the roots of a r* - px + q — Q t show 
that the equation whose roots are a ± p is 

(P 9 -4q)*(4x- p*)* = 256. 

38. If a*, p x be roots of x* -px + q**0 and a a , p a those of 
x* - qx + p *=0, form the equation whose roots are 

1,1 ,1 1 
+ „ and — - + — • 

®i P 2 ®jj5i flda 

84. If the ratio of the roots of ax* + bx + c = 0 be equal to 
that of the roots of a x x* + b x x + c x * 0, prove that 

a x * : b x * :: ac : a x c x . 


ANSWERS 

1. (i) Rational opposite in sign, the greatest being negative 
(ii) * • m m m » » positive. 

(yi) » and reciprocal, both roots positive. 

(iv) Irrational, but equal and opposite. 

(v) Imagif&ry. (vi) Real, irrational and unequal 



forte nftes*i 'Q forte *tPrat*rte5 




4. (i) k=l ; (iv) 0. 8. | ; f */7, V. 4 v/7. 7. yes. 

8. (o), (i) p —£&- (») £=*&+*& (Hi) tzM. 

(iv) 1 +p+p*-q+pq+q*. (v) 


/iv /*\ “2flr 

(&), (0 


£IC 


/..v b*-2ac 

00 — 5 — 


(iii) (ft a -flgH& a -3ffg) 


(i v ) ft(fr a -4 ac)(& 9 - ac) 
' fl 4 c 


(v) 


b i ~ 3abc t 

o*g a 


12. 6* 9 -12*-19=0. 18.24, 15. (i) * 9 -(£+2)*(£+g+l)«(X 

(ii) * 9 “'(£—4)*+(g—2£ + l) = 0. (iii) * 9 -3/*+9g=0. 

(iv) 16* 9 -4/>*+g=0. (v) x 9 - jp+2Jqx+ ,/g» 0. 

(vi) g 9 ^r 9 -(/> ,, -3pg)jr+g 9 =0. (vii) * 9 -3£*+2/> 9 +g»0. 

(viii) * 9 -(£ 9 +/>-2g)*+ (£*-3£g + g 9 +g) =0. 

(ix) 4.r 9 +6£*-4£ 9 +25g=0. * 

18. (i) ac(*+l) a =6 9 *. (ii) agjr 9 + 6(a+r)jr+(a+c) 9 = 0. 

(iii) (*+a) 9 =0. (iv) a 9 x 9 +3o6jr+2& 9 + co=0. 

17. (i) P 9 ~4q (H) ff-1. (iii) 2£ 9 =9g. (iv) £ 9 =4(g+l). 

(v) £«-7. (vi) £+2g=0. 18. P 9 ~2q; x % - (£ a -2g)*+g 9 =0: 

19. (a) a" 9 , /3" 9 a, /S being the roots of the latter equation. 

20. 8* 9 -2Qa 9 *-a fl = 0. 28. 150, -|f. 24. 8. 


25. 2(p*+p‘*-pp'-2q-2q‘). 
29. x % - (j£ + «yg) x+4 p Jq =0. 


88 . * 9 -*4 


p*-4pq+q* 

P*q* 


27. £=45, *= 1} or 15. 
80. * a -&*-a 9 =0. 


177. <J=jsft3P3M ax*+bx+c-0, <3 aV+b'x 

+e'-o : a <sRsfS 

=^etl ’TOWgsfscfra <®**f*t 


\ [ Find the condition that the two equations ax % + bx + c**0 s 
and a'x* + &'*+c'=0 may have common root. Assuming that 
this condition is true, find the ^common root and the second root 
of each of the equations. ] 



C*r8 

xtx to, sura r e nCTi‘ xt*rfa«i xfa a. 

.’. fla* + ^a + c — 0, 
a'a* + ^a + C # * 0. 


^1 — 

I.-/ I,' 


1 


( 1 ) 


&c' - fc'c ab' - o'£> (co' - c'a) 8 

•*• (be' - b'c)(ab' - a'b) - (ca' - c'a) 2 * ••■ (2) 

,< \ bc'-b'c _ nharl ca'- c'a 

(1)^C®, a“ , , » W1, -,, ,,• 

v J ^ * ca - c a 9 ab' - a'o 

.\ aw x*ftrom xtxTifl fte a« tc , “ b , c * toxI, 

ca'-c'a ab'-a'b 

L ^ fxfro to, (2) txttl *ra**fo ^51 ] 
xfllroiro ffwro fiw c • 

a 

••• *« ™ ^ % a c r - c b% iSf-Yd) 


IWhr TOflrortx flron* toto c ,- 

a 




w ?'(£*' 
1 o'(co' 


a'6) 

c'a) 


Ex. 1. Find the condition tltat the expressions ax*+2hxy 
+ by* and a'x* +2h'xy + b'y* may have a common linear 
factor. 


*PT *», «Hf« x ly <ff« 

ax* + 2hxy + by* m a{x - ly){x - my). 

* a'x* + 2/t'^ + b'y*&a\x - ty)(;r - ny). 


*••• 


co 

( 2 ) 


MM 



stffiTOitro (i) »*ro (2) 4 jp« fy vrftw, 

ofty) a + 2h.ly.y +by % &a(ly - ly)(x - my) - 0 
a'(lyY + 2 h'.ly.y + b'y* =a’{ly - ly)(x - ny) * 0. 

*m ; ?fwi *rft aJ a +2M+ b =o, «... (3) 

a'/ a + 2/W + fc' = 0. .... (4) 

(3) W (4) WR TO1 

_P_J_ _1__ 

2 (b'h-bh') a'b-ab ' 2(ah'-o , h) 

Z B l* 1 

* • (a'b - ab'Y " 2(&7t - bh')'2(ah’ - a'h) 

( a'b - a&') 2 =4(&'fc - bh')(ah ' - a'fc)> I 

17‘8. § 17*4 orfarlf c*r, oV + bx+c =o 
< 1 , P a* a + kr + c ^TfaTOrt^ a(* - a)(x - 0) <WI TO I 

^rf<, a* B + bx+c = o 

fsRPt* b*-4ac ax* + bx + c TfftTOltre WT 

i$i 5 fetf 6 ! **1 TO I 

(i) ^T? CTO ftTOS ^f5 ^TOfS'Q 

$TO ^tPr /> + jq «rof& ^ro 

A- Jq&n I 

to **, ^jw vrPr />+ Vg, o# B +&#+c~o 

»wft fr *1 

TOl^*r, o(p+ Vg)* + &(£ + >/g)+c=o, 

^1, a/>“+ ag+ &/> +c + Jq(2ap + c) = 0. 

cro^, cro ^tftrort *9 *fe»r ^to yiT «w wfir 

.*. fl^ 9 +flg + ^ + f»0^2flj> + J*0. ... (i) 

4W, oft- Jq) 9 + Hp- Jq) + c 

-op* + aq + bp + c- Jq(2ap + b) = 0. C(i) ^BT3 

/. JaVeuwri&^Nn 



(ii) Tf^r »HpFjJF ffa *tPf 

^ 5 ? fN^ fjw* ^r ^rtPr ffa «*pr *wrft 

*n I OT’fl p + ig <*wft ^ 'wft 

^ltf"t P~~iq I 

TO TO, ax* + bx + c =*0 ^rsNsiffa wffa ffa P + iq* 
(p,q*t*l) 

.*. a(p + ig) 9 + b{p + ig) + c = 0, 

Tl, ap*-aq* +bp + c + iq(2ap + b)=0. 

w Tfafsft wfr «ra^f5 ^ =rl ^tot 

*re$ #r® *ttflr sfl i 

.*. ap*-aq* + bp + c = 0 oftt 2ap + b = 0. 

a(p - ig)* + b(p - ig) + c 

=ap* - og* + bp + c - iq{2ap + &) = 0 - igO = 0. 

/. fl^ + ^ + f*0#TO( (/>-ig>Qv*ref&fte I 

17*9. f£^ f=?®fe \ 

t-^9 *1^*1 *rtw* ax’+bx-i c ptfoxrfntfN *ttn 

‘■’-5 sfe*, a^*prfa ax*+bx+c=o J i »flqyifihi 

^rra ’rt^'sffeitps iw xhj & ftpwrap 
C*C*f»l *rt«I *3, «CT ax*+bx+c 3tf»Wt*rtfN irfa ‘a’-5 
fi*tft<5 (5*^ I 

[ For all real values of x of the expression ax 9 + bx + c has 
the same sign as a, except when the roots of the equation 
ax* +6#+c*0 are real and unequal, and x lies between them ] 

I. TO ox* + bx + c**0 *P?hWf3* ffavr «, 0 «W ^ 

a>0. 

'em ^C*l«r* + >jr+c ■«(*•+ -*+-) 

* . \ a at 

a{x* - (a + 0)x + a/1}« o(x - a)(* - &)* 



■fate ®pffart * fate itfatetef 


V5M 


X, a WM «^1T (x > a> 0) X - a «W # - 0 

fcimvr *rcm } «rfa, jt ^1% ji «rmt ^sm ^ 

(a>fi>x) x-a 41<*-jS^§vmHim#^ I .*. ^ 
CTO$ ^tOT *(<K (x - a)(x - a) *Rtete 3$C1I ^ 

a(# - a)(x - 0) *i«{fc ax* + bx + c Hlfafal 0 ^ faftpll *&C1 I 
fa a>X>0 x.a'Qp ^T«, #-a Him 

«WU - 0 *TRm (* - o)(* - 0) Him I 

W, o(*-a)(#-0) ax* + bx + c StfaN a <4* faftte 

II. lfta*0 Wa* B + &r + c = a(#-a) 9 . 

«WI, # <OT W 1tH1 HtFTC CTO (*-a) 9 ifa TO5 

1»m | • 

.*. OAT® + bx + c a I 

III. a# B + 0jr + c~O^tercl*fmi«ffa I 


«W, 


flJT 9 + &4T + c 


«o|# 9 + ^JT + 

- a {hi)' + 


l) 

4ac-b *\. 
'""4 o* J ’ 


fa fanw wfa ifai, & 9 -4ac Him 4ac-&* *rcm i 


.-. * + ~ a 4^iA* ^rft^srteil jr ^ ^Rt^r 3 ^ i 

.*. ax* + bx + c tflU a *rofaRfti I 


fclOT «T?W a$F§ fate *41 1ft CT, 5* -4a<r Him 
Hi Ijr * 4* C1-C*ft ltd ax* + bx + c ^ a 
^CH* us$ »tefa %*j ax* + bx + c Ttfatetl# «4TO aHJfa 

*ram hi Him h^ch i 

farfteaRtf, ox* + bx+c W HHlm S&CH, & B -4ar 

Him *WH1 H$CH 4HS a SRlHI* ^CH 5 «*PR <Mf* + $Jf+ <r 

w mm ^te h^h b* -4ac Him hwhi *# *ten 

wo^i^Him^ri 



SMr 


fes-’rt'ofoF 


1710. fesit® SrtHsrtwfl «x* + by+c <mm B7W 
(maximum) ^■*=1'^ (minimum) | 

tflTO *TPftt*l 1 ax* 4 bx + c CTWI 

a , , , / , 6\ a 4ac-b* /n 

fl# 9 + &# + c = a U + 2a) + ~4 a »— ’" ^ 

(i) a «Rt^ ^C*T *-4* WT ¥TC5f {* + 2^\ 

inftfl, a [ x + 2$ < 0, ftl ^1 0 *ltCT, W*-- 2a* 

. 4 / 7 /' _ 

.*. ( 1 ) W^, a # 9 + &# + Ci£RRft WTQ - 4 -- *— *CTft 

stftt «ira *tPrci»rfo *m ^ 

^ *--£• 

(ii) a ftW ^PI, { x + 2aY Tf«ni1, a (■* :+ 2o)* > °’ 

fcS^11*^5 *ftC3T, W *- -gr 

. Aar — h* 

(l) 7$r®, ox’+bx+c ubi vRt t*r« . ,- ■ ^•wi 
3777 «rt77 71 ,7<K 4ac 4 ~, b - «w« TtPtTi^mr 577 7171 

4 

af^Tf! a 7W17I7 7^7 fitTS 7lPl7l7l7 C7t7 777 7t7 fTf? 771 
717 711 

n il. % « j g ra f t s 3=rt«n«®i fe=ri® 7 rtfitgri»n 

ax*+2hxy+by“+2gx+Jfy+c-0 077 ^|S iSWTt® 

•«9®t^1«C=P f®»Wet **r<S f=7®fc 1 

[ Find the condition that the general expression of second 
<jfgrcf in x, y vis, ax*+2hxy -¥by z + 2gx + 2fy + c may be 
readied into two linear factors* ] 


fate « fvfcs TtPrsrfam 


> 8 b , S> 


trfro #-v*ra fate *tffart*c*r *wj 

ax* + 2hxy + by* + 2gx + 2fy + c = 0. 

<$$ x-<£fi »rftRr *T§prrra *rtefa*i, 

ax* + 2jp(% + g) + (by* + 2 fy + c) - 0. 

. " 2 (hy + g) ± J4(hy + g)* - 4 a(by* + 2fy + c) 

•■ ’ T 2a 

_ - {hy + g)± J(hy + g) a - a(by* + 2fy + c). 

*" ' —--- 

a 

.*. a* + hy + g - ± Jy*(h* -afc) + 2:y(g*-aflT^L,. 

«r>rs tffatefa Jy + »ry+» ^f8 «itt%csf 

w fa stfafai i 

wf® stfatetre ^ *ffal ^i^f3 fate 

^«tT ^ 5 ; fa*te ^ ^rtfatefa *t^*f 

#rft ^ *ttari *rfe^ i 

.*. (gh-af)* = (h*-ab)(g*-ac), 

Tl, g*h* - 2ghaf + a*f* ** g*h* r- ach* - abg* +a*bc 
•fa®* ^fal a TO1 

abc+2fgh-af a -bg 9 -ch 9 «0, W fafe "T6 I 

fate tffaterre x, y *ref*r® >rt^r?r e i fate 
ojr* + 2^ + &3? 8 +2<7^ + 2/y + c = 0 ^ fai*te^rl^M 

Ex. Find the condition that the expressions ax* 4* 2 hxy 
+ by* and a'x* + 2h'xy + b'y* may be respectively divisible by 
y-mx and x + my. 

TO ^r t ax* + Zhxy + by* =b(y - mx)(y -nx) •• • (1) 

a'x* + 2W xy + b'y*s= a'(x + my)(x - py) ••• (2) 

• CTO^, W srffatefa «*W# '© e t?fa y-m*, : 3[WK, y-m# 
«ff%OT (1) 4* t&H 

.*. OX* + 2&4f.WJP + ft.W 9 ^**0, 

^1, &m 9 + 2Am + o«0. ••• ••* (3)- 





«!»• 

vRItJPMtf, a'm*y* + 2h\( - «ry).y + b'y 8 * 0, 

Tl a'w a -2/»'m + &' = 0. ... (4) 

•.' (3)« (4) 43f8«R ^1-stl, 

2(M' + aA') " P ~ " 2(bh' ~c?K) 

:. (aa' - bb'Y + 4(Ai' + ah'){bh' + a'h) =0, ^ fttf? 13 | 


Ex. 1. If the equations x* + bx + co^Q and x* + cx + ab *0 
Aap* a common root , prove that their other roots will satisfy 
the equation x* +ax + bc=* 0. 

TO x* + bx + ca*= 0 # a + Mr + a& = 0 *!5ftWlTO3 

>rr«rT 5 r s i %r a. 

.*. a a + 5 a + ca «0 tfPft a a + Ca + a& = 0 . 




a 


8 


- c.ca 



_! a* a _ 1 ~j _ a" 

* a(fc 2 -c a )**(»(£-JO""c-0 a(£ + c) 

. TOWffaa-a -(fc+c). 



.. j- -1 a=-(6 + c) a + J> + c = 0, 

4<w ffaro* wpw ca, $TO to* fta c, 

a&, $TO v*nr &. 

<u$ ft*m b,c*n*tt »r?l^n?nr TOtttctf TO$*l to <1 *rt§ 


fc a +o& + ca*&(& + o + c)»0 \ . , n 

c a + ac + &c~c(c + a + &)*0 / “ * 

&, c TOf TO1 ?^hr f^*i ?* l 


TOTW -(b + c) TOM Wl TO I 

^stn, ipifo ftal* b * c; ! 3WK, 117*3 TOTO* 

Iro * a -(&-Kr)* + ^-0* f^6 CTO? a+fc+c-0 

jr , +fl4r + fe#*0. 







If x is a real quantity, prove that the expression 


x* 2x 1 Can ^ ave numer * c< d values except such as lie 
between 2 and - f. 

Jl* 2 x-i =y - 3 *‘ +2 -y*‘- 2 *y-y- 

# 9 (3 - y) + 2xy + (y+2) = 0. 

fci x-^f^s <£&$ faps i 4? -qm t&, ^ 

4y a -4(3-y)(y + 2)> 0 Tl, y* + y*-y-6>0 
^1, 2y a - y - 6 > 0, Tl, (2y + 3)(y - 2) > 0, 

^1, 2(y+f)(y-2)>0. 

Svtt?? qsrftre ^c*r y surs 2 
i &stt fcvitinF «rcrw y <sm -# 

^c*w ^C4 I 

^wT'*, «r*F5 2 optc -four <tf- 

•ttw i 

Ex. 3. Find the limits between which *a* must lie so that 
~ ma y have all values , # foin^ any reaZ quantity . 




ax*j-7x +_5 
5* 9 - 7# + a 




.\ x*(a - 5y) - 7x(l - y) + (5 - ay)» 0. 

X 4m 5tPt, 49(1 -yy -4(o-Sj)(5 - ay) > 0 ; 
«l«fh, (49 - 20o)jf* + 2(2o* + \)y +(49 - 20a) > 0. 

'Mh § 177*R(4lr4,49 - 20o>0<S4<»CT , iCT, 

4(20» +1)* - 4(49 - 20o) < 0, 

41, (2o* +1) 1 - (49 - 20o)* < 0, 

41, 2(a*-10a+2S)x2(o* + 10a-24)<0, 

. 41, 4(o-S)*(o + 12)(o-2) < 0. . 





os* 


o, 2 -12 (-12 < a < 2), *tPt- 

arfal < 0 i£|^ ^49 - 20o > 0. W a = 5, -12 

^Tl2,^^Trf^’N = 0.f¥5a«5^49-'20a < O^f, 

"a* -12 2 4* C*f-CTO *Tf% *ltW I 

Ex. 4. // /Ac equations ax* + bx + c — 0 and + cx + a * 0 

Aaz/c a common roo/, then either o + A + c*0 or a = h — c. 

to to, «w ^^tototo *mmtf ffa a . 

.*. fla 8 + Aa + c = 0 ••• ••• (1) 

Aa 8 +ca + a*"0. ••• ••• (2) 

*TOfy (1) * (2) WW *ffl, 

- 8 _a _1_ 

ab-c*~bc-a* ca-b 8 ’ 

.*. (Ac-a 8 ) a *(aA-c a )(ca — A 8 ), 

Tl, A*c 8 - 2a 8 Ac + o* ■» a 8 Ac - aA 8 - ac 8 + A 8 c 8 , 

% a 4 +aA 8 + ac 8 -3a 8 Ac«0, [•WTO^farl] 

^1, a 8 + A 8 + c 8 -3aAc*0, [ <^ *fTO* a *fal W|*f ] 

^1, 4(a + b + c){(a - A) 8 + (6 - c) 2 + (c - a) 2 } = 0. 

a + A + c=0, TOTl, (a-A) a + (A-c) 8 + (c-fl) 8 =0. 

fro ^rfvrPBr «rcwft srt ^t*r, 

«Tfc*srll .*. a-b~0, b-c*=0, c-a=0; 

a = A = c. 

fix. 5. // the roots of ax* + 2A# + c * 0 Ac a, p and those of 

Jj 8 _ itr I ft \ ® 

«4* 8 +2jB# + C-0 Ac a+A» 0 + $, show that " g % z ~ J[ c "r^l • 

O4f a +2&jr + c»0»r?!wf?rfN^a, p. 

.\ a + 0 = - — ^ a/5 = £• 
a K a 

^4T a +2Bjr + C-0»T?[W^^TOa + «, 0 + d. 

• - . jC«+*)+ 0 +»)- <w («+<)(/)+«)-£ 





\SJ50 


(a-/O a ~{(a + a )-(0 + «)} a , 

*Tl» (a + j3) a — 4aj3 ■* {(a + #) + (]3 + 3)} a — 4(a + d)(ff + d)» 



Ex. 6. If p > 1, prove that, for real values of x, the 


2 x + p 


+ 1 . 


expression a - tetween ~--r aM*f ~ . • 

r jr*+2 jp + />* /> + l />-l 

_____ x 2 -2x + p* 

x* + 2x + p*~ y ' 

^ y(x*+2x + p*) = x*-2x + p*. 

^*(y-l) + 2^(y + l) + /> 8 Cy-l) = 0. 

*-*Wf*T5 ^ *Ptf5?[Tre X 

rnv? 4(y + l) a -4p 2 (y- 1) 8 irtttl* *ltCT ?11 I 


4f(y + l) a - P\y - l) a }< 0,%(y +1 ) a -/> a (:y - l) a < 0, 
% (y + 1+py-p)(y + l-Py + P) <0, 

^1, {y(l + P) + (1 * /0H;y(l - P ) + 0 + P)\ < 0. 

% a+»H;{)(w)(*+B) <°- 
«• a-^)(^rr|)hw) <0 ' 

t 

% (y+[^)(j'+jr|)»° [?>i^ W’vrr^J 




w fos-srtoTfro 

^ ^ fevrftm w*r <«itw i 

^rawra, «nr to w *RlwsRfti Mfc ^stut 

Tl Vltw ^T3> •Ttm ^1—v£}^f5 *Rf5T? « 

c^5, * > l, ^swt<, £ 4 } > pi }• 


«W y-r^J <£ + r 


/>-! 

p +■ 1 


<y < 


^ + 1 
P-1 




.-. J ^'fH X ^f^—J’\ 45 £ + -1 « \-~\ 45 Hwit I 

x+Ax + p p — I ^ + 1 

Ex. 7. If by eliminating x between the equations 
*+ax + b = 0 and xy + l(x + y) + m*= 0 a quadratic in y is 
ormed whose roots are the same as those of the original 
uadratic in x, then cither a = 2b and b = m or b + m — al, 

x* + ax + b**0 ■■• ••• (1) 

xy + l(x+y) + m=0 ••• ••■ (2) 

(2'SlWrt »rr?, x(y+I)--(ly + m). :. x- 

aflProWCW ^twl ftm fW$ ifttm •fft 
y*(l* -al + b)+ y(2ltn - al* - am + 2bl ) 

, +(w*-a/w + W*)» 0. 




( 3 ) 






NS3»« 


■c^^, (l) <ipr fNras <®rf%3, 


^Tl, m a -alm + bl* = bl*-abl + b*, ^1, m 2 -b 2 -al(m -b)~0, 

(*frai) 

Tl, (w-&)(m + &-a/)*0. 

.*. m = 6 ^WTi tn + b — al. 

fiw ^rai »wfrQ i 

. 2lm - al* - am + 2bl _ 

l°-al-b ~~ a ’ 


*fl, 2lm-al*-am + 2bl=*al 2 -a*l + ab 
T!, 2/w - aw - 2al 2 + a 2 l -t*2bl -ab = 0, 

Tl, m(2l-a)~al(2l-a) + b(2l-a)*=Q t 

^1, C2i-oXm-aZ + t) = 0 l «f<K 2/ = a, ^1, m + b = al, 

.*. a=2l 'Q b = m, m + b^al. 


Ex. 8. Show that 


— + 


= 0 


y-z z-x x-y 
can be expressed in terms of two linear factors. 
X^y-z, Y-z-x, Z-x-y 

«t>ra 

a - + i + jl_o 

X + Y Z 

% oYZ + bZX + cXY -0 

(1) X + Y + Z-0 

(2) « (3). ^T®, 

(ay+6x)(x+y)-fxr-o 

*1, 6X*+(o + 6-f)XK+oy*-0 


( 1 ) 

( 2 ) 

(3) 

(4) 


• •• 



(4) re 

(Y - mX)(Y -nX) = 0 

cm t *rt^s ntre, 

m+n- 0 **-' 

b i- - (5> 

mn = 

a 

% 

(5) f^fa wl wr w «t*r^ 

[(-“*)- *»(y -r) ] [ (s-*)- w(#-y) ] = 0 

^ 1 , [ x + my-(l + tn)s ] [ x + ny-(l +n)z ]-0 

fipfir fevrt*re vi i 


Examples XVIIB 

1. Show that the equations ( q - r)x* + (r - p)x + (p- q) = 0 
and ( r - p)x* + (p- q)x + (q-r)=* 0 have a common root. 

2. If the roots of ax* + bx + c=* 0 differ from those of 

h*~4-ar h f * — 4/iV' 

o'#* + + c' = 0 by a constant, show that -— a — -, a -- 

' o 8 o * 

3. If one root of the equation x* + ax + ft * 0 be a root of 
the equation x* + cx + d — 0, show that its other root is a root 
of the equation x* + (2a - c)x + (a* -ac + d)=*Q. 

4. For what values of m will the expression y* + 2xy + 2x 
+ my - 3 be capable of resolution into two linear factors ? 

5. If x and y are two real quantities connected by the 
equation 9x*+2xy + y *-92x-20y + 244 = 0, then will x lie 
between 3 and 6, and y between 1 and 10 ? 

3, If (ax* +bx + c)y + a!x* + b'x + c' » 0, find the condition 
that # ifiay be a^ational function of y. 





7. If the equations x* +px + q- 0 and x* + p'x + q'«0 
have a common root, show that it must be equal to either 

p q'-p'q or qjz£ 

q-q’ p'-p 

8. Show that in the equation x 8 - 3#y + 2y 8 - 2* - 3y - 35 « 0 
for every real value of x there is a real value of y and for 
every real value of y there is a real value of x. 

9. Show that the expression A(x 8 - y a ) - xy(B - C) always 
admits of two real linear factors. 

10. If the expression 3# 8 + 2Pxy + 2y 8 + 2ax - 4y +1 can 
be resolved into two linear factors, prove that P must be one 
of the roots of the equation P 8 4- 4 aP. + 2a* + 6 *- 0. 

11. If the difference of the roots of the equation x* - px 
+ q = 0 be the same as that of the roots of the equation x 8 - qx 
+ p= 0, show that p + q + 4*0, unless p * q. 

12. If the equation ax 8 + bx + c = 0 be not altered when each 
of its coefficients is increased by the same quantity, show that 
* a = l. 

j_ 34x •“ 71 

13. If x is real, prove that X * + 2 X 7 can bave n0 va ^ ue 
between 5 and 9. 

s 

14. If x is real, prove that must lie between 


1 and -jj- 

15. Show that for real values of x, is capable 

. of having all real values. 

10. If x be real, prove that — 2 x^g — 03)11 have a11 nuraeri- 
cad values, except such as lie between 8 and -1 





«»tr 


17. Determine* the limits of value between which the 
following function must lie for real values of x 

x a +x + \ /...s x*-Zx + l 


x a + 6x +11 
«—2 #— 

\ 2x a -2x + 4 
(lv) *^ 4 * + 3 ‘ 


00 


x a -x + l 


(iii) 


2x a -3x + 2 


18. Determine the sign of the following functions : 


0) 


2x a +3x +3 
x a -2x + 5* 


(ii) 


6x -14- x a 
x a -10#+ 30 


19. If a, 0 be the roots of the equation x a + 2ax + b = 0, 
form a quadratic equation with rational coefficients, one of 
whose roots is a + p + J(a a + 0 a ). 

20. Find A so that the values of x given by the equation 

-■ + —— may be equal. If A x , A a are the two values 

2x x + c x-c 7 H 18 

of A and x lt x % the corresponding values of x, show that A x A a 

« (o - b) a and x x x a - c a . 

21. Show that the expression ^P*' 

ble of all values when x is real, if a a - b a and o' a - b ,a have the 
same sign. * 

22. If ay-bx^c J{x - a) 2 + (y - b ) a , show that x and y are 
connected by a linear relation if c 2 <o a + b a 


28. If the equation ax a + 2bx + c * 0 has real roots and if m 
and n are real numbers such that 0 < n <m a , show that the 
equation ox a + 2 mbx + nc = 0 has real roots. 

nc — J® 

24. Show that- — is the greatest or least value of the 

fl 

expression ox a +2bx + c according as o is negative or positive. 


25. Find the greatest value of 





26. Find the maximum and minimum values of the function 
5x*-x + 5 


x* + x + l 


when x is real. 


27. 


Show that the greatest and least values of 


6x a -324?+ 21 
5x* -184? +17 


for all real values of 4? are J and 1 corresponding to the value 
1 and 2 respectively of 4?. 

28. If 4 ?-a is a factor of a x x 9 + 2b x x + c x and 4? +a is a 
factor of a a 4f a + 2b 2 x + c a , prove that 


(a t c, - c^,)* + 4(aj6, + a,&OCV. + 6.0=0. 

29. If x is real, prove thlt the expression - is 

capable of assuming all real values, provided that a, b, c are in 
ascending or descending order of magnitude. 


30. If each pair of the three equations 

x 9 -p x x + q x = 0 t x 9 - p 9 x + q a =0, x*-p s x + q 3 -0 
have a common root (root common to all three) prove that 

Pi 9 +Pa a + Pa* + 4(q x + q 9 + q a )*=2(p a p a + p a p x + p x p 2 ). 

31. If the equation ax 9 + 2bx + c=*Q, a'x 9 +2b'x + c' 
have a common root, prove that equation 

(i b 9 - ac)x* + (2 bb' - ac f - a!c)x + ( b ' 8 - a-c ') - 0 
has equal roots. 

32. Find the quadratic one of whose roots is 

/•v 2 oib /«i\ o 9 + b 

{a+b)~ Ja 9 + b 9 ( q-b) + ij2ab 

13. Show that the roots of bx 9 + (6 - c)x « c + a - b are real,. 
■ if those of a a?* + 6(24? + 1 ) * 0 are imaginary. 

‘ 84.. Prove that if a, b t c are real quantities, the root's of the 
quation (b - c)x 9 + (c - 0 ) 4 ?+(a - 6 ) ? 0 are real. Prove also^ 
hat the roots of this equation are equal, if a, b, c are in A»P, 





Boo 




35. If the expressions ax* + bx + c and bx* + cx + a have 
a common linear factor, show that either o = 0, or a*+b* + c 8 
- 3 abc = 0. 

36. Show that the two values of x obtained from the 
equations y = tnx + c and 

(o) ** + y* = o', (b) y’ = 4ax, (c) *„ + = 1 

will be equal if 

(a) c« ± a Ji + m 9 , (b)c*= - % (c) c= ±o + b a , 

fft 

(d) c=*± - b 2 respectively. 


ANSWERS 

• 

■8. (ar'-a'c) 9 ** (ab # -a'&) (bc'-b'c). 

17. (i) Any real value except between -4,10, 

(ii) between 3 and J. 

(iii) between -1 and 4 (iv) between 1 and —7 

18. (i) positive. *(ii) negative. 19. x*+4ax+2b. 

20. a+b±2 K lab. 25. §. 26. 11 and 3. 

42. (i) x*-2(a+b) x+2ab**0 
(ii) x*-2(a-b)x+a'+b’-O. 



vitnr*r wmv 

(Permutations and Combinations) 

18*1. 'O i 

fetfiro* to fwfa *it<foj <sm «rftTO wi 

4^$ wz i <?i^ 4 -*to? $^- 4^ fi^m 'srhFitRi ^«rftfe 
*ri i 

TO ^T, Sri Pravakara, Sri Sen * Sri Patel-sfiffa fe 
3TO ^^5 I 4§ fe ^jfe<p efel 4^f3TO W 

i ;fora aRts^ro fe t%n *f*i ’tffo 

^5t?1 ^Pral ^ffil 31 I Sri Sen, Sri Pravakara 'O 
Sri Patel Sri Patel, Sri Sen « Sri Pravakara C^-3TO^ 
'srrwl 4^ srPrcfii fes*r 31 cr, $ fe 3jfe *fei 4^ft ^ 

4^(5 TOtt l 4^ fe *ufe 3fi 

fe ^rtro^e 5 4^rrfi bench-4 ^tor tor, to ^firo 

sPTtSPlI^ C^l^loi C^F '®t^1 Rc<tWl 4fil®I 4^ ^TOITO 

3 jt*to «rtwl ^fro «rrfi, dWcw “TOrfcrr 31 “fisrfa” fife i 

'srfTO, a, b, c, d 'W-b'^OT 3*fT ^t'® u C*l-C^t3 'feifS 
fetR \ vsrtTOd ef^ fefB ^I’W o, b, c. fetR ^fiff® 

*rtfi i 4$ fetR^td «tto fc, TO*m too fitter ^fro 

4flF^ ^*W<M O, b, C I 4C^C4 C^-C$t3 3RT*^ 4^ ,i WI 

feft *rr*rai fetR 31 cr, “fittR” 31 “TOtu” 4^ ^r 1 
fitlfe wfe spot ’WtW fife®! fe* to 31 1 wi 
<fe fifeTO Mfe wofif, 4TO fef5 w, c-rcnfa 4^ 

«TO1 4<TTC3 f3OT firRw^l TO ?fi a, 6, c '®P*OT fetfe R1 
R, TO 4^flbrf4 RTO 3^3, W*ft TOT, cwl fetfe fete 
TOf CTO& a, b, c. CTO abc, acb, bca, bac , cot 43* rfa 
4^ TOfi flfrc, 
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a, b, c *wr tosi *riwife»i <to?r cq, <efr^r? 

^9% SR ftfTO I feft 

faro wtt 3Rt$*rtrc W? 'st’f ftftaf i ^s*ft 

o, t, e toto* IW5 ^fiwl »tol ^ift faf%g tor nt^t^c^ ntft i 

RtTOr, o, 6, e ftRfor to *\$v\ *rtro 

sR-froTO* f^rfs w at, at ^ ad irfcr «rrft i *tito (at), 

(bo) w ^flrai *r%i *iifo, fro *m or r<K <swr 

K^Tat, ta 9^6*}^ fTOfa^ft I *rlTO twfa 
'Q TOtOT Wl ffa I 

fTOTfa (Permutation) g W41$f*! TO fif*4 4tTOfB W1 
*RTOf5 ^T^Tl W'Sf^tR TO 3 ?, ''©SSSRPTR *lt%1$t*i *14*1 ^ll^fl^l 

(arrangement) *ft«*1 *rft, ^tOT ^4-^^ fTOTfa 

(Permutation) TOl I 

SRTfa (Combination) g ^TRttT, -foi*r TOSTOftf TO ftfii- 
WO? TO’fft RTO W^I , *#fl TOftJ TO*T34tra wfaie*ITOtW 
vSt’f (group) Tl «i)4-^14f5 f^lTR (selection) 

<£ £fT®T4 W ^1 MW? 44-44$ ?TO4fa (combination) 

TO1 W I 

fc*fCT TOl i&*tC5» *t1TO *(TR f^lfi R’TO 

a, t, e 4$ *fTOf*T *fel ate, art, tae, tea, eat 4^S eta 4^ 
fisrfa, f4S 44farR tot* 4*1 ffli 0 , t, e, d 

5tf*$ *^T® t^R$ 4%! ^D ate, atd, acd 44S ted 4^ T5tf%fS faf®* 

tot* w*1 *T* i f¥s ^ wr* Ftfsft* ^r® $*$ 4f**i 

c*# sfiqift fwm *nroi ?f* i 

from * *ito* 4f4i ^t?i ^i a, TOfa. 

^ 4f*r® ^c*r C4fa ftci*, 44 $ . to^i^ Wl 

RWOT f^R5T, ^n?tOT 3R ^ I ^tTOr ftwhFT *risr 

^1 TO»I^[ 'Q 3R feTO I 

18*2. & TOlOT ^1X^*1 43FS ^f%’ 

<2Wf% ^rrw-^rr^TTO ^rai i 



from 'Q totc 


8eO 

ero tftSfirl ti TO m-*K*tre fTOs *ro tot toi TO' 
<w «iprwct TO wtt to TO rto TO w-TOre fTO* 
n^w *rro toi to, ssw ^ $ TO TOrftOTfW w x » fife* TO'*! 

TOl TOw I ( If one operation can be performed in m ways, 
and when it has been performed in anyone of these ways, a 
second operation can be performed in n ways, the number of 
ways performing the two operations will be m x n .) 

TO TO, «m TOft (operation) m TOOT TOT W-CTO i'WPW 

tot* to f^ffr sito TO w-toj* tow toi to i -row 

TOw to iWhr tout TO TOw 4 to **iot «twro toot 
TOTO TO n 3TO TOl TO I WWf TO w-TOW *Pfo 
toi to, ^ TO to ^to TOw m x w-^i'TO tow 

TOl *ffW I 

to, TOtosi * fffamw* toj TOtnft froi 5 <ttft jftro tow® 
tot i «ro *jf^ TOitoi TOro cror wfamw TOffl 

\5«n *$W5 ft* <TO*ITft 3ftTO WtW TO5 *TO ftftre 

TOw ? 

4TO, TOr^t^l * wftmw* *ra 5 ’^ttfir *£hrr* TOtTO to* *froi 
«m *1arl TOk TOreftl jffTOtw TOrl 5 topi *rtfro 3^5 
tow, crorci •> ^jf¥ s <rrfi TOtw* w-wto ?famw 

TOre TOw i w TOtw w ?froTOw TO, TOTw? w TOrTOtr® 
fTOre TOw *rl *%i rto 4 <|srim w-wTO ^TOtfe^ w 
TOfTOTO WTO Tow i TOh w 4 toct ftftos *ttw i ^TO, 
W-CTO ^TOTO 5 ? TOcTOw *t$wr wtl w 4 tow TOTOtt^ 
WTO tow i w 5 tow TOctow toTO Tow *froi sot "fttsTOt 
( TO TOfW TO*1 ftK TO TOtW ftfafl TOI) W Wtl> S x4 TO 
20 TOW ^PlTOI ^W5 frfroTOW TOtTO TOro TOW I 

•' -TOTO, TO 'TO, CTO <7&TO Rr# C^tckTO firwrofiTO 
TO TO«R WtCTO TO ^W5 TO I ‘TO, A C^TO 5 njfw TOTO 
ftfro ^TO TOtrw $ TO <3rroi 

^rt^sTOf 1 ■ 
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# ti* *rftro *rtw i 

.*. «m < 3 tcfow *jjnfa 5 to flfinr §*rtw *j< w qftre 

*rtw i <w aftck»i ^ ^rf^ *rfe*r, ft# c^irfet <wftl 

4 ^rftw c? to 'srteft tot i 

toot, ft#? c^ttfcro 4 to*t njfwri *rtw i 

^t=r 5 tow «rcw tow 

’Tft'® ft# Gfftfcw *J< ^fW 4 TOW «ITOT TO *JxP Wl 

*rto i ^tTn, «m ^ c^tzfow ’^prgft 5x4 to*i *(f oti TO i 
wr, ^ cstitow <jjwfa 5x4 ftft* tow cq-TO* otto* 

*3< 3 to* ^^rl *fa, c*n^> wr ^ 

c^tcfei ^if ^nr ^nfti 3 *rtw ct to ^# c^iik^ ^ 

otr, 3 tow ^ strop?# *ifts$ srw ^ cflc&w *3jf 

5x4 TOW StTOJ^ft WH *fa ^flfll C^TCT>*T 3# 

5 x 4 x 3 ^Tl 60 TO*( *$f' W1 I 



Sec. A. felt 5 ! 


18*3. n-R2*lF35 fafcsm *3^=3 ^US 

(r < n) f^FSPlCTRf 

fR®fe I [ To find the number of permutations of n dissimilar 
things taken r (r < «) at a time. ] 

1%t%sl TO ^C® r-?K*ire TO *fel1 r-WFF *p«t 
TOl «fl?R fwfa-ftffl ^ I ^1 T*& CT, 
m-TOF* *pW ^1 TO, 5fl w-TOT? W3 C*CTO 

Tf*R toi *rt^r® *itpr i wr c^r-c^t^r *jj"i TOre 

fWhr *rTO§ (m - i)-*K<tre to* c*kto 'iwft TOR TO*i 
(» - i>w tor toi *t^T® *rtw i c*t^, C*-CTO tWWI 
^TOr* rp*t faShr TO^ (n-i)-roj* toot *ito* *if^® 
^ wl TO, ^®to «w*i ^ n(n - tow *p*i toi 

ntc* i «iKR, «nro ifc 1 ?TO »-*ktof to 3 tr® to 
c*-cTO «j*«i ^i%*r ^fn£ (« - 2)^ to* c*-cTO 4**$ 
®r^*l ^£t* ^to (»-2Hw toh *tjrt toi to i *irt* *iW 

\%-TOtt*j to! TO, «f«rc ftRfS i jjrr «(w -1)(» - tow 

* 2 *«l toi *fe<® *itnr i 

*raps*r to to, error* , 3jJTO-»i*E c t* »rcw *ct ftrctf* 

fwH-^N^nr® <£rafi> 3 jjr fcvrfo* 3$rocw *pk a-cro tot 
**t< l^TO 5 !* toji* ft A ftro-*K«ijtro fcvttaro toto »ift^ tor i 

**HR, C*t^ r-^* ^TOT* = n-(f- l)-n-r + l, *-TOFF *pTfa 
TO'TOl *$< TOl TO, TOt* *rwi — »(» —1)(» — 2)—r-TO &VNI* 
= «(» -1)(» - 2)**-(« - r +1). 

rwt, »-*ktot ftt%* to to »rW fw* TOro 

ftrfr fwR-TOTl - »(» - 1 )(m -2).(» - r + 2)(« - r +1). 

■ ^ n P r w ftif^s ^?r i 

. unfa "Pr-n(n- l)(n - 2)• • *(n - r+2Xn - r+1). 

.orkv I C^, n f 

*rcftT¥ rj^^n 5 ®raprR ^fwl *m\ ct, r < «. 
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8 ofc 


1. M-W* TOT *ft*1 ffisre ^«fr<*, 

f=« 

n Pu = «(» - 1X« - 2) .nJf«^ SvTW *tf* 

= «( M ' l)(w - 2)•■■{» - (// - 2)]{*t - (« -1)} 

* «(« — 1)(» — 2) - --3.2.1, 

MK n-*K«lJ* TTstfiPF ’ftfJ'fa W»T I 

^ W»r qHUtK [« ^1 n ! Iflfr (tf-CTO ^fal 

W ^ ‘factorial «’ ^ I 

.*. n P„ = \n n ! = 1.2.3.4.(m —1).«. 

16 = 1.2.3.4.5.6 = 720, 

[4= 1.2.3.4=24, | 

*rfafa, [« = «(» -1)(« - 2) .... 3.2.1 = n ii- 1. 

g(# -1)(» - 2)....(» - r +1). | v - r [h 

r ' « - r n - r* 

apNj | <4&1 ^**18 «, r-H -fl n- 1 *fcc»[ n P r <« 5IW J*OT, 

B P„ 

«ras)iwrt ! 93. Loxra^i 

2 V, = ■ .-. r = «??PI,"i’„ = ln L “ r -J^- 

ft® "/’„=[«. .-. L5 _ Jq’ % t0=^ = 1 - 

n-*K*tt* TO* WG 3^5 r-*R»tJ*s TO dWFtW 

*&Rt fif%n f*wt*wiji fvfcra fro* *Hf« I 

. ■SfPt TO, tir*rTO ^C® Mm TO »t(5® ftSffMWI n P,. 

# *mm f n-*\stiT? TO (r - jh^ii 

&R& fw* TO1 istom ftart*-»Ksrrl .. 
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efCWpfB («/-r + l) wa 

qjff ^pfer *-*KTO W ^r® r-WJ? tot fwtt M 

I ^pTt°, w-*rc*tr$ TO 3^3 Hm TO *T^1 *tfe® C¥ft 
fwm-^W^Pr-! x(w-r + l), 

n P r * n P r _! X (« - r + 1). 

«WI, r ^ *rfi^ r- 1, r-2, r-3....3, 2, 1 "«>rferl *ft$, 

”Pr-i = W Pr -2 X (« - f + 2) 

w Pr -2 - ft P r .» X (» - r + 3) 


ft P 3 - tt P 2 x(«- 2) 
ft P 3 = tt P 1 x(«-l) 

W P X *«. 

§*(TO »RtWKlf»R TO TO « wfa*l 3tfTOf% W ^ 'S*l 
*fivl w®i tot^i fcwrwfa witfro ^fro 

. n P r * «(» -1)(« - 2 )....(m - r + 2)(w - r +1). 

'""18 - 4. n-SRMJ^ TO? SWT sfi p-SSST^ TO dITOTOl, 
q-’R'fiW TO «rf* iffSTOS <SS< r-*K«CRP TO Wft (fiTOSW 
*5. (1W ^ISfitfe'Sfil fif«9 TOS55 C*fe**t n-ltfstre TO* 

*trofii »feti fiw’Ffirai fi^t ssfiOT i 

[To find the total number of permutation of n things 
taken all at a time, when p of them are alike of one kind , 
q of them are alike of another kind, r of them are alike of a 
third kind and the rest are all different. ]' 

to to, .TO^tfiro w-*kto i wra 

m<tof ^ «KTOfa ),• faro q -*kto 

ffewftf®, r-TOre TOfc ^rft^ i 

^stroiftr® TOTO -fafro (c^-c^i^rf5 ^r® j 

■m ' 

. to to,- fafa faro-TOri x 1 • «n§ Irotrolro at rere fo g 
3MR*T¥ jWt ^tJTO ffa’tffi® ^ I «ift. j^KTO 
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f¥®a rj^F 3»*rr$ft® wi ^ fc*t* 

1 , 2 . p Wttsft f 3 [%l), w nfinffr® rtvwPr 

<3^15% WfOT 5fl ^%l *-*KlJ* 

Iwft’T* cq-<^fa ^r® ^ nfW®® ^TOrf^par *rttR 
^ f%3rt>T nr^n ti$t® *itc* 1 
c*rr£ fwfa-*K*lrl at x|/> 1 <4§#xj p- 

W* %fOT «fF5FFfa® g-*K*tre smr ftf%a 

nfarf®® ^1 *fe*r, x x p-Tw ^c® 
[g-*!^ ^3R *tT^1 I 

vij^r tWl^^Tl # x |^ x |g. wfrft, r->R«lT^ 

**7tW®13%^ ^*r uq^-^fS [r-Wr? 

^3R fwm ’ft'e^n *w ®«R c^jt fwt^-^^DI 

^X^X^Xlf. 

^WC 4 ! p-1 f«PF ^ TO ffaffiffi® g-*Wtf? ^ TO feWRRs 
* r-jpflr? *?jTfaf®re, ftfer *rfiraf%® ^rfa wr ^ 
orf$ faf%3! ( C^-CWfB W5f?T ^r® *|*Pf ) *3®TO *K*&1 
n, v*)*rc ^ «-*rc<trc *Jto% ™f% flfff- 

W1 (n ^TI 


• • 


x x |^ x [g x [r * [« 

*_UL_. 

. JA|£H 


I 5ffi i *rfa*rt%® fNrtPte, « Tfrf? sfrtfaf® 


»*^ + g + r + j. 


18‘5. n-JR»tT* fifalJTO f^T5 r-JR^J* TO »fel W 

>rofe fwfo a g»i i q f ws qffl? ai wwftw iww fifU 

to »rc*rai «rtc* 1 

[ To find the total number of permutations oj n aisstmuar • 
things taken r at a time , in which a particular thing always 
ipccur* ] 
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to « to 5 * *wi, c lf o ai ....o„ toi 

Tfra ¥*1 1 re, a x isrtft firrcre 

TOT TOI o x wferl TO I TOTO »W (n - 1)-TOJ* TO 5 * 

(r - 1)-*KTO W ftTO TOc® I 

^®TO firo-TOJl u_1 Pr-i* 

<$re croi> a x *m# «tre, fWto, ^3hr —to *reTO ^fros 
^rrc^r «w «fw>j*fei fwr^r to<ui M ’ 1 P r _ 1 . 

^ts, ftcfa frerfa-^itfrl - r. n ~ 1 P r -1- 

«n)f3ilt^ I #*fcTO fwtr^nr astro ftfifa to 
TO *ri cto% wn n ~ 1 Pr» 

CTO^ B P r - tt-TOre fTOs TO r-*KTO TO ^fl 

firo-wri 1 


*F&m, ■p,-»- 1 P,+r."“ 1 Pr-i. 


TOtt, § 18'3 TO 2 TOTO, 

I w — 1 

«- 1 P r + r»- x P r - x - j=— T + r 

w -r-1 


»_—_1 
j w-r 


w -1 
, » - r -1 



j_« - l. n ^ Jn~ _ n p 
n-r-‘i.(n -r) n-r r 


18 * 6 . 

Ex. 1. Three persons enter a railway carriage in which 
there are 8 seats ; in how many ways can they seat them¬ 
selves f 

<sm ^rrtft TOCT CT-CTO *£Rffc% 

tot ^t*nri w 8 error to* stre ^fro ror i 

■ em a-cTO <$*# TOw ^fro ftifa TO 5 «TOi 

TO# TOcsnr a-croftre fcroi* *fro to *f®nri 7 error or 
TOwi^^froJTO i 
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w? rw fWto Rt*rc m$ pft 

Rt*ra ^ <ttftw •, ^5fo ^rrf®* 6 «wn ri®r «w Rfe® *ttra i 

^ Rr ^rf%?r *fc®jOT «fc®jRft 

•Mf u? wi to *rf*rai ftro^fro wji 

= 8x7x6*= 336. 

Ex. 2. // the number of permutations of n things taken 
3 at a time in which one particular thing always occurs be 
equal to the number in which it does not occur, find n. 

fifift TOfBre ^ r%i *tR*i TOfttfe (n - i)-*kto to ^t® 
ftwft Rfwi »i$*i from flfa ®t^tOT cTOftr® ftfft TOft 
*ri w «-tojr to ^r® 3ft ^rri *%i fifft ^9 fwr>r- 
WJl qftw i tow, ^ farfa-TOJl= tt ’ 1 P 8 . 

"i^ftprfw, »-totr to *fe® 3fB Rfwi sferl *tft® to- 
^ fwr*r-TOjt'Q= n ~ 1 P a . 

fti, to 1 ^ frorroftr fifiri toi? PstTOftnr 
to ^fe® 3ft r%i sfei «rft® froiR-TOTO tor i 

.*. 2 x *“*P B = *P 3 *| 2(« -1)(« - 2)(«- 3) = «(« -1)(» -2) 

Tl, 2(n-3) = » Tl w = 6. 

Ex. 3. //ow wo»y different numbers can be formed by 
using 5 owf 0 / the 8 digits 1, 2, 3, 4, 5, 6, 7, 8 ? 

4*rtw, 1 ^r® 8 *t% RT®ftr ftf®* *rfrol rWot sft 

ftf®« to* w *$t® sft «i^sri faro *fri Rf*c® 1 

.*. 5 ROT *tPt®fTO TOJl = 8 P fi -8.7.6.5.4 = 6720. 

Ex. 4. How many different numbers can be formed by 
using the six digits 2, 4, 6, 8, 9, 0 ? 

5*ft f*f®a r*TO 1 *fft® stftrooi ■*ft®:§ |6 ( fti RTOftnr'RRft 
0 ^ a tor *tft* 0 CT^f^r TO fwr® i 
TOR RtPtR «WCT$'.0 RtfRCT, ®1TO TO01 R^fti. 1 ?tpft* , «w 2,4, 6, 

8, 9 R$*1 *fft® RtftlTOtJl* TOR W 2, 4 t 6,-8, -9 ‘^. ‘•ffpft 

vf r^-ti ’tft® flftwm-L 



fasrpr 'e amts 




.-. fe^r^tPi^^=i6-[_5 

= 6.5.4.3.2.1 -5.4.3.2.1 
- 720 -120 = 600. 

Ex. 5. How many different words can be formed by using 
all the letters of the word facetious ? In how many of them 
will the vowels be always together ? 

owtw Mm 9ft i ’ ^ *rroft 

iffo TOWI % 9ft to TO^ft *i^rt fwffi- 

*K*tri i 

.*. *iTOft wf irfSte towjI = °p 9 
= 9.8.7.6.5.4.3.2.1=362880. 

u}<rf^ ^TO 9ft 5ft vowel. 5ft vowel 

a, e, i, o, u-C ^ (aeiou) ^fPT , ?finrl Wl 

3 *, WR TOIWJ1 5ft, /, c t t, s, (aeiou). 

.*. «ft5ft W (5 TO ftTO *lt*Ffc=l1 I 
5ft vowel [5 WI Tft I 

.'. W^ = lix [5 = 5.4.3.2.1 x 5.4.3.2.1 

= 14400. 

isfem i ffote*i voweisfa 31 fsH* 

sr^J 

fwfa-wri=fwt*i-wji-CT to fasrmsftre 

'vowel'^Pl <*iTl%CR I 
= 362880-14400 = 348480. 

Ex. 6* Find the number of ways in which the letters of 
the word numerical can be arranged so that the vowels may 
occupy only odd positions. 

£f*T8 *W 9ft, vowel 4 W consonant 5ft I ; 

4$ 9ft ^tOT ytq «nro, to, to « to ^ <tt5ft «qjpm?ra 

4ftc® vowel 4ft *tfT5ft consonant «Rf*& 

5ft 







vowel 4ftre 5ft 8 P 4 Tl 5.4.3.2.1 *H120ft fiffc* 
ft*ltnr toctI i 9(5 w 4ft vowel 4ft <$-<&& 

^>rfc*! 5ft nrtw 5ft consonant C* 8 P 5 Tl |5 *1 120ft 
ftfar ft*itrc *I1CT i 

Vowel «p|C* 120ft TORI 

firf* filtTOTOI = 120 X 120 = 14400. 

Ex. 7. How many numbers lying between 2000 and 6000 
may be formed with the digits 1, 2, 3, 5, 7, 9, 0 using any of 
them only once ? 

**#$:, ftrfi srrareft 4-^f^Pft w ^\sj^ft^ 

2,3 toi 5 i 

fit fa srrPwrf*! eura 7ft 4ft i 

sifift to 2,3 toi 5 totK, 

to* »iRFft *F®hs ^Pti 6ft srffa w 3ft *rfal fwfa iifef w®; 
3F5FF fi^tt*nr ^ 2,3 toi 5 ^ *fat*r fitfa *tffaN*rji 
i 

(Wl 6 P a *6.5.4-120. 

.*. fitfa «fcro *lffa to m 2, 3 toi 5 *fe»r croit 
*tftwji«i20. 

.*. f^fa<^*TfiWJl *3x120 *360. 

Ex. 8. In how many ways can the letters of the word 
Number be arranged? How * many of these arrangements 
begin with 'N* ? How many of these arrangments begin with 
‘N* and end zvith V t How many of these arrangements do 
not begin with 'N* ? How many of these arrangements begin 
with 'N* but do not end with r ? 

. TO **, 'Number* Wftt® 6ft TOT *%fcl TOFFft TOf 
<**ftTOft j%*1* TOfy TOft* *PWftr'TOT •tel’flTO-TOJl 

•P A *6!*720. 
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fwr»r ;v w *itR* 3TO ;v-re *i*t^rl 

<rfa i 4 «r ^rrft ’TfafB ^wcw b p 6 =4 ! fc*rtra fwr*i toi wi 
i $$m «m^fN iv c^ *nro fjp i 

»j£}c.^rc<ja 

fwfa-wjl-120. 

<?rto fwt^r iv toi wf w r cn #rf^ % war 
N ^ r c^ fifift flRfl fw«ra wtfc 5tRft toit* *ferl totto 

tflCTO4!«24 4dtCT^fe0TOI 
ft»t»HTO01-24. 

c+w* %fa N toi w sd <?r®Rre %fa-*rc*iri 

= CTR fi*fa-WJl -CT-*TO* Rsrfa N W 
= 720-120 = 600.* 

CT-*PW fWt’T IV *t*1 W ft* r TO1 C*14 3&W 3(1 fiw ^ w 

*w ^r, 

t%r>f-^4tn*c3(tfe fi«rfa-wji, m9\ n m\ w *R*tu*-carri> 

fWfa-*K*tJl C*T®Rf IV TO11» « r TO1 
= 120-24=96. 

Ex. 9. STiom/ f/jaf number of ways in which n books 
may be arranged on a shelf so that two particular books shall 
not be together is (tf-2) n-1. 

n-* KUFF W«Rf WfaT W Rgrfa ^ 

fisfe*f RR& «S*W, W, A, B 4W*f *HtfTO W 
> $*rtR ^ «trftPT 3ji i 
»w,c*pre*[ fwr^ ^ ^rrR {a, b) «rr%v^fai 
% 4#re ^rtR up m 045) <mrR 

«tjw to (« -i)-wj? *prc** fwfa-wri Rfa ^Rr® ur 

• «rrmr, *5ff ^tR 5, A tos Htftw *rtt* .<w ^wcar* 
Rafa-*K*trH n-i. 
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a w fwtpr ^to *rrfro tot* wji 

= 2| »-1 . 

f¥®, <tf tot Prarnpr *{*? #rrft v*ito to? *ro ct w %rw 

<£)TO TO? 5Tl, TOFWF TOI = m-TOJ? *flTC?* ^ ftTO- 

WJ1«|». 

.*. <x to faro ^ ^rrft iffro TOro sn v stTO *rc*m 

==[_« - 2in -1 = m]m -1 - 2 w -1 = (w - 2) w -1. 

Ex. 10. /» /tow mowy wo^j com 8 articles be arranged in a 
row so that three particular ones may come together in each 
arrangement ? 

In how many ways can they be arranged so that two 
** # *■ 
particular ones do not come together ? 

TO ?3, ftffa W falft B, C. TO ^ TO 

nmrft qtfro ^tffac? ?%i ^?fBTOi to to 

?fit®[ TO-WTl 6 I TO^ft ^1 WttJ TO fiWW 

f^-wji = e B 0 . tot*, ^ «irej?fBr® 

v$?fiTO frofF® TO^^S* fW5 to (A, B, C) to? w ^ RrP 
TO pOTW* TOT [3 ftfe* TOtPTl TO ! 

.*. Plrfi CTlfc PTO-WH * 6 -P e x [3-[6 x 6=4320. 

fiffa CTO fiffa to 5$fi> B to ?* i c^T=t *fc^r ?qfa sn 
?f**i 8ft to ffc* f%* tto «w>iifip fro? ?fro ?wrf*r frotc’T 
B ♦tmtPr ^TlfTO <i|*S wfes *lt*tt*ltft TO 1 ?*? 5(1 I ^ ^ 

%t?-*KTO* »rafr ?tto*i ’stoto uh* ^to *$c? i 

.*. art [MW PTO C? TO pStCT B nmtft 

TO%c? ^TO wi TO fro firtr fwfroTO *itefl ?rtt?1 

* * 

*Srf$ TO^>£c? «*?ft to to ?firel to?!^ ?to: 7ft to* _ 
ftRm -%tw a to cro /*, b nrotPt #ta? *4rotv Pro.* 
TOtt^lZ x l2*rt^tTOi 
. .\ Pc^FftflTHI WJt»i8-]7xl2«87-2|7.^6[7. 



fwt?r * wt? b>« 

Ex. 11. In how many ways can the letter of the words 
Punctuation he arranged ? 

•TO iR, Punctuation ^itftre CSft lift «rlC5 2ft m, 

2ft * ^ 2ft n | W, 

fwPt-Wfl- 2TTT'2'! [ § 18'4 ] 

_ 1.2.3.4.5.6.7.8.9.10.11 

2 . 2.2 

=4989600. 

Ex. 12. Shozv that the letters of the word Anticipation 
can he arranged in three times as many ways as the letters of 
the words commencement. 

» 

*nr, Anticipations ffoPT-WTl = x. 

*'- 21 TiTTTf [U8 ' 4 1 

Commencements W y ^T, 

y “tTTTSm tU8-4^tnt] 

X 3! 

•* y“ 27“ 

x = 3y. 

Anticipation -uw Commencement -dff fiyfa- 


Examples XVIII(A) 

1. Find the values of : 10 P 4 , as P 8 , *°P r . (r < 15) 

2. How many different arrangements can be made by 
taking (i) four, (ii) all of the letters of the .word consider ? 

V(i) If •P*-*- 1 P.-2 : 3, find «. 

. (ii) ~ 56, W -"P S = 12, find m and n. 
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4. Two persons go into a railway carriage with 6 vacant 
seats. In how many different ways can they sit themselves ? 

5. How many different numbers can be formed by taking 
4 out of the 7 digits 0, 2, 4, 5, 7. 8. 9 using any of them only 
once ? 

6 . How many numbers between 3000 and 4000 can be 
formed with the digits 9, 3, 4, 6 ? 

7. How many numbers between 100 and 1000 can be 
formed with the digits 1, 2, 3, 4, 5, 6 ? 

8. How many different numbers can be formed by using 
the seven digits 2, 3, 4, 3, 3, 1, 2 ? How many with the digits 
2, 3, 4, 3, 3, 0, 2 ? 

9. In how many of the permutations of 10 things 4 at 
a time will one particular thing (i) always occur, (ii) never 
occur ? 

10. There are 25 stations on a railway line. How many 
different kinds of single tickets must be printed so that it may 
be possible to book from one station to another ? 

11. Out of the 26 letters of the English alphabet in how 
many ways can a word be made consisting of 5 different letters, 
two of which must be a and e ? 

12. How many even numbers of 5 digits can be formed 
with the digits 0, 2, 3, 3, 4, 7 ? 

18. Prove that 

"P«~1 +1 . x Pi + 2.®P a + 3. 8 P a + .»• + (n -1) ■’ 1 P^ 1 . 

14. How many words 1 can be formed with 3 consonants and 

2 vowels taken from the English alphabet ? 

• • 

15. A man likes to send his four sons in 6 different 

' - » ’ * 

professions. In how may different ways can the sons take up 
4he professions, ff no two of them enter the same profession ? 
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16. Five gentlemen and one lady wish to enter a bus with 
only three vacant seats ; in how many ways can the seats be 
occupied (i) when one of the places is to be occupied by the 
lady, (ii) when there is no restriction. 

17. Of the words formed with all the letters of the word 
Pneumonia how many will not begin with PN ? 

18. Find how many words can be formed with the letters 
of the word abstemious , so that the 5 vowels always appear 
together. 

19. Of the words formed with all the letters of the word 
Combine, how many will begin with C and end in e ? 

20. In how many ways can the letters of the word Article 
be arranged, so that the vowels*may occupy only odd positions. 

21. Find the number of arrangements that can be made of 
the letters of the word Youngster so that the vowels may not 
all be in consecutive position in anyone of them. 

22. In how many ways can 24 P. U. and 17 H. S. candi¬ 
dates be arranged in a line so that no two H. S. candidates may 
occupy consecutive position ? 

23. Find the number of different arrangements that can be 
made of the bars of seven colours (violet, indigo, blue, green, 
yellow, orange and red) so that blue and green shall never 
come together. 

24. Find the number of ways in which 10 different books 
ma} r be arranged on a shelf so that two particular books shall 
never come together. 

25. Find the number of arrangements that can be made 
with the letters of the word emulation all at a time so that the 
.vowels may not all be in consecutive positions in any of them. 

26. Find how many different words can be formed with 
o given letters 3 consonants and 2/vowels, no two consonants 
being juxtaposed in any word. 
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27. In how many ways can n examination papers be 
arranged so that best and worst papers never come together ? 

28. How many different permutations can be made out of 
the letters of the following words taken all together : 

(i) India (ii) Calcutta 

(iii) Procession (iv) Committee 

(v) Constantinople (vi) Examination 

(vii) Abracadabra (viii) Nomenclature. 

29. Of the words formed with all the letters of the word 
different how many will begin with d and end in t ? 

30. If X, Y, Z denote the number of different permutations 
that can be made from the words 

Permutation , Combination, Arrangement, 
show that XY — Z. 

31. Show that the letters of the word Calcutta can be 
arranged in twice as many ways as the letters of the word 
America. 

32. A library has 5 copies of one book, 4 copies of each of 
two books, 6 copies of each of three books and single copies of 
eight books. In how many ways can all the books be arranged ? 

33. There are fifteen rowing clubs ; two of the clubs have 
each (three boats on the river, five others have each two and 
remaining eight have each one ; find an expression for the 
number of different lists that can be formed of the order of the 
24 boats, observing that the second boat of a club must Occur 
after the first and third after the second. 

34. In how many ways can the letters of the word Utilita¬ 
rianism be re-arranged without changing the position of any 
of the vowels ? 
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35. Find the number of ways in which the letters of the 
word arrange can be arranged, so that two r's do not come 
together. In how may ways the word can be arranged if neither 
the two r*s nor the two a 's are allowed to come together. 

36. There are 9 letters of which some are alike and the rest 
all different; if 15120 words can be formed with them all 
together, how many letters are alike ? 

ANSWERS 

1. (i) 5040; (ii) 600; (iii) 20.19.18-*(21-r). 


2. (i) 1680 ; 

(ii) 40320. 8. 

(i) 8; (ii) m«*6, »®2. 4 . 30. 

5. 620. 

6. 6. 

7. 120. 

8. 420 ; 360. 

9. 2016; 3024. 

10. 600. 

11. 242880. 

1 

12. 60. 

14 . 159600. 

15. 360. 

16. 60,120. 

17. 357840. 

18. 86400. 

19. 120. 

20. 576. 

21. 332640. 

25!24! 

28 . 3600. 

24 . 2903040. 

25. 348480. 

26. 12. 

27. ( n-2 ) [n- 

1 28. (i) 60; 

(ii) 5040; (iii) 

<") 2f‘ : 

, x 14! . 

(v) 2j® 3J * 

(vi) 4989600; 

(vii) 83160; 

(viii) gj. 

29. 1260. 

82 . 391 . 38 24 -L. 

® 2, 5*1 4!* 61* 38, 3! a . 2!* 

84 . 2519. 

85. 900 ; 660. 

86. 4. 





Sec. B. *mn 


187. p-^e^lT^s ^ 

9ifsN5 3=psT=^^® *W f=q®fe I ( r < n ) 

[ To find the number of combinations of n dissimilar 
things taken r at a time (r < «). ] 

TOT ’W, fafa x. afc *-WJ* TOtm 

r*mi* v* *m w ifan 

ftfai sWRf fara ^n *t*, ^ ^f5 wfa ir-n^ 

ftf%s %r* *rh«?n *rftn i 

.*. x-^vm TOUT ^TOT5 * X Ur-*KW %t* 1t«?t 

*-»R*J* *PTCtWpPT «fcwlfa r^KOT wft WfaT 
swra fare jhr<iw wf»r r-wtre w 

*§ti f®tft fart* rtfon *t* ^ i 


.*. #x [£=*?, 


L w 


n-r 


C § 18*3 ] 


• *« 

. . X** -r-• 

[T \ n-r 


<wi, «-*m m ifp$ r-mw to *fari *tffo mu- 

toui n c r < 2 ^ *t*i *t*i *t* tot « ftfro® rttft 


«c - L^ 

r l l\n_-r 

*c.-jo^rp-g-i. (••• |0-i) 

fTOW «w*t: ’IPT TO, fi-wr* TOreft a, b, c, d .«T(ff% 

•TO? "?ro <w ^ftrro w mw# toh 

’life toto-wti "C, 

'<«$ flTOt ’ITOftTO TO9f5!T5 >’• TOWU '•rttf, TSttfl ft? *ftcs 

TOT "'*■* _ * 
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(n - firf%a 4wrtFt (r - lHm. 

w *ftfi wfa iffcr vres «rr$reffa >rf%® ‘o' ^ i 

.*. C*f TOtCK ‘o' *w*ft ^ = n - l c r _ 1 . 

^ispii'Ww, c?r *fpi *ra*itnr *&' , ®rfc^ vst^m *rc«tri n ‘ 1 C r . 1 

*w n-wr? TOraPw sira^s «mtu i 

.*. n-*mj* Wf r-*R«Jj* *fe(1 ’tffr® 

*PRflr«f»r wi *rft, ^ «-wre «rr®ref5 ^ wftp©f*re 

w& n-1 c r _ 1 nhen i 

.*. 4$ WfaSpTF® f%ftv5 TO-WOI « n X 

f%$ ct, firtr n c r »PRtr«l5pr «str®r$f&ro r-^-m 

c*ri^ «toptc«iji - r x n c r . 


• 

• • 

r x n C r 

-n x 

n-if’ 

°r-l) 


*1, 

n C r 

n 

S « 

r 

x *-ir 

A W-i* 


^ 9 m^ t 

»-ir 

W-i 

n - 

r - 

.1 x » _a r' 

j x W-a* 



n-8/'-* 

W-a 

n - 

r - 

2 x n-8f 

2 A *■'r— a* 



n “ r+a C a 

M ~ 

^ + 2x„- r+1( 7 i 



n-r+J-C 

n - 

r + 1 x «-rr 

2 x ^o“ 

-r +1 
1 





[ V 


«ot* ^tfttiPr ^ •prf *fic®r »w sw*! ^j& 
»prtsr w ^r w®r j&ra arwvi ^•rtfwft *mrfa® *fin 
^raint^ 



» »-1 n-2 w-r + 2 w-r + 1 

- x * x —= x.x — -a — x- 

r r-1 r-,2 -2 


n(» - 1)(« - 2 )••••(» - r + 2)(n - r +1) 
r.(r -1 )(r - 2).2.1 . 


i 
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18*8. fefe*3 MJgsafFF 

»*i?%l1 ^10® OT M&«lF* f=rfpf^ =^ 

(i) =3®%t^ (SRt® (ii) >^s5^3 ^«3<g> ^qf=q 

^^131 f=q«fis I 

[To find the number of combinations of n things taken 
r at a time , in wfticA £ particular things always (i) occur and 

(ii) do not occur . ] 

(i) «WC^ MW TO ^C® MW fifft TO W *8*1 I 

®tTO* (« - TO ^T® (r - TO »tol TOt*J 

w «r*t* wfa ^ 'wi *m wiroR* «r®j*fi8 
^fift* 5 ® MW to ^ *8nr mw to-*i*#® n w win 
M w to ®t^i ^itori *tfor i 

.-. ftrft wt*-wxl - n “ p c,-p. 

(ii) wr*, mw to r-wj* to *ferl *tfr® n to* 
wta 8f?i to to® **®tti*, ®t^l % *8t® ^nr «nc^ 
mw to ip mw 881 to *m$*i *t<r i ®T^i 

(« - ^)-*w to* w hw ft8& to i w? <*i§ 

(n - £)-* W TO ^r® MW TO *$*1 ’ift® WtTOlTO TOftffaw 

MW to «itf*n 5R1 1 

.*. ftrf* wfa-WJl ="-pc p . 

18*9. vr*\Z*tFS 5 f^[fe« <a=*5OTtC*t 

MTS«tFJ5 -=j^ ®T^5T1 ^10® ^=Sl*W»*lTl 
n-a^oca^ faqfes* (n-r)-5=i»«l3^5 

^10® s^FTtef-swalTl *1 ^1 1 

[ 77fe number of. combinations of n things taken r at a 
time, is 'equal'to the number of combinations of n things 
taken (n - r) at a time . ] 

MW TO MW TO »flW TOttJ W Wit 
*8r® TO*t* MW TO fi^tR TOt *t*, ®®*t* TPfl (»~f> 
$W .jTOt (growth) *rfWl MW TO 
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TO eferl tffos TOH-TOi n-*KTO TO (» - r)-^ 

TO »ft*1ift* TOtt-TOTO TON I 

• nr — n C 

. . W* ^n-r* 

^ ®w tot Pwtffapfo to toi TOstro, $to *twhj cro 
snro toji tofu TOft-tf mi toi to i 

fro** TOt*1 s § l87TOFflor, __ 

n C r — —~—. 

[r. [ n ~ r 

*rlTO, w C n _ r = --■A 2 —, - ~ s - .—t£— • 

\ \ n-r i n-( n-r) |_«-r \r_ 

• nr' —nr* 

• . ^ r v«-iM 

r = J «W1 r-tt-s ^«(f«, r + i = ». 


Ex. 1. Ow* o/ 15 players in how many zvays can a team 
of eleven he chosen ? 

wrkro toi= 1 *c xl « 15 c 18 _ 1? . = A6 c 4 

15.14.13.12 


1.2.3.4 


*1365. 


ia C lt -TO1 feffpKs TOI fasH*M TOsfB feWR 5 

*raf»P5 m « to ^ wK"t to toi victor i 


Ex. 2. TOM TO: "C, +"Cr -1 - B+1 C, 


12 


L2 


n C r + n C r _ 1 -~|^ f|-r + j r-1 jn-z+I 
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fos - TOrfro * ftrofa ® 


_ [w x (w + 1 ) 

" 1 r - 1 \ n-rxr(n-r+1) 

_ Ln+j _,ti r 
L!1 1 «->* +1 r ‘ 

[ *.* [wx(n + l)» n+ 1 , |r- 1 x r**jr 

W «-rx(«-r + l) = |» -r+1. ] 


18*10. r-v©^r 

[7*o find for what value of r the value of n C r is greatest. ] 

*mranrtfst -c r - ”L”- t.X" - 2 >- ( " - r+?)(« - rt D 

1.2.3.(r- l).r 

.«» nr - W ( M “ *)(» - 2)—-(« - r + 3)(» - r + 2). 

^ Cr “ l 1.2:3...^T(r^2 _ Vr-ry 


n C t .* tt C r _ 1 x 


■» - r +1 


n C r » - r +1 
n C r .i. r 


"^—L 1 *pffc - i) 

T&U5 n (TO 'TO'® TO^TOafTO W fTOl ) 
TO, WR -l) 4* TOW TO^ I W TO, 

f%$ro f ^ («, f^r^ar) to *f% ■'STOTOft ^*rtroft 

l ^ <rrfTO TOh M C r > n c r _ x , *ipr c*$ tot? to 

(-— -1)» l ’fror TOh w *cv < n c r _ t i 

^ r TO^fTO TOTO ”~^ +1 TO TO 1 C^l 

TO* siwi n C lf n C #f n C 8> .... ft C» caflffa *Mft Wl: 

TOP TO* ^TOTO r TO TO|ffe^ -~- r + 1 TO TO W 1 'RPfft TO 

'• . >■ ^ 

TO, Cfift* WfTO TO TOPI: TO *tt^3 TO* l 




ftsrm * wrtt 


BKt 

W — d|* fa 1 1 «% ^ 

f 

w *c r 4 * *rfa f ft sri nt^n ran ^ ^ i 

n c r w — 1 ftft^ > ti ft* * l ^r, 

*|<K, n - r +1 ftft^ > *1 ft**r **, 

^,n + r ftft^>*lft* = 2r^, 

*i<h r ftft^ < *1 ft*-”* 1 ^ 1 

dm «rr$ dft -fc^r *rft® »itw *rfoil r ^ m ftrft 

i 

(i) <*m, <4*ft fji ra*« *rf*t 2m ^ *prft i 

■ . < M ■ ^.S y3r W + 1 2m +1 , , 

2 ”—2 — " w + i- 

.*. 1 m *1% r dfflf *f**T ?fOT CTO ” £ 1 > **• 

.*. r = m~ ” «fftpr^ral "CrdrawRSrtH*^^-;. 

(ii) Rfafa, » draft ^5 ws *tft 2m +1 ” 2 1 

= m +1, 1 m r dBT »PP! ^TfOT CTO ”* * > r - 

f*S,r~m + l T&FI, W ~ r + -«1 1 

r 

*FK W n C OT+1 = ft C TO - ” Ch ~ 1 ^ 

.*. dicro *i<h m draft ^5 ^ *wi ^c*j, r wt ” 2 1 

*1 n “ 1 wr n c r d«* srft wra 1 

”C r dn WW W nC ' w -i :t dpR " c ^- 
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dfflR vpftn <3, n - n 2 1 = n ~ 2 1 * C ^ - 1>C ~;- 1 • 

n O n C n _ T . 


1811 . 



Ex. 1. /« a certain class there are 15 boys. How many 
different football teams can be made out of them when each 
team contains 11 players ? 

15 «R 11 SR I 

^ 5 ^, firfr ww&i 




15.14.13.12 
1.2:3.4 


= 15x13x7 = 1365. 


Ex. 2. Prove that a "C»« 2 "‘ U,5 f 

3n C *■ — - „„ 1. 2- 3.4....( 2w - 2 ) (2n - l).2n 

* " i»l* U? L” 

_ 2.4.6.8....( 2« - 2 ).2», 1.3 .5.7....(2a -1) 
~L5 L5 

_ 2 ’*(1.2 .3....«).1.3.5.7....(2h -J) 

" L2-L5 


2».1.3.S....( 2«-1) 

l» 

Ex. 8. Out of the letters of the word dangerously how 
many words can be formed each containing 3 consonants and 
2 vowels t 

«PP8 "WfSr® consonant-4? 7 >W vowel-4? jr«IT 14. 4??, 
7ft consonant 3ft 4ft vowel 2ft W PtflKW 

ftf’wiw T c # ^ *c a . 

■ consonant MtfR* 3OT* ft*t1OT 

‘C,-^ vowel ftfr PCT * «TO^F : fJS s ^RTl 41? tftpjl vowel 
^ consonant^ffKR* ■ 7 C* x 4 C a . 
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*#K*f fttftfF® 5ft ^rareft «nr rTO ftwcro 

tot [5 to ft^tCT *rfsrR TO i 

••• firf*- 7 c s x *c, x(S - -jp- 3 x *4.^x [5 

-Sx [7 = 25200. 

Ex. 4. jFwd number of triangles which can be formed 
by joining three angular points of a quindecagon and the 
number of its diagonals. 

*twsc«Rr <R-cTO f^ft toHto '<11 Wn. w 

TO-roft fai^s? *ften w 15. 

.*. firf* ftSfSf-TOJl = 15 C s = - 5 j =455. 

y 

wfTO, ^ TOPtsw* ^ft ^ft ^froi ^ «its 

to am toi 

-“C.-^-lOS. 

ft* wrhr toj wpito* 15 $ TO*3 i 

.*. ^WfiRrsr wfa frofa toji = 105 -15=90. 

Ex. 6. In how many ways can a committee of 5 persons 
of whom 2 must be Bengalees , 2 murf fc* Assamese and 1 a 
Bihari, be chosen from a group of 4 persons of each province ? 

y $$ TO TOft *rfcr ® 4 TOT^hi to 

2 sr, 4 sr yp rftro to 2 sr w 4 sr frotffo w 

^r® 1 sr f^tR ^ftr® i 

4 SR tot% TO 3^5 2 wm Mr 4 c. TOR, 4 SR 
W^R5 2.TO* f*TOR 4 C a TOR 4^R w 

1 SfOT WtR *C X TOR Wl TO I 

firf* ^ftft^TOfl = 4 C a X 4 C a X *C t « ^ X y~ X y 

=6x6x4=144. 
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Ex. 6. Find in how many ways a selection of 5 out of 

10 things can be made when (i) one particular thing is always 
included, and ( ii ) one particular thing is always excluded. 

(i) 10(5 w to 

sfefl RRftg 9t5 to j^s 4f5 Wtw 

RR I 

.*. firtr ^^-wji = 9 c 4 =^-|~~-126. 

(ii) * <£TO? ftflTO Rf? CTO 4R* fifft TO 3d *tTO TO 
TOf5 TO^Rl Rt%1 Wt§ 9f5 to 5f5 PrfoR 
I 

.*. ^rsr?rt?r-°c s =-126. 

Ex. 7. A cricket team of eleven has got to be selected from 
13 players of whom only 4 can bowl ; in how many ways can 
the team be formed so as to include at least two bowlers ? 

11 sr CTOtRd® 9^11 ifsiftr® *W5i 2 SR bowler RtiTO 
Rf^TRl CTOtRt^RR CR-CTO 2, 3 RRRl 4 SR bowler 

«tffTOf*!tRr I 

.\ Bowler fStftR *C B , 4 C a *C 4 RTO TO RtR I «TO, 
2 SR bowler fifths i$J&, 11 Wtt R®Ftk3 bowler RtFT RRpll 
9 w ^ M&r °c Q rto tor ^ri rtr \ 

.*. 2 SR bowler sftfl Rsmfcr 4 C a x °C 0 TOR TO RTR I 

3 SR bowler f^tffo Rflftsr, bowler RttR RRptfc 9 TOR TO 

11 TOR Wife 8 SR f^fR 3ffRT® »TO *C e TOR 
TO RtR I 

.*. 3 SR bowler *&R1 CTOtRfa TO 4 C a x ®C 8 RTO ifel TO 
RtR I RtRjR, TO 4 sr bowler «ITfTO. TO«fa *C* x »C, RTO 

*ftsTORtR» 





8 * 3 * 


fife* to ’fter 

- 4 C a x ®C 0 + *C 3 x B C 8 + *C 4 x ®C 7 
-g«c 1+ 4*9HxJ| 

= 6 + 36 + 36 — 78. 


Ex. 8. In how many different ways can 3 prises , owe 0 / 
F.s. 20, one of Rs. 15, and one of Rs. 10, be allotted to three 
boys out of a class of 20 f If the prises were of equal value, 
Rs. 13 each, in how many ways could they be awarded ? 

20 ws{ Tfare* w *t?wrwfrwr ctwj ao c 3 wi Wtr 

1 3 ^ ^ 

3fB 8 p 8 croi 1 

W ft* ft* TOST frorci* ftirf* ’TWi 

- ao C, X *f. - 2 ° 1 2 9 3 18 x |3 - 6840. 


ft$ •prettaftr *R«pu ^ ^ nm 

3ft cwl 1 

.•. vsir»ra ftft* 4ntnr -'jtwr^r fir®*c®Br ctifc *rc«rjl 



20.19.18 

1.2.3 


-1140. 


Ex. 9. Find /ft? number of ways in which (i) a selection,. 
( 11 ) a« arrangement of 4 letters can be made from the letters 
of the word assassination. 

Assassination 6 fifatOT 13ft —4ft s, 3ft a, 

2ft i, 2ft n up« o, * 417 ft 7fi*1 I 

^ wrtPi 4ft *&ri Mr ftirftft® 

«WCTfWrwvn^ti 

(1) *tf*#W7* l dW«W*'l 

(2) ft^jft 4^ 47 ft ft* «r7t* | 

. (3) ^Br $ft i 



&&-TOifaF 




(4) $tft <TOafTO fe aftst* i 

(5) stftftwftftwarroi 

(1) ^cror FtfSfi s »i$si TO '*&$ *mw i 

(2) ufc <?ro stftft s i$cs f®=ift <sr{ f^Rft *o f ^atro 
towi TO i to^S 5 arro ftf®* w ^r® oreft aferl i ^arro 
ftTOra *rf^® ^bf TOc*r 4 torsi* ntefl TO i 

.*. aft Mr-toj 1=2 x 5 *i io. 

(3) uq^ CTO FtfoafTO TOW o, j, i, « $|ft wffal *TO j ( 
wf^s s FtSft <4*^ a fan ft ^rjr^ wtTOfF* ^ft ^TOwi ®i^c® 

*ft*1 a 'Q s $^ft wfiwl Wl ) I <W TOTOT 4 CTO1 TOOT 
-2 <Rt®1 fWtR ^f*£® *§C* *PK TO"! *C B *1 6 TOR TO1 TO I 

.’. ^awr* f=tftR-TOJl = 6. * 


(4) oft 4x10 aTOW TOl TO; afTO 4 CTO1 TOOT 

a^ft *C X *1 4 TOTO fttftR ^%1 TO 2ft TOW TOpfe 5 <2JTO 
'TOT *$C® * C 2 *1 10 aRTO Wl TO I 

.*. ^arTO ftTO^-TOr!=4 X 10=40. 

(5) (i) SITO f*TO* a C 4 *1 IS <2fTO* TOTl TO I TORI 
TOtOTT 6 afTO TOW o, s, i, n, o, * *$Cn® 4ft ftfsa TOW/f^fiR 
TOt® 

.\ ^afTOfiTO*-TOJl«15. 


.*. (RfftftTO^-TOTl-=1 + 10 + 6 + 40+15 = 72. 


(ii) tot*, csrft fwr^r-TOwn ft* w#r® i 

5 TOR csflfr TOf® atcw^ft ftTOOT 4ft TOW Wf*J TOR 
arwfc* fw® ‘ 5 TOt® i 

.*. (l)-^5 ffiTO-TOJl»1, CTO? Stftft TOW ^ afTO \ 
(2)-^C® ftTO-TOJl = 10 X = 40 ; 

Li 


(3)-^C® 

* . 


ftm-wri- 





from * wmr 


8 «> 


(4) -*§F5 flTO-TOJl =40 x J= « 480 ; 

L“ 

(5) -^5 = 15 x [4 - 360. 

.*. Mfe C*tfr Mm-TOfl= 1 + 40 + 36 + 480 + 360 = 917. 

Ex. 10. A railway carriage will accommodate 5 passengers 
on each side ; in how many ways can 10 persons take their 
seats when two of them decline to face the engine, and a third 
cannot travel with his back towards the engine ? 

to *f*, tot c^P'qq. p cto *tlt*i 
q cto* §nf*& *irfhri tfro* tro c*tto ftf**i 

TO I TO TO, 10 TO *Tsfl* TOJ A 5 TO*F $$TO *tff 

§toto ffro w\^ toi* c to** 

fro c*rro ftfirai to«i *ttc* 31 i 

.*. 5 5TTW *tfiror Q CTO «w C *tih P CTO *itTO 

4*«t**f*c* i 

p cto *Pi*t* to toPi& 7 to *tff* tot 4 to ^ 
Q CTO *M* TO 3 TO Mr ’Vfic® S&t* I 

P CTO* TO 7 To *tifr TOT. 4 TO C*-CTO ^TOtC* Mr TOt* 
TO TO Q CTO* TO TOPS 3 TO* Mr TOfo ^C* I 

.*. P, Q c** ^f5* to ftfar «m* Mr-wtI toih <*r ^ 
cro* to Mr *?m *r*» s* *Pm c*-cro »ro Mro ^ cto* 
Mr **1 *ttc* i Mr-totI 7 c*. 

«W, C*-CTO ‘ipp'fif^r* ^*f MTO TOJ*F CTO Wft 5 To 
*t®C^ ^t*TC** TOT [5 «P*tC* TOtRl *T* I 

cro^, P CTO. *t5hr feTOTO* TOST? TOtC** *lM Q CTO 
*1 %%toir*to&? «m* *^ wi *1* *Pi*l ^ cto *taft*1 c*T^ 
[5 X l 5 «f?ft* *fro •tlC*^^! »<W?t* Mto* CTO TOt?T I 


fro ^ Mro* c*tfc toji- 7 c 4 . 



^ 10 ^ *rtsfa ft% mvx 

aitfc wm 

-’C.k^H-^x^kiZ-iZkSkS^ 
= 504000. 


Ex. 11. Eight Indians and six Europeans are candidates 
for six vacancies in an office of which three must he held by 
Indians, two by Europeans and the remaining one by either 
an Indian or a European. In how many ways can they be 
filled in ? 

’arfrora 6f5 to *^t® 3 

®C 8 ^ «ro 6 to 3^t® 2 sr *c a efttw PtftR 

TO*mr i 

«rc®FF eret* , ®t^% *if^® erst* |ferr% 

ftfiwv to'^ sfBiwr *NH 

fWtwr 'Q wk 8 c a x 6 c a cito* to i 

*rrf% ^WffB 5 TOr^hicw *r^J l ®r 
*c x ^pri 4 ^ to i ft% 5 » 

*c x »|jm to i 

.*. ^ mi^ 5 (*c x + 4 c x ) wra to ?r$ i 

.*. w CTifr ^ntOT *rc«m 

= 8 C a x fl C a x ( B C X + 4 C X ) 


8.7.6 6.5 
" 1.2.3 * 1.2 X 


(5 + 4) 


= 56x15 x 9 = 7560. 

Ex. 12. Find the number of different straight lines that 
can be obtained by joining n different points , no three of. 
which are collinear , excepting p points which are collinear. 
Find also the number of triangles formed by joining them . 
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«frs tot <w, ^ww* w cvw 

fiwfe TOs^hr 5w, wf^i fasjBfr m ^ ^?%i *w TOicvrw 
*i«ri b c 3 . 

f%^ *rara% ww ^rwtRTOf ^ ^finn 

*c f -* j«j* TOira«rw *rf^i^ ^^fB^rtu jutoni *itffln i 

. *. effrs fipfjsPi *nr op w ^b* ^p%i *nra*rw nwj\ 

-»C, - »C a +1 - 5^2- ^ - -^f- 1 - +1 • 

*rftW, f^r c^W 1W5$ TOrtW 31 ^c*r fefB feft 

^^1 ^s 5 m CTfl? fsi^F-TOJl 3^5 n C 3 . ft* 

fH w*% ^evW v£i^ ft^Bpj ^ *C 8 -»[^ far** *ftefl 

3t%W31 i 

.*. «r«?sg fasjsft ^a* ^pfinri m toji 

-nr _ Pr _W(W'-1)(«~2) />(/>-l)(/> -2) 

- ^a c s -- £ 5 - 


Ex. 13. A candidate is asked to answer 8 questions from 
two groups each containing 6 questions and is not permitted 
to attempt more than 5 from anyone group. Find in how 
many ways he can make his choice of answering the questions 
fully ? 

«w«Pr erfwft’f w^fB fa w i c^r *r?w^ am 

W 5fB fasifa wW 3fB, toi «k<$j3f vw 4fB 
^fwl, TO1 «m W 3ft W fWhr W 5fB &5OT 
«W f^tR ^faF5 *flw I 

/. «w Wwm cartfr »i«n 

-®C 8 x*C 8 + ®C 8 x®C 4 + ®<; 8 x ®C 8 . 


* M 6.5.4.6.5 6.5 , 6.5.4 M £ 

■ 6x .n3 + o x i2 + E23 x ® 

*6x20 + 15 x 15 + 6x20 
* 120.+ 225 +120 *465. 



808 fowafr? drift's 

eMsfla'Tl XVIII (B) 

1. Find the value of : 

(i) t0 C s ; (ii) 8B C 28 ; (iii) ao C r (r< 15). 

2. If n C B : n ~ x C a =3 : 1, find «. 

3. If 1B C r *= 1B C 3r _ 6 , find r C l . Explain the double answer. 

4. If w P r = 840 and n C r -35, find » and r. 

5. If n P r - 120.«C n _ r , find r. 

6. If the number of permutations of » things 4 at a time is 
the number of combinations of 2 n things 3 at a time as 22 : 3, 
find n. 

7. If n C r denote the number of combinations of n thing r at 
a time, prove that 

«+*/■' —wr 1 4 .9 nr 

W+i ^r+i “ t “• '-'T* 

8. If m = n C 2 , prove that m C s *3. tt+1 C 4 . 

9. Twenty research-scholarships are vacant in an institu¬ 
tion. How many batches of men can be chosen out of 
twentyfive candidates? How often may any particular 
candidates be selected ? 

10. Find in how many ways can 16 books be selected out of 
20 books no two of which are supposed to be the same. 

11. How many different selections of five coins can be made 
from a purse containing a sovereign, a half-sovereign, a crown, 
a half-crown, a florin, a shilling, a six-pence and a penny ? 

12. A father with eight children takes three at a time to the 
Zoological gardens, as often as he can without taking the same 
three children more than once. How often will he go, and how 
often will child go ? 

13. In a boarding house a different set of 5 boarders is 
appoihted in the executive committee every week. If the 
number of boarders be 12, find how many weeks will elapse 
before the same set of 5 boarders will be in office again. 
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14. Suppose 25 clerks are to be appointed out of 
28 candidates of whom 4 are Behari and the rest are Bengalees. 
How many different selections can be made so that none of the 
Behari candidates may be excluded ? 

15. In a municipal corporation there are 20 councillors 
and 8 aldermen. How many committees can be formed 
consisting of 5 councillors and 3 aldermen ? 

16. A certain council consists of a chairman, two vice- 
chairmen and 12 other members. How many different 
committees of six can be formed, including always the chair¬ 
man and only one vice-chairman ? 

17. From 8 Indian and 5 Englishmen a committee of 7 is to 
be. formed. In how many ways can this be done, (i) when 
the committee contains exactly 3 Englishmen, (ii) at least 
3 Englishmen ? 

18. There are 10 books of which 4 are English, 3 are 
French and 3 are German. In how many ways could a 
selection be made so as to include at least one of each 
language ? 

19. Out of 17 consonants and 5 vowels, how many different 
words can be formed, each consisting of 3 consonants and 
2 vowels ? 

20. How many different triangles can be formed by joining 
the angular points of a decagon ? Find also the number of 
diagonals of the decagon. 

21. At an election there are 5 candidates and 3 members are 

to be elected and a voter is entitled to vote for any number to 

be elected. In how many ways a voter chooses a vote ? 

• • * 

. • ■ • 

22. From. 6 gentlemen and 4 ladies, a # committee of 5 is 

formed. In how jmanv wavs can this he done so as to include at 
least one lady ? 
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28. In a group of 15 boys there are 7 boy-scouts. In how 
many ways can 12 boys be selected so as to include (i) exactly 
6 boy-scouts (ii) at least 6 boy-scouts ? 

24. A cricket team consisting of 11 players is to be selected 
from 2 groups consisting of 6 and 8 players respectively. In 
how many ways can the selection be made on the supposition 
that the group of six shall contribute no fewer than 4 players ? 

25. (i) Find the number of ways in which p positive signs 
and n negative signs may be placed in a row so that no two 
negative signs shall be together. What is the restriction on p ? 

(ii) At the Government Budget meeting there were eleven 
speakers, six for the Government and five for Opposition. 
In how many ways could the speeches have been made, if 
a member of the Government always spoke first and the 
speeches were alternately for the Government and the 
Opposition ? 

26. Find in how many ways a party of 10 men may seat 
themselves in a railway carriage compartment which acco¬ 
mmodates five men on each side. 

27. A man has dozen friends of whom he wishes to invite 
3 at a time to dinner on successive evenings as long as he can 
have different selection each time. For how many evenings it 
is possible for him to continue these parties, and how often will 
each of the 12 friends form one of the party ? 

28. Show that the number of ways in which (2 n -1) white 
ball and » black ball can be arranged in a row so that no two 
black balls may be together is 

2M.3.5.(2»-l) 

12 * • . 

29. A boat's crew consists of 8 oarsmen, of whom.-3 can 
only row on one side and 2 only on the other. In how many 
ways Qan the’ cf ew be arranged aiid also the number of ways 

^hey can be. selected. 
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30. How many combinations can be formed of eight counters 
marked 1, 2, 3,4, 5, 6, 7, 8 taking them 4 at a time, there being 
at least one odd and one even counter in each combination ? 

81. How many triangles can be formed by joining the 
angular points of a polygon of n sides and how many diagonals 
tt has ? 

82. Out of 15 teachers and 10 students a committee of 5 is 
to be formed. In how many ways can this be done so as to 
include at least one teacher in the committee ? 

38. Find the number of combinations of the letters of the 
following words : 

(i) Examination 

(ii) Alliteration 

84. (a) Find for what values of r the following quantities 
will be greatest 

(0 10 C r ; (ii) 16 C r ; 

(iii) 2 «C r ; (iv) 

and also the greatest values. 

(b) Show that the greatest values of (iii) and (iv) bear a 
ratio 2:1. 

35. An employer wishes to make up as many different 
parties as he can out of 16 employees, each party consisting of 
the same number ; how many should he call at a time ? In how 
many of these would the same man be found ? 

36. How many letters of the word Subamycin should be 
taken to form a group so that the number of different groups 
may be greatest? In how may of these will the letter 5* 
occur ? 

ANSWERS 

• [gO 
lr i20—r ; 


1. (i) *252: • <ii) 300; (iii) 


2 . 10 . • 


8, 15,35. 



8$lr 




4. 

n«7, f* 4. 

5. 5. 6. 

14. 0. 53130; 

42504. 

10. 4845. 

It. 

56. 

12. 56,21. 18. 

792. 14. 2024. 


15. 868224. 

16. 

990. 

17. 700,1008. 

18. 735. 


19. 81600. 

20. 

120,35. 

21. 25. 

22. 246. 

23. (i) 

196 (ii) 252. 

24. 

344 

25. (i) 

l« lt~” 

Ti'P> n ’ L 

(ii) 86400 

■ 

26. 

362880. 

22. 220,55. 

20. 1728,3. 

80. 68. 

81. 

6 

- 2 l 2L"-« 8S 

!. 10624. 38. (i) 136. 

(ii) 160. 

84. 

(i) 5,252; 

(ii) 7,8,6435; 

(iii)«, ; 

l n [n 

(iv) «, n « 

h n-llw* 

85. 

8,12870 

St. 4,5, 70. 






Sec. C. %P! « *K3FP5 Brfifa 

18*12. fsifesi 5gRg eifefS =3^ 

^=TOl, fe=q=TOT, ••• i^^afr^=TOT 3> l^^ 

^F5=TOt ^s^| 

f=q®ts i 

[To find J/k? number of permutations of n things r at a 

time when each thing may be repeated once, twice, thrice ,*. 

up to r times . ] 

ff-WJ* TO ^C 5 ® r-TOFF TO *1^1 ftTO-’fe W TO 

T&CS r-TOre TO »1^|1 ^TO *p*l TO1 ^ TOTO I TO, ^TO 

cro ct-cto to *raTO, $§TO, feTO,.r-wr* 

TOr *fTO TOTO t®sl Wl TO 1 * 

<w, «m (^ )-to m-*iyOT rtf toi *it^r® *tlw, cwi 

«W*f TOT «-*KTO -faf%x! TOST C^-CTO tTO# TOfa Wl TO I tftTO to 
C*KTO ^ITOTO fWfa TO'Q w-*RTO 4*TO ^31 TO, 

TO*i wr TOi TfPte TOfifa *pTOTO* c^TO erferorot^i 
«ITO TO M * n Tl n s -TOFF %*TO *tff TO1 TO I TO'Q 
n-^TO %*ITCT tf TOl TO TO*l TO m x w x « ^1 w 3 -*KTO 
TO i 

*nps*r 3%-^ITO^r ^ TO *j*f ^f «-^ top TOT* *TO 
TO*T TO*1 TOl TO r-’TCTO "pTO n r -^TO S*ffc* *Jfi Wl TO I 
.*. fa<*fTOfr-TOJl==n p . 

18*13. s raftqE t ffei ^SS^FgjSSa 

i 

[ Number of permutations of things placed in a circle. ] 

fsMra .^rPr® f*f®* to* trot 7 ! m^9\ cro 

■ TOMtft TOft **f**1 c*-*PR 1%ff far ftTO TOfl TO, TOtffr* TOT 
croPra toto <*pf$ «ITO wfro totow *#* 
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n*r-fi*tTOf (clockwise) Wfl *FWfifo TOTOW nfe ^TlMr 
finfhs-fi’t’ffit (anti-clockwise) fiTOsfros <sfe TO ^ I 

to TO 5, c, d, e TOft toi TO , «wr- 

«Prt sRrrore toto to TOtfs TOri to to nfe TOi afire ot 

oftstw TOfin i ^ttoi TO to toTO toto ^grfta 

clockwise nl anti-clowise a-OTOfire <re§ ^%1 TO, "TO 

<$fTOro <TOnf*re toTOto reft nfi^fe to sn TOrai fwt^e 

*TOsi nrre i tot*, ^ *pw nfi* TOl afire TO, sstTO 
finite fro /i, J5, c, £>, £ ^ to to *nrfafi TO*i fTOtre 
TOt*, ^re TOtor* tototo nfe ^ri TOor am to a, reft 
»re nrfe ^ntcf a ^ ^ ^ ^rtr^, 

nNfij a, nTO TOnttf TOfe TOmtctf ^rifiTOw 

TOHntcf TOfe nrfi 1 TOntctf fetc^ i ^sro, ^ ^ firo fifis 

toitoi 

TO fif%* to?t cTO c§t$ *n *#ii ^refiS toi bsft ^rcl 

to, to wfin ^ wwn TOoi fife fiTO nfel TOre i 
cro <re ctoj TO am to a nfer $tin afire ^re *n®fii os^re 
TOrrrei *pk *rn* rera am to a, nfe - afire wfir 
TOtn finfl^fire TOrtwi, w «fft ^t-fiTO ^fe ^re, 

cron TOrrfire W?fi*i TOre ^ fwrre* src*a cto« nr«faj nfMTO 

TOm i 

^rt^, fsWre mfir^ fiTO fiTO TOre ^ar toTOi* 

vref&re fifii <reror rnfirn TOfiS^fire nTOJ n wftta TOft 

TOfl fiTO-n^nrl fiff ^ i 

fTO 5 ^ n-^TOP n^RT I 

[ To find the number of permutations of n things placed in 
a circle. ] 

^TOTre «-TOre w ui^Ffire fe nfficn toPI^ 

(n - i)-*kto nro }W-i-nWf fifi?«mre fisro- TO TO 

, .*.' ficfi fim-TOji»In - 1 . 
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8f&(J | clockwise anti-clockwise^ ii4^K>l TfPf® 

^ ftsrfa ^ wl #rtt*1 f¥? w-*k4t* fafssi 

Wftl <2ff^5 ^trsr (necklace) '"rfsJI *ffal <flPFOT 

%Tn-*K*tTl v n -1 i *nt<r, c^t-; to 

«mc* vsrcfB c»rr»r c^f^pr Ftfaftre «ttw, *t$l fw ^ i 

w? ^Tf^sf^m *rft*rfa^ ^Ttow si s AItoft c^pfto 
'bWot ssw* few i ^mp, wfc c’ft^r 

*rw c’tpf ^p$ ^ <fe s *n?.* ^ ?fe 

LS- 

ifegi $*P3K «-T3Sfa ^fff ^ J1 TftlC o (in a row) «Ufaa TO 

^stsim wfe <#g| fwt*r-*p<tTl [«. qfe, rofe^ *far« 

»-wj* a#r| feM-^^irl m-i. w.n *!TOt 

m 

S&R feTO ^Tfol rn ^fTO c^faatt (linear permuta- 

tion) 9 f^llT R^t-'T (circular permutation) «13f| $*1 I t§fr|TTO3 

m Ex. 3. 4. OH ' 

18*14. ftfew =^C3? nJ'RwiPts ==r^- 

3^p5=3 app^tsi n-3^^135^ aq^ ^?Ts5 iSr 5 ^- 

<SR5f®, ^fS, f%=tfS,.n-^eHrefe *1^® 

C=rfe 3=TS^fe-o^^^lT| 3^5=*, 

sspatsq ta=aj3^fstgl ^>ife*a 

^Sj q-^^TF^s ^g, 

iSFsjsKSrt^tel ^ifes^ =51® =3«VfR | 

[To find the total number of combinations of n things 
taking anv number of them from 1 to n at a time when p of 
them are alike of one kind , q of them alike of a second kind t 
r of them alike of a third kind and so on.] 

to 4% **wji n. w*rr /*-*k*ipf <wt^hi 4$ ^t%a, g-wre 
crpiR <rs r TOre to «rf%* ^wtfa i 

um, to ^ns «nns -i^tsprUf f^tR ?%*r 

**far TOt»fe (p +lRm R1%* fMtwr wi 
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^*1, TOro1%r$ ^fi> ^?flrai, TOTOf*rre ^fwl, TOTOf%re 

fef& .TOrofaro p-n^p? w qtfrrc *iTRr w toto%^ 

^f®k w* sri «itftro *ftw i 

g-*R«&* wft (g + D-^W ftf%* tntTC 

fMtw ^1 I 

*WI, (/> + 1)-*R«IJ* $*ttOT «fC^fe (g + 1)-*TC*T* 

ftRm ^*trm toI ^tsi />-wre <w g-w&* ^ 

(/> + l)(g + i)-*rc<r? ^trra toi tt?t i 

h^, g-*RW, r-wre w®f*r art (/>+1) 

(g + l)(r + lj-wre tnta fito=r toI Tft i 

diwf^ ^>q «if^w ^ <itfar*r «raps*r ^Rirrw 
fitfwwr alt fc*ffa to, ^1 ft# toi i <w Wteasr fi1%» 

^*mr owi *rft, (/»+ i)(g + i)(r+1). wj* i ^ 

(£ + l)(g + l)(r + l).WTl TO1 fWf"F5 fc*ft m W a 

Mra to ^T^n *5 ?rft Mh 

^rtr^, ^irt^ ^Prai 

C*T|fr TOtiW'til - (p+l)(q+l)(r+1).-1. 

p + q + r + -• — w ^f^Tl ^ fi-WFF TO fonffc, 

—n-*mreft ®fori nffcs att *m\m wji 

- (1 +1)(1 +1)(1 +1).n-?K«ire fcvrrro -1 

= 2 n -1. 

*I<K "Cl + "Ca+ n c 8 + * **+"C«-! + "C B • 2" -1. 

18*15. fefes ^rc^i f-q^f^l | [Divison into Groups] 
m+ir^e*t5=3s =^£=*s m-^S^tF** <a^2. n^^ll^s ^R&- 
=PTS(%o ^fS =^3s fefe g l^RSCT =^«ri 

stfn i 

[ To find the number of ways in which (m + n) things may 
be divided into groups.of m and n things . ] 
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sgft’iS w-TOFF TO ^fTOT 

toto^toiji m+n c m wr ww m * w c m tow fMlw *fio® 

toi *rf^r, ^ m-roj* to ?t®to Mw wi to, 

®>®TO a-TOT* TO TOftfc TO¥ W ^ w-^TOF 

to *fert vtoR^ ’ilS 1 ® ^r® ntcsu «w ^stw 
>tf^® ftffa , TO TOl TO TOlfl TO TOjI 


_ «+»/"• V 1 — 

— Ul/i ^ X —- 


jm + n 

]TH]U 


<5&& i ^ t»=« ^r, *w-wi* TOfifti i 

^®TO, <£ TO # S R TOT TO '«TO ^filOTO s^p <T^t^ *WTO 

*fW1 mfcx 5{1 i ^ft, TO 2m-WFF TO $|R TOT TOI 


TO TO TOtt »TW1 



[2(lm) 3 


<5 ^JI RTOtN 5 *T3iiTO TOTO* £fcTOt WT I tf? m + » + /> + <? 
TO-*K«lTl TOfapCT m, n, p,qm ftftfc FffaR lfTO TOl TO, TO 
TOfa TO^UI ^T, 


; m+n+p+ac m x "+*+«C* X » +ff C„ X «C a 




m + n + p + q n + p + q \p + Q |ff> +J* _+ / > + <7 

|« + P + <? Li? 1 X /* + g l» X L£ X L£ X " L2* L21^ L2 


m*=n = p = q ’TO TO-TOTl 



(4(|m)* 


18*16. ^FteSSPTN^ | 


Ex. 1. /» Aow many ways can 3 prises , owe /or <700$ 

conduct , owo for regular attendance and one for general 
proficency, be given away to 10 boys. 

■ 4TO5T CT-CTO TOre f®^R ^R, ^R Tl 'feR ^TOt 
ntm TOrl toto^ ^ttoR- io toto 10 stot 
owl TO* i *rtTO, frofro 10 «r TOito 

10 *TO RTO* owl *t%T$ TO* 1 CTO^s m Tow srfrwl wtmrcto ®sr 






SB8 

ft*rftRflr m «2,wfa *ftW* *rNl 
sift, toK, «w ^wftft ffat* ^*!tOT *ift^ f%#sr *flrafaft ffat* 
ft*rfore *rc^ wi Tft i *fwbt, ^ $^ft ^ 10 x 10 «io a ft*rtar 
aren Tt’tr® *fl?3r i ^t?r, ^traf^refa *ijrafaft 10 to ft*Ttoi 
<wi *rrre, ^ c?f-c^f ^ ^wfaft «rfe® ntra i 

TOft, csitfe 10 x 10 x 10 = 1000. 

Ex. 2. //ow many numbers not more than 4 digits can be 
formed with 2, 3, 4, 5 f 

§ 18-12 ^spjfEr c*n^ ^ «a*rat^f^r® Rt*if% ?rlt *rf®nri 
*flrcft wrl-fifti wrfa *rc«rl ^tra=4 

®j^ft tt « n n n =4* 

j\s^{i5 *» »» » r » m =4 3 

Flfift » » * » f> =4 4 

.*. *TC*U1 - 4 + 4 2 + 4 s + 4* = -$(4 4 -1) = 340. 

Ex. 3. In how many ways can 6 persons form a ring ? 
Also find the ways in which these persons can be seated at a 
round table f 

fiftfte fwtt-WOI ftfa ^ sJi%^ ftfili 

^T%l 5 frot*RWl ^4$ ^ i 

.*. fim-Wi *15-120. 

^ sro *rf4 «4^ft c^t ct?Rot tffarlra ^r, w 

RftnfsFF %TOI 

'2ftf§® ffotR won = [6 = 720. 

EX. 4. . In how many ways can 6 boys and girls seat them- 
selves at a round table so that no two girls are together ? 

cm®T <4TO*^lRTO Apr *tfe| ^tWsf^re [5. Tl 

120TO*mTFrl?fa I • 

• , . 1 

arts?, fenW 2 ^TfaTO TOJ 1 ’ItPPFl 

6 «r ttPpwtv «fcs«t 6ft rict toifti »w RtProte 

t 
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*rf*ft 9 rff*f r ^ 6src 6ft [6 ti 720 toi 

^tRl I ^t*FF v£|^R 720 TO 

ftnft ^1 m I 

.*. C*ttl> *K«01 =l _5 X 16 = 120 X 720 = 86400. 

Ex. 5. How many different sums of money can be made 

up of the following coins : a rupee, a half-rupee, a quarter- 

rupee, a 10 nP., a 5 nP., a 2 nP. and 1 nP. ? 

* 

7 toot ^ ^ w ^ptoot 

qpl Tl S^TOOT ^51 «I^f% W TOl TO I 

.*. TO* fe f%*i ^f-*rf?RtOT 

>rcTO' 

- 8 C 1 + B C a + 8 C 3 + “C** fl C 5 + 8 C e + 8 C 7 =2 7 -1 -127. 

[ § 18' 14 ] 

Ex. 6. Find the number of factors of 12600. 

12600 = 2* x3 2 x5 a x7. 

em StpRT 3ft 2, 2ft 3, 2ft 5 *$*< ^(5 7 i 

^w#5 ^ ftvftoOT <*ra *1 TOffa ^ 

ftvtrw ifen i w*, to *tRtr® c*, TOR* 5 ftvrto^ 
®T^1 frfar c*tRr*f ftvjlro TOt* ^fwl <**** 

wj* TO totI #it* *rt i 
.-. § 18-14 

=(3 +1)(2 +1)(2 +1)(1 +1) - 1 
=4.3.3.2-1 = 71. 

ft*, ^ TOffir top em *rfa 12600'S *ftfl Rrtf* 

ft vttotoji= 7i-i=7o. 

Ex. 7. Find the sum of all the numbers that can be formed 
with the digits 3, 4, 5, 6, 7 all at a time. 

' 5ft.iftf( 9fj^5 TOTl■« [5 = 120. <1$ 

120ft *tf"t ^^ft* ^ 4^ft ^Ffwl Rrto 3,.4, 5, 6, 7.V& L 
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$cwf5 m 24T!ir^$1 

^ftC4 ! <sNH ’tfr® trfT*K5% mc*w 3 ssp?fB 24 4 'mfc 

24 *rfa, 5 ^fB 24 ^T3, 6 ^f5 24 Tft W 7 ^ff5 24 ^Tfa ^f%FT I 

. ■. 3tPti5% ^t% wi^r 

= 3x24 + 4x24 + 5x24 + 6x24 + 7x24 
= 24(3+4 + 5+6 + 7) 

= 24x25 = 600. 

* 

w, “t^, ^ ^ ^*hi wi^j 

-2TT«J^CTOf = 600. 

.*. wi^r to= 600 x 1 

tf*r^- *» » » »> » =600xio 

» » » »> » =600 x 10 s 

>[^- » i» w « » =600x10® 

if)<R » » » » »» =600x10*. 

<i$ W 5(tOT 3, 4, 5, 6, 7 TO1 -tffcs 5 

I 

.*. fttfa ?ps$ = 600x(l + 10 1-1Q 2 + 10 8 + 10*) 

=600 x (1 +10 +100 +1000 +10000) 
=600x11111=6666600. 

Ex. 8. Each of three dice, which are all cubes , has its six 
faces marked with 1, 2, 3, 4, 5, 6 dots t but the dice themselves 
are of different colours. If the three are cast simultaneously 
out of a dice-box, in how many different ways can they fall ? 

In how many ways will two of the dice show the same 
mark and the third a different one ? 

to to, ^ fW5 m, Tft®ri '-‘pk tot opr «ra^r 
^ wra l, 2, 3,4,5,6ft i 

^ «r frort to ^ 

ntw, &F# ft fa vftvs ^ i 



f*TO 'Q »l^[ 
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<TO d*fi> fro* 5 # to* d*ft <$*r 

*i$*i *rfro to *fsi*i «rtfcf& ^ 6 *to *fffecs to i 

to **, ^ 3fB* to ^*ft* l §^s *s*r ^*1*TO ?®TO i 

4H to d$ nfro toti 6 error *ffw» tot i 
^ to w**fi>* www to* ron c^ft* 6 error to ^ 
^ ^ fifeu ^rf5 erro to i fro >it*n we 
$* error *1ws to i ^d* to $w* ettro erro to* *f^$ 
• TOrl $w* ercro error TO ^^frod^^fS ^ 6 x 6 *i 

36 error *r1%r® TOr i TOT*, d^ ^ $w* d^etror TO* 
*rf§ss stW W* 6 error TO ^ **1 *t* *1%*1 f^rfS ^ cTO 36 x 6 
*1 216 TOW *rf?re TO* I 

^ $t** d*t f^§* T&t d*S ^vfhlfi* f%g ^ 

*$*1 5 * t*fe to* wf* fe*«tror *%ns to*, wi— 

(1) TO Wc*n d** 'e TO f%* (2) TO TO d*? 

'S TOrl 1%* faa? d*S (3) TO TOrl d*f&^ ^ d*S 311*1 %* 
1 

**, d^F CTO TO d<K TOrlS** 1 ffcfts *581 fe*rf*TOt d*S TO 
^ 2 fp%5 ^ ®toi *fwtt$ I -TOf* TOspitt* TO TOrl 

^C*RT 1 fi1%^ TO* *f^5 ^* TO $FF* 1 ^»1 *nffa 'TO 

TOfi 'm fjS TO TO TO*1 TO TO ^W* 1 f^® 5 S5*T ^®fa TO 
$w* to* *i%5 5 error ntro to i to toti i* ^ 

1, 2, 3, 4, 5 WTl 6 d* TO C*-CTO d*^ ftft 1 ® ^T W*TOf 
8%1 6 *TO *fRp® TOT I rorK, TO TOll ^F* d^ #f^5 
TO* 6 *TO TO* *Tf^5 TO $W* f%* ^51*1* 5 *TO *^5l ^ 

W*l*f d^ , 5lw (TO TOrl d*^’ d*N TO f%F 

1^*F) 5*F fiRft 6 x 5 *1 30 *TO *1TO TOT I 

.*. ^ ^F d*^f^^ d*^^ff*f^1%* ft^*^*13 TOW 
*fro *tw *ft*1 ^ fW5 d^stw cvft 30 X 3 *1 90 *TO *ffTO5 
TOM 

Ei. 9. In how many of the permutations of n different 
things r at a time will 3 particular things always occur ? 
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n-*\\m ftM to ^§r® nm to *rf*rai ^to <3 *r*i 
*iTOtnr Mi to Mft *itre wji M ^fro i 

^ w-*KW Ma to Mi to Mft ’tfroi *t%| 

TOft 8 (»-3)-Wre TO ^T5 (r-3)-WJ* TO *tlS<® *ITOfo 

Wl-"" 8 ^-.. 

'-W, M ~ 3 C r _ 8 -WF? «ir®refikr *rM to Mft 

^ «rreref& ^TOf^r Mi to fefB <*iTfore **rk to- 

WlJfe r *&re i 

.*. c*r *ito Mi to Mfi> w® $rrre <®t^ta to&i 

I 3 

= M ~ 8 C r _ 3 = -—””- W ^ >fTOT WtOT fiiwte TO- 

l£_"3 fi-r 

Wl = r. 

.-. fiiroj^is wfa n-m’m froit^T •iron toi i 

' ft 3 

. •. ftwt' *PK*tJl -. — 1 w ~— X |r 

r - 3 [ ii- r •— 

; «~3 _ 

-.„ x r(r - l)(r - 2). 

I W“f 

Ex. 10. In how many ways can n men he arranged in a 
row so that neither of two specified men is at either extremity 
of the row ? 

TO TO, n-WFP ^jfTO TO 5 Mi ^jf%TO I ^ n-W 

<re *tfftr® toM »-*rc«ire Mr 5 ^far® 

c*rc Mi ^ a, b $ mfro ^ «rt*Mr® toM ^ to i 

.*. A, B ^jfwre ^ TOfti (w-2)-TO^ 

M? a-refa ^ Mr® toi Tom 

i4 re («-2HW Mr® (»-2)-TO^ Wl TO1 

Tfo I 

<fl-rem vfj^p %*ftnr a re ^® rem <re Mr® ^$f*R ■ 

^fro b re .TOtni (» - 3 )-toiff Mr® (» - 3 >»wto fe*rftii titr 
jwntir 
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.*. a, b crfs (»-2)(#-3>iim §*rfnr 

(« - 2 )-wf? tt*tc *t* i 

, »rf*t*, (« - 2)-?^w fi^ f^r® A, B & 

^ ^ fi^^PSfe ^f^li (» - 2>w |»jJ2- 

**i *t* i 

.’. A, B *jfere **W *ltfiro w-fi’tfFS 

(« - 2)(n - 3) I n - 2-Wire Wt* ^t*R Wl *fi I 
.*. fWr fwm^^tn-(«- 2 )(n- 3) n-2. 

Ex. 11. A person has the following coins in his purse : 
4 guineas t § sovereigns , 2 crowns and 6 shillings. Find in how 
many ways he can subscribe to a charitable fund. 

c*rt^fihi fi# m wr% fifar *ari i 4ft fifi 

•jQ^n^hr, 5ft *p» s fi^ 'sm tnwrffi, 2ft s^fe* fe* <*wr£hr w 
6 ft fifirc i 

.'. § 18-12 ^trafipfawri 

= (4 + l)(5 + l)(2 + l)(6 +l)-l 
= 5.6.3.7-1=629. 


Ex. 12. In how many ways $2 cards can be divided into 
4 equal groups ? If these 5 2 cards are distributed among 
4 players equally, find the number of ways. 


§ 18*15 ^Rprfcsr 52 *rtfi ^ 

13 «rrfi *fi*i sgfa *firal <2Tlfi^ figrm-wi 

112 

li. (Li 3 ) 4 ** 


^t*T* ttfift c«si»f w wro *sfwl fe^r cqasps; stfiNw 
(ftc’iWs fife* -, ^ cto!* c*rti> fiarfa-*wi . 

L52 


(113)* 


[ § 18-15 ] 


Ei. 18. There are jn things of which 2 n are alike and the 
rest all different ; find the number of combinations of them 2 n 


at a time - 


A 
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3n-^W 4W'<7 2n-*\°\m dRK fit%3 I 

2n-WFF ^f%S( TO *rtn ^5(twl ftpfa TOtTOfsra «iwft ’tfo 
ntf% i ^*nr, *rfind n-wre ftfa* to * 1 * *r* 1 , 2 ,3,....n- 
TO «*PK 2n *K*lTl *p<1 ^fTO Wfsi ^tf% ^Sf% TO 
2»-WTO TO ^F5 «n?l 2n-*T^ TO^V »TO ^TOft TOft 

*tfcl •ftf% I W «4 WtR WOT n C lf n C a , n C 8 ,. B C n 

wrwl^u 

.-. ftrf? tout wi = 1+ *c x + w c a + w c 8 + • •• ■■+ n c n « 2" 

[ § 18*14 *igfTOto ] 


Examples XVIII (C) 

1. A servant has to post 6 letters and there are 3 letter¬ 
boxes in the locality. In how many ways can he post the 
letters ? 

2. A letter lock consists of three rings each marked with 
fifteen different letters ; find in how many ways it is possible to 
make an unsuccessful attempt to open the lock. 

8. There are 4 candidates for the presidentship, one is to be 
elected by the votes of 6 men. In how many ways can the votes 
be given ? 

4. If there be two kinds of balls, red and green, and at least 
6 of each kind ; in how many different ways can a ball be put in 
each of 6 different boxes ? 

5. Find in how many ways can 10 children sit in a merry- 
go-round relatively to one another. 

6. In how many ways can 8 persons be seated at a round 
table so that all shall not have the same neighbour in any two 
arrangements ? 

7. - Find in hoW * many ways can 9 different stones be 
set to form a neckleces. 

8. Show that the number of different factors of 1062347 

^is3l. 
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9. From 3 cocoanuts, 4 apples, and 2 oranges, how many 
selections of fruit can be made, taking at least one of each 
kind ? 

10. In how many ways 22 people be divided into two cricket 
teams to play against each other in a friendly game ? 

11 . If n P r ~ x : n P r : w P r+1 : : a :bc, prove that 

c- -'( 6 - 0 ). 
a ' 


12. If w C r . 1 /a = n C,./ 6 * w C r+ 1 /c, show that 

br-att 
C ab(r - n) 

Find also the value of n, aqd r in terms of o, b, c. 


1 , Show that a *C, r _ (2tt-l)(2n-3)(2n-5).. -(2n -2r+l) 

13. bhow that ^ 1. 3. 5. 7 .(2»-1) 

14. If P r denotes the number of permutations of n different 
things r at a time, show that 


n i+ T? + & + , " + f*" 2 " _1 - 
UL \A 11 [» 


15. Prove that 


**C an : aB C n ={l. 3. 5-*(4n-1)}: {1.3.5-<2«- l)) s 


18. If C r denotes the combinations of n different things r at 
a time, show that 

1 + C,* + C„* + c,*+•••• + C „*-'&■ 

12 L". 

17. Find the sum of all numbers that can be formed with 
the digits 2, 3, 5, 7,9. t 

18. Numbers are formed by using all the digits 2, 3, 4, 5, 6 , 
7 , 8 ; how many of them are odd and how maiiy even ? 

19. How many even numbers each of 7 digits can be formed 
with the digits 2, 3, 3, 4, 9, 9, 9 ? 
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20. How many numbers over million and divisible by 5 can 
be formed with the digits 0, 1,2, 3, 4, 5, 7 ? 

21. Find the number of numbers less than 1000 and divisible 
by 5 which can be formed with the digits 0, 1, 2, 3, 4, 5, 6, 7, 8, 
9 each digit occurring only once in each number. 

22 . How many numbers can be formed with the digits 9, 8, 
5, 2, 3, 4, 3, 2, 5, 8, 5, 2, 3 taken all together, so that the even 
digits may always occupy the even places ? 

23. How many words can be formed with 4 of the letters of 
the word Companies , so that the letters of each word formed 
are in alphabetical order ? 

24. In how many ways can the letters of the word Civiliza¬ 
tion be re-arranged ? 

25. Show that the number of all possible selections of one or 
more questions from 8 given questions, each having an alter¬ 
native, is 3 9 — 1. 

26. Six papers are set in an examination, two of them in 
mathematics ; in how many different orders can the papers be 
given, so that the two mathematical papers are not successive ? 

27. If of (p + q + r ) things, p be alike of one kind, q be alike 
*of second kind and the rest all different, prove that the total 
number of combinations is (p +1 ) (q +1 ) 2 r -1. 

28. Find the number of ways in which n different things all 
at a time can be arranged in which r particular things occur in 
a given order. 

20. There are n letters and n envelopes addressed to 
n different persons ; how many different ways are there of 

sending them each to a wrong person ? 

• • * 

■ • * 

30. In a city there are m streets running north and south 

parallel to one another and n streets east and west also parallel. 

■ • 

Find the number of ways in which a man can travel from the 



N. W. corner to S. E. corner, going the shortest possible 
distance. 

31. Show that the total number of permutations (with 
repetitions) of n different things, not more than p at a time is 

ti(n v -1) 
n -1 

32. If tn parallel straight lines are intersected by n parallel 
straight lines, show that the number of parallelograms so 
formed is 

^ tnn(m - l)(n - 1). 

33. There are n straight lines whose lengths are 1, 2, 3 ••• 
n inches respectively ; show that the number of ways in which 
4 of them may be chosen which will form a quadrilateral in 
which a circle may be described is 

^2»(#-2X»-5)-3 + 3(-l)"}. 

34. If there be m sorts of things and n things of each sort, 
prove that the number of ways in which a selection can be 
made from them is (n + l) w -1. 

35. Show that the number of permutations 4 at a time which 
can be made of n groups of things, each group consisting of* 

3 like things and the rest all different, is 

»(«- l)(«* + » + l). 

36. A boat consists of 2n men, p of whom can row only on 
one side and q only on the other. In how many ways can the 
crew be arranged ? 

37. A person appears in an examination in which there are 

4 papers with a maximum of tn marks for each paper j show 
that the number of ways in which he may pet 2 tn marks on the 

urUnlo Ss 


2 {tn + l)(2m* + 4tn + 3). 
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ANSWERS 


1. 729. 2. 3374. 

8 . 4096. 4. 64. 

5. 362880. 6. 2520. 

7. 20160. 

9. 315. 

10. 352716. 

12. b(c-a)lb*-ca, r- 

o(c-6)/6 ,J -co. 

17. 6933264. 

18. 2160 odd; 2880 even. 

19. 120. 

20. 1320. 21. 154. 

22. 8400. 23. 126, 

24, 19958399. 

26. 480. 28. & 

. \ r 

»• is {ir! + j}-" 

-+W 

l» J 

•a lm+tt-2 

30. 

[m-1 »-l 
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STlTSI 

19‘1. Ivnr ?rfpra ct-ctpi ^ %p|ftSl'« ct "sjsra >il^tro *at^riB 
c«r%* «Wf ^1 <?$ f^r $w§j ^rlw i 

9ff^g >q <tfft*ffwrf^ *ffcre Sir Isaac Newton «ffc ^ 

^rff^r^%tc^ i 

^ «wcnr ^ *j3^T*rr ^%r< ^ ^rwi ^ *wci 
f%H *di*r!wl 4 R<t i 

EtRiB x + a, x+fy, x + c *44* x + d <£& <ipf*i4 '® e t ,| R 

*m ^rwstrc w\ ^%i *rt$ 

(# + o)(# + b)(x + c)(x + d) 

tax* + {a + b + c + d)x a + (ab + ac + ad + bc + bd)x 8 

+ (abc + abd + acd + bcd)x + abed. 

*ffw*r ^nf%^ wot *p*t# i 

*r*r , ®prf 5 rk <^f5 ^ 5%| trt ^fwl 

'W^r ^Rr® ^ i '4*rtR # *ftfB errere ^*tt*rre *rftf 
a, b, c, d wRrsr uw §vrn?r? *rta wft ^%ri i 
W®T #-4^ *ttOT ^riR ^sprrra ^twftal *rtt, to x-m 
4 ^ x 4 ♦nrfs «rt^® <£tcw ^ntw ^5 # «*i 

4fac\4> 1 # 8 -*rcf*F5 wRr nt^re irrfift §vrnre ^r$ 

wftj wi «f^r fWB 3^5 1WB * ^ ^Wk 

3^5 o, 6, c, d 'SWOT w ^5 5%1 

^ WKr WT WfcS ^ WltWOT 

W s&re i$$ x o, &, c, d ^mis^tora $$f& ^qpfc ^f5 
«i^ri ih 3 ^ i jr-^r^r® 9 m^ 

^f5 ^r® x *m a, &, c, d ^ror^OTr c4-c^r RrR 
'aprftk w 3^r® 9f^1 ’ff^s 1 * x-yp if ft a, &, 

c, d w^sjppr i 
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Ex. 1. Or + 2){x + 5)(# - Z)(x -1) 

-** + (2 + 5-3-Ik 8 +(10-6-2-15 -5 + 3)** 

+ (-30-10 + 15 + 6)x + 30 
=^x A +3x a - 15# a - 19#+ 30. 

19*2. n 

(x+a)" <S»f f^fe I 

[ To find the expansion of (x + a) n aiften » is a positive 
integer . ] 

^fRTl ^*Ttif^->raPr® (*+ o)(jr + ft)Gr+ £)■••• 

....(# + tn) *tPf# I 

StPRT ft^f® # + a, # + ft, x + c,....(x + m) <S\$ n-WtT^ 

1 «K®re i$us ^f5 ®%i 

m-wj^ s *i’ptn8 ® c i*p*i i 

#-43 ^56^ 3t® # tt , ^*fT*fre3 «TOT^f5 ^T® 

# »fal *nfr® I 

# n ' x -wf*i® (n - i)-*rc*tre 3§r® wfar w 

«Wt3 f?[® 4? ^ # 3T#t® O, ft, C,.... «2fff® 

4?for '®«IWT^5 I ^®Ht’, # w_l 43 a, ft, c «Fff® 
n^\WFf I ^15x^1 3tf&® 3*3 I # n ~*-?reP|\5 

•Wft (»-2)-WJ* fcvftif* ^C® Wt3J ^ «WW ^ft® # 43S 
^f& ^c® o, ft, c,.... «rff® n-wre *wr®Pra w 

^c® ffl® wFw ^^® &§® i 

^®3ft, #"” 8 43 0, ft, C,.... <2(^t® W-’f^lFF l *PW*l^(C*3 

’[ft® i s * 9 3t3l ^S® 3 * 43 s 

-jr n “ r -’wPi® *fiNri% (»-r>^ #® x 

Wt3T m emat $fh® 43S wfai ^t® a, ft, c. 

«Ffp5 n-*rc*iT*. wrePra ^«rr ^c® 3 ft® r-*rc*u* ww ® e w 
3§r®$$® i .totk, # n ~ r 43.33*1 a, ft, £,.... €^f® n«^ *W3 
3^c® 3®T37 ^ ^fl® »prifc i 

t 1 5 r *Hi , ?fW <! n i 



fvnr 


8t 1 


IHWRT C*W abcd....k. ^ri S n wt I 

.'. (jr + o)(* + &)(.* + c).(* + 4) 

-*• + 5’ 1 ^"- 1 + $,*•-» + -• + S r x"~ r + •••• + $„_!* + S'*. 

s x fW 1WRi« *i?-»r«ji-r f Sa ^tn ^1^5 

fi-wu* ^ ^<5 *fifl *%l iflta *mr* wmr 

fcl - tt C a . . 

a = b = c = — = k, ’srfsl 3 ^, 

5 , 1 * n C 1 0 > 5* a — w Ca® S » S s - n C^a B t ^5Ttf? I 


.*. Or + o) n = * n + ,l C 1 £wr n '' 1 + ”C a a 9 x n - 2 + • •• 

+ n C r a r x n ~ r + •••• + H C n . 1 a n ~ l x + «C n o M . 

«*r, “C*^ fl c a , n c 8 ,.... w c r .... **rtai ^rt^nri *rt 

(x+a)"—x"+nax "' 1 + -S- ^ a f x"~ f 

L“ 

+ D(D-lJn- 2 ) A .., + ,„. 

, n(n - l)(n - 2 )-(n - r + l) flll 

Lx 

+ ••••+na" -1 !+a". 


^ (Binomial Theorem) JTtCT »W 

•TCTOf TtPhrW (* + «)* I 


wrc«fji 

(o + jr) n -a n + n C x a n ~ x x + n C 9 o n "*jr® + •••• 

*f •••• " 4 * JC^m •■• 

«RF5 fPRltll, 

(o + «■)** a* + 2ax + x % « a* + ••• (2) 

(o + x) 8 ■» a* + 3a*x + 3ojt 8 + #® 

« a 8 + 8 C 1 o*“ 1 jr + ®CaO*“ 8 ^ a +•#* (3) 

im i **R *ro «»2 ^6 3*®rs w®i 

r «=w 

(a+ x )** » a*+*C 1 o”" 1 jr + ”‘C 1 a’"“ , jr > +•••■ 

+ m C r _ 1 a m - r+1 *’“ 1 + v> C r a, m ' r x r +•■'•• + *”». m 
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♦fare (a+*) ^fai trt 

(o + *) w+1 - (a + # )[a m + ftt C 1 o m “ 1 * + w ‘C a a w " ■*■ + • ••• 

+ m C r - L d m ~ r * x x r ~ x + m C r a m ~ r x r +..» + jr*"] 
- a Wi+1 + (% + + ( TO C a + m C 1 )o m " 1 jr* + • 

+ ( TO C r _ x + n »C r )o w " r+1 ^ r + ■•» + # TO+1 . 

CTO?^, m C r _ x + m C r - m+1 C r [ § 18*9, Ex. 2. ] 

^§rf°, m C x + l*= m+J -C t 

m C a + w C a =»” +1 C 2 ^asrfft, 

Wf^ TO* 

(a + *) w+1 - a m+x + m+1 C x a m+X ~ x x + TO+1 C 2 a m+1 ~*x* + — 

+ m + x C r a m+x ~ r .x r +. x m+ *. 

4*1*11*6 »-2, 3^ m TO, 6^1 n*4 TO Wl *1^ 

ft=4TOTO^re n = 5^ to to i cwi 

Of, fenwfi »* TOT TOS JRTOrfa TO TO I TOOT, 

» *^*3 WS*tTl 

(o + *)* = a n + w C 1 fl w '' 1 4r + n C 2 a n ~*x 9 + •••* 

+ n C v fl tt “ r **+ •••* + #*. ••• (4) 

ar^J 1. 6*tm «W*I *f*fat* *rft*f* *Hf% (Method of 
induction) TO ** I 

fS^KJ 2. (1) * iff* 6 ! *IW TO ft C 0 , "C^, n C 9 ,.... 
M C r .... n C w C* f^n? TOf (Binomial coefficient) TO 1 

mfas 3. (2) ^ (3) TO ** StpPJT ^ItT®* , 5p*-*TC*lJl 
TO, *WWJ1 TO ^r® l crt i TOs* 

TOW! ft+ 1. 

19 3. 3 Tf«Tfer®i *1*? (General Term) | 

■ (* + <*)" on %f®* IWlf *IOT TOt "C x , 

*fOT TOf "C* 1 <2fT®J* CTO5 *c «iw ’gjTOWI 

k ftt% to& 1 ^ l to i TOh,- ftffro (r+l>TO 




fW fcWB 


^ n c r i (r+i)-^i *n fWw *rrtiw nw 1 

n am r ^ *rft fihrl TOtai R^r <tf-cTO 

*t*r wl toi Rp?fa* (r+i)-^ 
n C r x n ~ T a r frotfro , ®tre Rrfat®r 

a(n"lXn-2Mnrr+l) x „-r a r ^ , 

11 

cTO ftfii cro >rwiw to* o$ TOtn ^Rr$ ^1 
TO *N1 TOt*R CT, o Oft TOF C ora *f^® TO* am # 'Q 
o ort n. 

TOt* (x+o)*nw R^* *rw)ftc* * i» ^2 f’^rt tr+i"“tu 
*T*1 *#« wl Tft *^?T, C^TO *HTO /r+1, 

19*4. ft*Pf fc*T*ltC« (at + a) n ^ f*#5* ^R*ffC< 

"Cj, *c„ *c 8 . n c r . n c n «r toi to to w 

W TOre « 4* *f%i TO* mero C lf C 2 , C 8 ,.... C rf .„.C tt TO1 
TO ^1 TO i o$ ^wfspitre 

(4T + o)“ = jir" + CjO** _1 + C s a 2 * B " 2 +•— 

+ Cra r x n - r + -- + C u x n . 

JUttCST a v£Rf nfarrfc -a ftftm, 

(* - a)• - *• + C x ( - a)*"- 1 + C a ( - a) 2 *"- 2 + C,( - a) 2 **' 2 

+ •••• + C r ( - a) r x n ~ r +•••• + C„( - a)’* 
«** - C i ax"~ % + C/*- 1 - C,a**"-* + -- 

+ ( - iyc r a r x*- r + ■••• + ( -1) B C„* B . 

(x +o) n am(#-a) tt aw «ror ^fror c*wi .TO to &s* 
• Rq f W (j?-a) tt am RngRsro 

¥tww a^fr *rw * 'sptfb ^ aft ft^r TOro *i? 
* cff *nr faro nitw 'BW.iWf to r*»3? toi *135, 
TOt* i 







(# + a) n = x n + C 1 a^ n_1 + C 2 a*x n ~* + C r a r x n ~ r + — + 
C n a n , <s\V3 *[?*? x = 1 «ipr a = x Rrfifc*T ^tWl *rft 

(l+x)"* 1 + C 1 at + C 2 ^ 9 + •■• + C r x r + ••• + C n x n 

-i +m+ «Jsz» x *+... 

L" 

{ n(n-l)(n- 2 )-(n-r+D g.., |f 
Lt 

^1Mr Mttm *m Mr fcw» 

TOTI ^T*Rl1 (a + #) n MM*It*tFIJ(l+tf) n »W 

Mr ^Mf|i fi*iiRwr*r, (i+*) B «« MM 
+ wl?tt i 

"->-{*('- -")r--Kr 



[2 




+ «(«-1 )_(» -2)-- ( n-r + y a r + 
\r_ x r 


-x n + nax 


.-i^ »(»-!) 


a 1 *”- 1 + 



+ w ( w ~l)(”~2)»-(»-r-t-1) 

l£ 


a r x n ~ r + ••• + o n . 


19*5. (a+ x) n MM «m cn nra* 

awpr *RTfir TOR I 

MM ^r® (r + i)-^r *tm ^ *"C r . ^ MM *nr- 
^^ui= w +i. ^rr<, 4 $ MM ci^ (r+i)-wr *tot 
«m ^r® {(»+1) - (r+l)HW^l (« - rHviw *ft 0$ i 
.*. MMci 3 ?^c®(r+i)-®*r<wr(rt-r+i)-®^ *nr i 
.-. M n C r ~*C n „ r . 

.'. (a + *) n «^MMr«W* *ft«(r + l)^nf W ^ am, 

(r +i)M *frt* *nrR i 





fat? 


8*9* 

19*6. (a+x)" *1 pp | 

n ora to ’•Mpttwi (o+*) n 4* v£j-?rf5 qi ^f5 w?<fj <t? 

^rental 

^ ftffa* < t?-^Jl = n + l. TOTfe, ?&C*r tHWI fjl 

I W ^ WT^ <t? I «IPK n 15 ^T, *nr- 

*rc$tri ^5 ^ writ *i? i 

(1) TOCT, TO TO n «i|JB 'W^TOTO2m + l. 

;•. m=K«-0- ^recsr nr-wri (2m+2), s*R«ji i 
.*. (m +1) W *l<h {K« -1) +1} w <W (ro + 2)-^? 
tt(» + i) + i|-^*firw wrS*i? i 

. n_-1 9+1 

.-. totot *tro »(Vi a * x s 

2 

n+1 jh 

UW< *c. +1 a *. X * 

3 

. «-l fl+1 

^ L g_ 

’ IK»-1)|K» + 1) 

, »+l »-l 

< la f«~ 2 r a ■ 

[ fr(n +1) |K W ~~ 1) 

(2) TO rn t n’JJIf ^ = 2 m, :. m- -• 

- 2m +1, ^^5 I .*. W^l *f? 4PK fc*1 (m +1)- 

(| + lW *17 I 


.'. c, 

2 


a* x* 


1“ 


Lin Lin 


a 4 x 2 



197 . (l+x) B «« 



I 


^TO*! «tOT ^- ft C r . TOttTO ^F%S5 

3^C? r tfft TO ^5 3$C9[ n C r «iW TO ^3'? I 



WlOT § 18*10 ^5 ®Ftft n w 5% w M C' n 

if 

4^S « W ^ WT *5^f5 *ICW ^ 4^\ 

>pqt?l I 4$ WtW H C«-i 4TO B C W+J . 

? 2 


19*8. (x+a)" <£19 9^gsj «=lFf | 

^wi wrft, (*+c) n «* n (i + ® ) n - 

.*. wfa*t *itot w *rwftw x n 4tti ««i ^ftr® ^r ^Prai 

(l + ® ) w 4* ftffere *nf *itfife»ft *rmi (*+»)* 

^ ^§4 *nr fift ntfar i 

to ^r, (l + ® j M 4*t r-m 4^ (r+l)-^r vttew 

r, 4 ^ r, HX . 

4*tt, 7V = "C, _ x o r_l #” ~ ,+1 4^ T rtl - n C r a r x n ~'. 

_L»_ 

. r r+x "C r a_ |^[w-r 0 _«~f+i 0 

** T r *"”C t _ a # ** (n " r ’* 

[r- 1 [»-f + 1 

. n-r+1 a „ tn + 1 ,\o^ 

•• Tr+1 -i‘ T ’ "( r - 1 ) * ,T - 

«n® 4 *, x > - wi < r r *fir * 1 * 

| w + 1 _ i) *L > = «mi < 1 ^ i r-4* 4tt$% *rf^® «4? 

(“r “- 1 ) J ** ^ 

W r 4# *|fw0t r 4* 4fal jftj 

#*f 4^ ^ f- + - - l) - 4* JfaWW |t*T *rftH *® ^5 
\ r j x x 

A^f 
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« > r, < 4 $ T lt T a , 7%,.... F r+1 TOft r 4? TO- 
jfar to: *lt^s ?TO TO r 4? TO to - c? 

i -1 j | > 1 sftr? r ^ TO TO? ff%C^ |-~J - 1 j ~ 

<w TO c^TO < i, wr r ^ to fcrote* r 1( r 2 , r a ,.... 
r r+1 ctfk to^s? to to: TO *rr^$ to? i 


r+i 


TO 'TO 


TO =ri I W r *aw TO <wr c? 


(-~-i) » owr TO l to l tom ?tro crt wr r r+1 4? 
TOTOfai 


n +1 
r 

n + 1 


T r+J 4? TO TO ---- - 1 TOftF > TO - • 

" x 


r 

n +1 

a +1 
x 


TOfa > *1- ? +1. 
TOf» > TOr 


» r ^tTO < ?1 * 


« +1 


a 


+ 1 


(i) *|TOtji *?, wf, *nr, ^n-«. 


- + i 
* 

r <ireft to qror* ?tPt TOn, r y+1 «m to r 

TO$m<fl?*!TO^? ^CTOTOp-^- 1) * -l?tol 

TO r r+1 ~ T r ^T? MK tn-Wl ^ (rn + l)-^5? >fTO TO? ^TS? 
I 

w +1 ^ to ?tPr ?n *?, «nr, /> §ro to to i 


(2) ?f? 


+ 1 


CTOTg p *(< TOJl ^Ltl *rc*pf j TOt¥ W r-'Q TO* 

- +1 



8*8 ffafflffi® 

wri ^s r=p r r+1 «(«ffc r, +1 <w 

i 

.*. r* +1 ^ (/> +i)-®*i «n *1* i 

a&tf I (at + o) n (* - a) n m ^ 

Rft& i ^5? fafj®* ^jwwft ft 1 #® i R®*fo 

R^f®* *rc % ^fa® <n®ifb^ *w*ft »R*l 

%*fc* ^R® *rat® ^nprtCT fafa ^ i 

friwPur c?fa to®* RfRw f^i •toftfar ^ictiv, «mrw 
=n ®%i mR® etarrot *rofi® «h® i 

19*9. 3^a:^ 

(Properties of Binomial coefficients). 

(i) (l+x)- i«f^f^aw**raffc-2". 

The sum of the coefficients in the expansion of (l+#) n 
is 2". 

®t*rai wrft (i+x) n «i + c x x+ c a x a +.+c n # w , 

m®w i *ct * «l *rrwl *rr^ 

2 W a=l+C 1 +C a +.+ C n 

-Co + Ci + C. + '-' + C^-^W*!^ I 

.*. RrR 

®r*f*Wt®l C 1 + C 8 + C 8 .+ C««2 n - 1. 

TO n C x + n C a + n C 9 + ■•• + n C, l »2 n -1, 

'Vfa, *JR'w fif«* TO 2&P5 (OTCTtdt X n-*K«6* 

TO »fal *lfifos JPTCtTOfar wtfc *R«m-2«-l. 

.00 «^5t *tro?pg[ TO’trofr 

*K»f^P3t »IVW»[ffel TOt*t I 

In the expansion of (1 + x) n , the sum op tfte a 
the odd terms is equal fo the sum of the coefficients of the 
even terms. 







(1 + x) n * 1 + C x X + C 2 X* + C a X 9 + .+ CnX n , I 

4 %#= -1 

0=1 — C x + C 2 — C a +.+(—l) n C„. 

.’. 1 + C a +C 4 +. sas C l + C 8 + C 5 +. 

-1 x *i^^r *rafr 

= Jx2 n =2 n ~ 1 . 

1910. I 

Ex. 1. Expand (i) (3# + 2^) 7 o»rf ( it) (&x - 33 ?)®. 

(i) (3# + 2y) 7 * (34?) 7 + 7 C x .23;.(3^) fl + 7 C a (2;y) 2 .(3*)* 

+ 7 C 8 (2;y) 8 .(3#)‘ + 7 C..(2y)*.(3^) 8 + 7 C B (2;y)\(3*)* 
+ 'C 0 .(2y)*.3x+'C 7 (2 y y 

= 3 7 * 7 + 7.23i.3 <, .** + jP^'./.S*.** 

+ j •|^2*.y*.3‘.** + j|y2*./.3*.jr* 

+ ™2*./.3*.** + 7.2 ( './.3:r + 2 7 ./ 

=2187a: 7 + 10206**3r +20412**/ +22680**/ 

+ I5l20x a y* + 6046# *y* + 1344#y® +128^ 7 . 

(ii) (i* - 3 yY -f^+6 .(- 3y)\ j)‘ + J^'( -3y) a .( *)* 

+ f^.(-3 y )».(f)* + f-|.(-3 3 ,)*.(|)* 
+6.(-3jr)*.| +(-3j)» 

-»- < ^-» +ls ^* , w- aa27 ^£ 

+ 15.81/.^-6.243/-f +729/ 

. Y^-fr* f y + 3 **/ - 20* V + 135**y* - 486* *31 

+ 729/. 


> 9 * 









Ex. 2. Find (i) the IQth term in the expansion of 




r 



In \1* 

(iO 

The 9th term in the expansion °f -3oJ • 

0) 1 

[24?+ <*RT ftrff TO •Hf 


= »C,.(^) .(2x)» = 1 ^ 0 .| o .2».,» 


= 220 -*’H 4e 

ar 3 ^ 9 . 

<») 



-“C s .(-36)»-(|) 

7 15.14.13.12.11.10.9 o’ 

” 1 : 2 . 3 . 4 : 5 . 67 : - 3 T 


= 6435 x3a T 6 e «=19305a 7 i s . 


Ex. 8. Find the coefficient of (i) x 10 



K b r 


in the expansion 


( 1 \ 18 
x 8 - -A • 

(i) *FT VT, <« (r + 1 )-^ mx xa I 

(r+l)-rn «nr= ' 


xor ° r ^ a 0 “ >r -iQ C a **'" 90 hr-»o-ir 


. ^ (r+i)-^ # 10 

^io.^so-5^ ^ io«30-5r,Tl, Sr»20. .\ r-4. 

. ftrfj_-^- 10 C 1 .o l *-* 0 6« - 





(ii) TO TO, ( x 8 - ^s) 18 (r + 1)-^ TO x X0 *Tfa* I 

^ faffTO (r + 1)-^ TOT» 18 C r -( - ^ 8 ) r -(* 5 ) 18 ~ r 
-( - l) r . 18 C r - 1 >V Jr #0 " ar -(- l) r . 18 Cr^ B °- 8r . 

X 

^ , ^^^ 10 ^rrc^^f3n(1 > ^ ,0 -jr 90 - 8y , 10 = 90-8r, 

Tl, 8r = 80. .-. r = 10. 

• farefwir*Fit — (— H 10 l8 r' _ 18.17.16.15.14.13.12.11 

' * 10 ~ “1.2.3.4.5.67:8 

*43758. 

wf<rfa, (r + l)45f TO #~ 80 «4lf%fC®r, -30 = 90 - 8r 

«l<fc 8r = 120, ^1, r-15. 

.*. ^ #“ 80 «*RT 

-(-1)“.»C„- -816. 

/ 1 \ 8 ° 

Ex. 4. -Fi/ia* /Ae independent of x in ix* - t l • 

*ctto, (jr 8 -^,)ow ftftro (f+i)-^^? 4? frofSr® 

# tfRT 0., 

<*T§ frffro (r +1 you TOT = ao C r .| - j„) r -(^ 3 ) 90 ‘ r 

= (-l)' 9 °C r .# e °- 8r . 

CTO^-£)t (r +1)-TO*f?#-frof«n®, .-. 60-5r*0, «[<kr=12. 
.-.. *-frof«r® ^ (r+1)-^ n? 

/ _ i\n sof 20.19.18.17.16.15.14.13 ; 2 cn7f) 

( 1} * Cia - TZSJttJS - 12597a 

• • * • 

' Ex, 5, Find the middle term of (i) (2a 9 # - by) xo and 

( 1 \*» • . 



Sfetr 




* (i) 4 $ fotfar •TT^rvDi 11. ^srK, varik *t? fkifa r 
4i *f*r i 

.*. fefa *nr» 10 c a (- &30 6 .(2a a *) lo ' B 


10.9.87.6 

1.2.3.4.5 


b B y B 2 B .a 


10 




8 


- - 252 x 32a 1 °# B b B y B 
= - 8064a 1 °& - *y. 

(ii) f4^4 •to-*K4jl2« +1, *rc«ijl i ^wf* 

^SfPT^t *Tf vSJ^pfS v£|?rc ^1 (m + l)-^f I 


.-. fofa *nr=**c n ( - ^ )*•**"-* 


2m 1 i 2 m 

y _ iy ».,^._. 1 .*»-/_ n «. J == . 

^ ^ |» |» * H ^ ^ (jM)* 


/ i \an+i 

Ex. 6. Find two middle terms of I# + - J 

<1$ 2m + 2, S4PN4J1 I WK, *qPf£i 

*(T ^f5 (m + l)-^[ ^ (m + 2)-^T m Ii 

.’. ftpfa (m +1)-^ *T4* an+1 C tt *| ^ J •W a * l+l '’ B 

_ l? w +1 1 ,r" !2 * +1 .- 

jn l n + 1 *" 12 ■*+1 * 


/ 1 v»+l 

|2»+1 1 „ |2* + 1 1 

~=—.r, 7- '. - • 


M + I |M 


2±il2 * 


( J \*n 
X % - - ) ' 


. |4n 

^W( <*«< Us coefficient is ( y yj^ -—)• 



fwr §*r*rrsj 


to - ~ j 4w fifths (m +1)-^ *fc*f # 8r *wfif$ i 

w«i, Ww (w+i)-^r n*r« 4n c,»^--) .(* 2 ) 4 «-«* 

= (— l) m . 4 ’ l C trt *-“ , ;tr 8n ’ _8,ft = (~ l) m .*' n Cm‘% Bn ~ tm ‘ 

X 

.*. 2r=»8«-3w, Tl, 3w =8n -2r. »*IK4«-f). 

/. Rrf* W = (- l) i(4n " r) . 4W C8(4 TO -r) 

4w 

- (-1 


V J ! f(4n - r) | 4 m - f(4w - r) 

“ ( - |(4«- rfli^nVr)' 

• ' 

Ex. 8. Show that the middle term in the expansion of 

(i - *)*« is (-i)». y. -L? L^. (gg.-- 1 ). 2«i». 

Lfl 

(1 - #) an «ii?r (2« + lj-wre «rfe$, wts <4$ 

Rffwr (m +1)-^ *f* i 

-(1 - x) 2n (n +1)-^ *PT 

= aw C n .(-*)« 

s»/_ j\» #»■*/ — n». l*2«3. 4 .5.6.7.8.»*»(2M — !)• 2 m 

LSI* in in 

_ f _ n n ,1.3.5.7. --(2n -1). 2.1.2.2 ! 2.3.2 1 4»"2 1 m < 

; LS LS 

/ _ j \n 1.3.5.7.**» (2 m — 1). 2 f U.2.3.4»»w. #" 

LSI* 

* (— l) n ■ ^ *3.5.7. •••• (2 m — IX 2 n x n 

(M ’ 

Ex. 9. Find the general term in the expansion of 

( x x 

- + ~ J ; ZieMCf $Aow f&af there is no term free from - • 

Rn? *tpft (r+»rwvi *f*r ■ 



&5-TOfjfirc 


8*1* 


frofe TOrft«i *nr= an+l ^(|) r * (f) 2W r+1 

_ 2n+1 C r | # j *(»-*)+1 

ftfrg 3 Tf<t^ c l nCff - 

*rfw 2 («- f )+ i = o ^ r , 

2r = 2w +1, 

■v r«w+i, 

V r > «, f^s , ®t^l , swn 




Ex. 10. Fwd the numerically greatest coefficient in the 
expansion of (i) (1 +x) 12 and ( ii) (5-4#)°. 


(i) TOT 4% <£& (r+1)-^ *tTO ’WlTO 7V 

»W 7V+i. 

^* i , r r+1 - 12 “ r+1 #x r r -~ f x # xr r . 

r r 

^TOrtOT *rwrfire TOTOrM #ittI *aw 

tot froow 


/. r r+x TOTOrm w wp ~~~~ TOitw > ti == l, 

*r<fcy-i TOrfa>^«i,^<h 1 r 33 TTO>*ri -2 l ^4K,2rTOrttF 

< ^1 *13 f TOTf¥ < ti =V- 6|. *HR, f ^5 

^TO6J^°WTO^^^R11 r*6. 

.*. ^ f^Rs* tot *m »i^nr TOTOrft w ^ ^ 


TO*tJTOr 


“C, 


12.11.10.9.8.7 


924. 


1.2.3.4.5.6 
(ii) (S-4*)*-S»( 1 - 4 /)“- 

**WtCTj(l -y|* R«W1 bR|HI 



^ w (r+i)-^ ^ wot r r 'e r r+1 

rtw, 


9-r+l 4x 10-r 4 


r 5 


• * x T,, ’ItWflst faltCT I 


4fl - 4-r 

.*. r r+1 > r r ^wi --c-— ’itRts >^1=1. 


*l<h 40 -4r *Tffi3T > Ti = 5r, ^<fc 9r < Ti -40 
r >TtSTt^ < ^ 

OR^J, r ^<IJ1 4$ ^R, .*. r-4. 

.*. ^ f^Rr w *tm 

mwrft« 5® x • C 4 x (*)«■ = 5 8 k ~® ~ x 4* ~5 8 x 4* x 4* x 126 

* 6300000. 

Ex. 11. Find the greatest term in the expansion of (x + a) n 
when x = J, a * £, n = 10. 

T r * T r+1 WOT(# + a) n iira r-m W (r + l)-^ 

~ n - r + 1 a — In + 1 A a ^ 
r+l r x T \ r lx 

- (y - lV f. T r , [ X, a, n Ifflf ’Plltfl ] 

.•. r r+1 > r r ,^wi (if-i)- >’?!== i. 

\ ~~i »iflrl®> 5 fl “ »rW9 >*l-#. 


w. r >rWa < ^1 -4§. 

r, 4f «lt»M ’TPlte 'WS WJl, .’. r- 4. 

ymt<, 4$ w «nr ><w to 

10.9.8.7 1 1 35 

“ C *‘ 0 •* 1.2.3.4 T*‘ 2* "864‘. 
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Ex. 12. The second, third and fourth terms in the expan¬ 
sion of (x+y) n are 240,720 and 1080 respectively ; find x, y, n. 

to to, (x+y) n wro 

t 8 , 7 * 3 , r t< 


T, =nx n ~ 1 y, T, - *»-y 

LZ 


w r 4 

L2 

. r 8 2* 240 , 

• ' r s "(«-l)y“720"^ 

T a 3x 720 * 

** r 4 >-2)^1080 

* 

(i) c* (2) m\ w ^%i, 

«-5. 


(1) 

( 2 ) 

I, ^1, 4(b-2)-3(h -1). 


r s =5«*y-240, r,-io^y-720, r^-ioyy'-ioso 

*‘ji«48 •••■ (1), x‘y‘=-72 •••• (2), **y>-108 —(3). 

(1)C^(2)TO1 * -i X=$y •••• (4) 

y 

x on ^ TO (1) 4 Cfy) 4 . y=48 ql #f y* =48. 
y=3. (4)^5^1tTOl *TI$ #«2. 

x-2, y** 3 siprc w = 5. 


Ex. 13. // » is any positive integer, show that the integral 
part of { 9 + 4 JS) n is an odd number. 

TO TO, (9 + 4 V5) n W *K"I / TOfrf x. 

I+x-9 n +-C l 9 w " 1 .4^5 + C a .9 w "*.(4 J5)* 

■' + C 8 .9?“ 8 .(4 J5)® + C 4 .9*" 4 *(4 J5) 4 + ?••• (1) 
<sm, .9-4 J5 1 *I 

( v */5 ^ j6i.> 
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. (9-4 J5) n ort to i ^ar« i to TO 

.'. ym 9* - C^’M V5 + C a 9 n ~ a .(4 s /5) a 

- C 8 9 w ~*.(4 jsy + C*9"~\(4 </5)* - »» (2) 

(i) «im (2) cm 

I + x + y * 2(9“ + C a 9 n_2 .80 + C 4 .9«- 4 .6400 + ••••) 

= «<wf5 ipiwjl I 

CTO^, AT W y &rn$ «, feflCT* * + y -1. 

.*. -1 ^ Wfl I 

Ex. 14. If n be a positive integer greater than unify, shozv 
that 4 2n — 15ft — 1 is always divisible by 225. 

^^rfftTO1 = (4 a ) n -15«-l = 16 n -15w-l 
= (1 + 15) W -15»-1 

= 1 +C 1 .15 + C s .15 a + C a .15 s +.15m - 1 

-1 +15« + Cjj.lS* + C 8 .15 s + •••• -15»- 1 
= C a .15 a + C 8 .15 8 + •••• 

W ntft 15 a , TO1fiTOJ I 

4 an -15»- 1 *1^5 15 s 225 TO1 foTOT I 

Ex. 15. If C 0 , C tl C a ,.... C n ar<? /&<? coefficients in the 
expansion of (1 + x) n where n is a positive integer, show that 

(i) C 0 + 2C 1 + 3C a + + (n +1 )C n = 2 n ~ 1 (n + 2). * 

■ (ii) C 0 + 3C 1 + 5C a + •••• + (2w + l)C n — 2 n (w +1). . 

‘ (i) TOfl *tft, C 0 + C* + C s + •••• + C*«2*. . 

[ § i9-9*raprfrc]. 

C 0 + 2Cj +3C 8 + •••• + (n + 1)C» 

.^(C 0 + C x + C 8 + C 8 + •••• +C tt ) 

*• 

■f (C t +2Cjf +3C a ««»■ 4-wC al. 



8^8 




- 2“ +{„ + 2- w( "~ *> + 3»(«-l)(»- 2 ) +.... + „} 

-2» + h|i +(»-]) + (” :AK«r .2) + .... + 1| 

- 2" + w(l +l)"" 1 = 2 tt + w.2 n_1 = 2 ft “ 1 (« + 2). 

(ii) C 0 + 3C A + 5 C b + 7C a + •••• + (2w +1) C n 
*= C 0 + 2C X + 3C 2 + 4C a + •••• + (tt +1) C n 
+ C x + 2 C 2 + 3C 3 + •••• + n C n 
= 2*~ x (« + 2) + w.2 n “ 1 [ (i) ] 

= 2 n ~ 1 .2(w + l)-2”(n +1). 

Ex. 16. If C 0 , C lt C 2( .... C n are the coefficients in the 
expansion of (1 + x) n , prove that 

0) (C 0 + C X )(C X + C *XC> +C , 8 )"«(C n - 1 + C n ) 


(ii) C 0 C» + C X C 

(iii) C 1 a + 2C a a 


(n +1 ) n 

’ [*' " 


C^Cg- 




+ C a C n _ 2 + ~C U C 0 — -fr~7 ~' 

[n\n 


+ 3C * + 




_ I2« — 1 

+ n.C n *=- l -^ZL r L 

,n -1 n- 


(0 C r . 1 + C ? 


...L» + _J*__ [?1 f-f n-r-f-1 

r -1 n - r +1 ! w -r [r in — r +1 


1 _. n + 1 _[n ^ m + 1 

n - r +1 [£ J»_- r “ m - r + i f * 

vwi r i, 2 , 3 ,....» 


c 0 + C x 


n + J.c 


1 


c 1 + c, 

C 2 + Cg 


n + 1 

M-l 

w + 1 
« - 2 


•C 


a 


•c 


s 




fl +1 *+ 
—J—c„. 
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^fwi Swire* ^*1 *rt^ 

(Co + CJCC, + C a )(C a + C 8 >-.(C n . 1 + C n ) 

(n + l) n 


c 1 c 9 c s -..c„ 


m(« — 1)(w-2)—* 1 

C.c.c.- c„. 

(ii) , ®rrwl ^(l+jr) tt «C 0 + C 1 ^ + C a ^ a + — + C w ^ w . 
* <4* *rf**r$ 1 **rft*i*ri$ 




(i+ 1 )“-c 0 + c * + -? + •••• + % 

\ xf ° X x a x n 

C r = C n _ r . .*. r <4* ^ 0, 1, 2, 3,.**1^*1 ^W1 


Co-C fl , C^Cn.,, C a — C M _ 3 ,.. 

• • C 0 C« 4* + C 9 C n _ a + •'•*C n .C 0 

- C 0 a + C 1 * + C a 8 + •— + c n a . 

^1 S*tot (l ±x) n «ipr (l + 4* R^fw** trtro 

*rc*r* *npr i 

.*. fcl(l +^) n (l + -)" l (1 + *) 2 ’ 1 ^ %f^r$ X-^. 

\ x • % 

“t 

*it*t*, K (i + x )* n w WSre x-'q® *kw (l + *) 2n ^ 

jp" 

%fSre * n -*ref*r® *m *w i 

(l + #) 9n ^ R^fSc® #*-*raf®F5 

. Hfl/" 1 _ L?** . 
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(iii) C x + 2C s x + 3C s 4? 9 + •••• + n.C n x % ~ x •••• (1) 

= n|l + (» - l)jr + ** + •••■ +* B_1 | 

*w(l + 

(u:r-c.4*§,*j-:-*& •••• ^ 


<*WM, C x 2 + 2C 2 2 + 3C 8 9 + ■••• + n.C n * 

= (1) *3 (2)4 ’SFU'OT 1 ^ 

- n(l + jr)"- 1 .^ + i )* ^ ^ ^ - 

% „ 4 

- “ (1 + jk}**- 1 4* - off ^ 

4? X — 


<sr<fc (l + 4* fiffere 4 t b ' 1 ^ »RCTr»**i i 



n J2n-_1 2w-1 

l» jn — j "°[ w-1 !n-J 


Ex. 17. (i) If in the expansion of (a + x ) n , A be the sum of 
the odd terms and B the sum of the even terms, show that 

^ 9 -5 8 = (a a -* 9 )". 

(a + #) n W Wft < 0 . <i» **. . *» fffl 3 ?fF® ** I 

^C5r, (o + 4r) B */ 0 + / 1 + / 3 + / 8 + »« + / n «^+ J B 


*PR (a-*)*-* 0 -f 1 .+ / fl -f 8 + »» + (-l) B t n 

*(*0 + ** + *4 + **”) ""(*l + *9 + *« + •“*) 

-A-B. 


. (A + tf)(A-B)~(a + x) n (a-x) n 
,, vf»-£»« (a 1 -*■)•. 
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(ii) If tof t lt * a , t n denote the successive terms in 
the expansion of (o + x) n , show that 

(*o -t a + it- ••■•)* +(*!-*. + /.- ••••)* * (« a + * a ) tt - 

(a + #) M *C 0 o n + C 1 o w " 1 ^+ C a a n ~ a x* + C a a n ~ a x a 

+ C 4 a n ~ 4 # 4 + »» + C , n # , \ 

"*/o + *1 + *2 + + t* + •••• + t n - 

vfliR x ix 

(a + ix) n « o” + C 1 a H ~ x ix + C 2 a n ~ a i a x 8 + C s a n ~ a i 3 x s 

+ C i a tl ~ 4 i 4 x 4, + C B a n ~*i B x s + •••• 
= a“ + iC x a*- x x - C a a n -®* 2 - iC 3 a tt - 3 * 3 + C 4 a M -** 4 

. v» »-x • r 

= *o + ^-/ 2 “ »*s+** + ***-••■• 

“(*0 “ *8 +■ *4 "••) + *(*1 “ *S + *5 - •"•) 

= A + iB. [W + 

5 =* / x — / 3 + / 5 — •••• ] •••• (1) 

(a - %x) n * a* - C L a n ~ x ix + C a a' l ~ 2 i 2 x 2 - C 9 a«- 8 * 3 * 3 

+ Cta n ~*i*x* - C t a*~*i*x a + ••• 
= a tt - i.C x a n ~ x x - C a a n ~ a x 9 + iC a a 1l ~ 8 x a 

+ C 4 a tt "*# 4 - iC B a n ~ a x s - ■— 
“ *o ~ l *i” *g + it g + f* ~ it & - •••• 

* (*o ~ *# + - *•*•) - *(<x - 1 3 + t R - •••*) 

-A-iB, •••• (2) 

(1) (2) «<t '"TfSTSTl «fl$ 

(a + i»"x (o - ix) a ~(A + iB){A -iB), 

’•rtf*. f(a + ix){a - ix)\ n —A‘ +B“, 

(o* + #*)*“(<o _ *t + f *~“••)*•+ Oi~ , t + i t~ 





Ex. 18. If (10 + 3 VH) B "‘p + p, where n and p are positive 
integers and 0 a proper fraction, show that (£ + 0X1 — 0) — 1. 

(10 + 3 »/lI)» = 10» + C 1 .10’*- 1 .3 VII + C a .10“-*.(3 VII)* 

+ C > .10»-*.(3VH)* +. (1) 

= p + = I 

(10-3 JIT) <£& f5 <r^ tPt 1 'fjsc&z i 

( V ^/TI—3-316—- ) 
(10-3 I 

«Wt, (10 - 3 VH) n = 10* - Ci.lO*- 1 ^ VII 

+ C a .10*"*-(3 VII) 9 - C 3 .10 n_a .(3 VII) 8 +. (2) 

(i) (2) cw w ^rfwl *rit 

(10 + 3 VH) n + (10-3 VTI) n 

= 2(10* + C 2 .10*- 9 .99 + C 4 .10 ft_4 .99 a + •••• ) 
^jrafpr i wfo 

*fift I 

•O' ♦ 

p + p + (10 - 3 VII) W * *JPW1 I 

f^S, p ^ (10-3 VII) n «RF5 WV1 ^tOT ^ 

- 1 . 

.*. 0 +(10-3 VH) n=! l» *1, (10-3 VH) n=! l ~ P- 
.*. O' + «(1 - 0) - (10 + 3 vii) B (io - 3 vii)* 

~{(10 + 3VH)(10-3VII» B 
- {10* - (3 VIf)T - (100 - 99)* -1. 

Ex. 19. Prove that the expansion of (1 - #•)* may be. put 
into the form (1 -#)** +3»jf(1 -x)* n ~* 

+ 3 ^- 3 ) ^ ~ x y n . t + . 

«rtft «i - *• - (l - *)•+3*(i - x). 







(1 -# a ) B *{(l - x)* + 3jt(1 - x)\ n 

-{(1 -#)*} n + «{(l -.ar) 8 l n-1 .3#(l - x ) 

+ H( ” ‘ 1) -{(1-*) , P'*.{3^(1 -*)l* +•••• 

= (1 - a') 8w + «.(1 -^) 3n-s .3^(l - x) 

-x)»*-‘.sx\\ - x y +•••• 

ItW 

= (1 - x) 3n + 3nx(l - x) 3 "- 1 

+ - **)»»-* + ..... 


Ex. 20. If a lt o a » ®a» °4 an y consecutive coefficients 
in the expansion of (1 + x) n , show that 

__ + q a _ _?£s_. 

a 3 + a 4 o 2 +0 s 

TO (1 + x) n ft?Rw ( r -1)-^, r-m, (r +1)-^ 

w(r+ 2 )-^*nr i 

cJ 1 ** n C* r _ 2 , a 2 — n C r —i> ®s = C.yj Cr+x* 

. Q 1 _ 0 3 __ n C r - nt _ , n C r _ 

a x + a 2 03+^4 + M ^r-i w C r 4- n C r+1 


• r— a 


B C r 


"Cr-, +“C,_, *C, + *C r ”~ r 


r -1 


r + 1 


n r* 

vr-< 


"C. 



1 +“ 

k 

Kr) - c -( 

1 


, 1 

l+~ 

f- 

■ r+2 
1 

‘♦,TT 

r- 1 , 

r +1 

2r 

—? + 

» + l 

n + 1 

~« + l 





la a 2 "Cr-t 2 *C r -i 

a +-a ** n C + M C ** n — r +1 

°a +0 8 W-i + n£ + n C 

2.*C,_,_2 2r 

»C r _Jl +”"^ +1 ) » + r « + 1 

• fl l „|. °3 __ 2fl g ^ 

a l + a i o 8 +a 4 a 2 + a 3 

Ex. 21. // n r represents the coefficient of the {r + \)th 
term in the expansion of (l + x) n , prove that 

(m + n ) r « »i r + m r ^ 1 ,n 1 + m r _ 2 .w 2 

+ w r .j.H g + + m x .n r „ x + n r . 

(r+i)-^r ^ « r , 

(1 + x) m (r +1)-^ *m *npf m r . 

(1 + #) w = l + m x x + wt a 4r* + m B x* + ■••• + m r ^ x x r ~ 1 

+ m r .x r + •••• 

(1 +x) n **l +n x x + n t x a + n 3 x* + •••• +n r ~ 1 x r ~ 1 

+ n r x r + •••• 

«JFK (1 + ,r) w+tt = 1 + (m + n) x x + (m + «) 8 ^ 8 + (w + m) 3 # 8 + 

+ (m + fi) r .^*f r + 

f%« (1 + x) m+H * (1 + x) ni x (1 + x) n . 

.*. l + (m + w) 1 ^ + (w + n) 9 4r* + (m + «) 8 ^ 8 + ”” 

+ (>» + rt) r # r + •••• 

* (1 + m t x + m a x* + m & x* + •••• + m f - x x r ~ x + m r # r + ••••) 
x (1 + n x x + m 2 4? 8 + n s x 8 + •••• + n r _ 1 x t " 1 +» r ^ r + »v). 

' a ror, # r w ^ 

-■■V. 

wnr 

(m + »),**% + + w r . 9 ,« a + m r _ 3 n 8 + -m. 

+ m x n r ~ 1 + n irt 
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Examples XIX 

1. Expand the following binomials :— 

(i) (x + 2y)\ (ii) (2* + 3 ) s . (iii) (a + x)\ 

(iv) ( a-x )«. (v) (l-2;y) B . (vi) • 

(vii) (2 - | j • (viii) [ax + ^ ) * 

2. Give an independent proof of the expansion of (1 + x) n 
following the alternative method of § 19*2. 

3. Find (i) the Sth term in the expansion of (1 +2 x) xo . 

(ii) the 9th term of (&a - &&) 18 . 

x 

(iv) the middle term of 

(v) the 6th term of ^3x + | ] * 

4. Find the Sth term of (a^b^ - c&b*) . 

5. Write the coeff. of x~*° in ^ ~Js) * 

6. Find the (n + l)th term in the expansion of 

7. Expand (1 + + (1 - Jl-x*)*. 

8. Find the value of (x + J2)* + (x- J2)\ 

0. Find the coeff. of x in [x* 

10. Find the coeff. of x x 6 in the expansion of (2x a - x) X0 . 

; 11. Expand (1 — 2^+ 2^r 8 ) 10 up to 3rd.term. 

12. Find first four terms of the expansion of (1-# + #*)* 
in ascending powers of x. 



(iii) the 6th term of | 
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IS. Find the coeff. o£ x 4, in (1 + x + x* + # 8 ) n . 

14. Find the coeff. of x 10 in (1 + x + r a )( 1 - x ) 15 . 

15. Find the coeff. of jp-C*** 1 ) in the expansion of 

/ 1 \2n+l 

K) • 

( 2 \s»+i 
X + - ) 


( x v\ an+l 

■ + ~j giving in particular the general 
term and the two middle terms. 


18. Find the tehn independent of x in the expansions of 

©(«*•-£)“ ao (*+&•• 

(iv) {x*+2x~ x Y\ 

19. If there is a term independent of x in |# + Ja) * show 

that it is --J 

• Li» L|” 


20 


coeff. is 


. If x 9 occurs in the expansion of [x + ^ J » show that its 


I* 


i K” - P) IK ” + P) % 


21. If the rth term in the expansion of (1 + #) 80 has its 
coefficients equal to that of the (r + 4)th term, find r. 


22. Show that the coefficients of the middle term of 
(1 + x)* n - is equal to the sum of the coefficients of the two 
middle terms of (1 + tf).®"' 1 . 

23. If m the expansion of (1 +*) 50 the coefficient of the 
(3r+ l)th term be eaual to the coefficient of the (4r + 21th term. 

r find r. 
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24. In the expansion of (1 + x) m + n , where m and n are 
positive integers, prove that the coefficients of x m and x n are 
equal. 

25. If in the expansion (1 + x ) 9w+i the coefficients of x r 
and ^ r+1 are equal, find r. 

26. If C 0 , C lt C a —* C n denote the coefficients in the 
expansion of (1 + x) n , prove that 

(i) C t - 2C a + 3 C a - 4C a + •••• + ( - = 0. 

(ii) C± + 2C a + 3 C 3 + 4 C± + *••• + nC n ■* #i.2 w_1 . 

27. If the coefficients of the second ; third and fourth 
terms in the expansion of (1 +x) n be in A.P, find n. 


28. If o, b, c be three consecutive coefficients in the expan¬ 
sion of power of (1 + x ), prove that index of the power is 

—- g — ~ and the number of the term of which a is the 
b*~ac 


coefficient, is 


a(b + c) 
b* -ac 


29. Show that the sum of the coefficients of odd terms in 
the expansion of (1 +x)* n is 2 5>w “ 1 . 

80. The third, fourth and fifth terms in the expansion of 

(x + o) n are 84, 280 and 560 respectively ; find x, o, n. 

% 

31. If P n denotes the product of all the coeff. in the expan¬ 
sion of (1 + x) n where n is a positive integer, show that 

Pn+i Jn + D" " 

32. If a, b, c , d be 3rd, 4th, 5th and 6th terms in the expan- 
• sion of (x + a) n , where n is a positive integer, show that 

5o t 

c*- bd~Zc . 

■' 83. In* the expansion oil (1 + x) mm , tne coefficient ot the 
(4ir+ 3)th term is equal to that of the (2r-5)th term, find r. 
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34. In the following examples find which is the greatest 
term : 


(i) (7x + 2y) 8 °, when x - 8, y «* 14. 

(ii) ^1 + « when x = 3. 

(iii) (2x-3yY» t when * = 9, y = 4. 


85. Show that the greatest term in the expansion of 

(1 + ,#•) 2,1+1 has also the greatest coefficient if x lies between 

n , n + 2 

,-a and-- 

« + 2 n 


36. If two successive coefficients of an expanded binomial 
be equal, prove that the two coefficients immediately preceding 
and succeeding them are equal. 


37. Prove that the difference between the coefficients of 
x r+1 and x r in the expansion of (1 + x) n+1 is equal to the 
difference between the coefficients of x r+1 and x r ~ x in the 
expansion of (1 + x) n . 

38. Find rth term from the beginning and the rth term 
from the end in the expansion of (1 + 2x) n . 


89. If C Q , C lt C a ,. C n denote the coefficients in the 

expansion of (1 + x) n , prove that 


(*') T + T + T + T + 
(iv) C x -2C t + 3C t -*•••■' 


+ JCj; _ 2 W+1 -1 
n+l“ w+I 

2 n 


n +1 


.+ (-l )*-£!!-, 

v ' n + \ 

+ (-!)* 


1 

w +1 
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(vi) C 0 *-C 1 * + C,*-C,* +.+ (-!)• c„* = 0, 

or, (- 1)* ~ | jp according as n is odd or even. 

(vii) (Co+ c x + c, +.+ c n y - !n c 0 +-c, 

+ tn c a ++* w c„. 

oar* os/" 1 94/^ nn+ir* -i»+i __ 1 

(viii) 2C 0+ 2 ->+ ?-,£« +2^,+. + 2_C-._3_.J. 


«+ 1 


/: x \ ^*i . 2C a , 3C 9 , n C* n C ft * 0 

(,x} c; C, C 2 + + »Tl- “2 

(X) C. + WV + av + J T c„»= ( i^ s . 

40. Show that 

(, + i) n =Co(,« + > n ) + c 1 (^ + -„W) 

+ C a | ^r n “ 4 + + » and give the last term. 

v 

41. Show that 

(ra)" - c ° +c *ra +c 4i^y a++c ' (ra)' 


+ •*■• + C, 


I 3x \ w 
n \l-2x) 


42. If n is a positive integer, prove that 

- n 1+x - l+2x t 

1 — C, -r U Q •sr—-r,- - t. /r™-r» + “•* = 0 . 

1 l+«Af ®(l + »;r)* a (l+«^f ) 8 

43. Prove that 

Q+2xy n -2nx(l+x)**- l +??@^x\l +*)»“-* 

_ 2»(2» - 2X2n - 4) ^ + x y n -, 

+ •••• + to (« +1) terms * (1 - x' 










44. If (1 +x + x 9 ) n = a 0 + a 1 x + a 2 x*+ •— + a 2n x* n , show 
that 

(i) o n + a 1 + a 3 +.+ a a » , “3 n 

(ii) Oo-Ot + aj,-.+ c an =l. 

45. Apply Binomial theorem to find the value of 

. (i) (98)*. (ii) ( - 999) 4 correct to 3 places of decimals. 

46. Prove that 2 8w -31»-1 is divisible by 961 for all 
positive integral values of n greater than 1. 


ANSWERS 


1. (i) * 6 + 10* 4 y+40* 6 y a +80* 9 y 6 +80*y 4 +32y 6 . 

(ii) 32* 5 +240* 4 +720* # + 1080* 9 -f 81Q*+243. 

(iii) a 7 + 7a°*+21a 6 * 9 +35a 4 * 6 +35a 6 * 4 +21a 9 * 6 + 7ax *+* 7 . 

(iv) a 6 - 6a*x +15a 4 * 9 -20a 6 .* 6 + 15a 9 ** -6a* 6 +**. 

(v) l-10y+40y 9 -80y 6 +80;y 4 -32y 6 . 

(vi) 243* 6 + 135* 4 y+30* 9 y 9 +*<p‘X*y* +4?*y 4 + 2 ^y 

(vii) 128-224a+168a 9 - 70a 6 + 3S a 4 - 2 g ! a 6 +^ a° - 


(viii) a 9 * 9 +9a 7 * 6 y+36a 6 * 7 y 9 +84a 6 * e y 6 +126a* 6 y 4 


+ 126 ^+ 84^+36 **?+9*£+*l. 
a a 6 a* a 7 a* 


8. (i) 3360* 4 . (ii) J(»«) 42a 6 * 4 . (iv) 252. 


(v) -252. 
]3n 


4. — 120a*6 ls . 


8. 96 C 10 .2 l0 .3* 16 . 


6. (-!)"j^* n . 7. 2(5* 4 —20* 9 + 16). 8. 2(*°+30* 4 +60* 9 +8). 


»>.-1025024a 9 . 10. 215040. 

12. 1 -nx+ n(n +» x 9 ^(j L =M n ± ^x\ 

2 O 

2A 


11. l-20*+200* 9 . 


IK. - 


; 2H+ 1 







1«. x and. ZZL, 1 . 17. ( r \ W ‘+(2* + l)( Jr V”' i 

|f» »+l L» 5+1 x \yl \y/ 

r (2n+l).2n /*\ 8W ‘ a . 

I? W 

.|.(2n+l)2.w.(2«-l)»»(2w -r+2 ) ^, , ^y j"* 1 


.. . .... . 2n+1 -r 2»+l y 

the two middle terms are——,* - » , — r-j* ~ 

: n+l y !«+l * 


18. (i) 8fi C xa * 1B .a n .& 18 ; - ,# C 1 ,6 1, .o 1 ".jr*°. 

(ii) 12096*“ B ,672r 8 . (iv) 59136* 8 . 

21.4. 28. 7. 25. n. 27. 2. 30 . *=1, a*2 f »=7. 38.8. 

34. (i) 11th term. (ii) 4tli term. (iii) 6th term. 


n(w-l) (» -2)*••••••• (w-r +2) j r . t grml . 

«(n~l) (n—2) , «-—(«—r+2) 2 »->+> ** 
.f-i 


45. (i) 92236816. (ii) *996. 







/%w mrrrjr 

foW ft’l't Stitsi 

(Infinite Geometric Series and Binomial Theorem 
with negative or fractional index) 

20*1. G2£t«ft (Infinite Geometric 

Series). CT C# *t*PrWI 5RT, ’JWTCW *kTO9w, 

drifts* cart tor i carl irffaro* fifil TO 
'*firai wtts *ftn ftf *rf%w i 

TOt©* caftv *rofc i TO© wh carl TO5, c*rTO^ *fwwi 
TOfa «irr TOtw* *irte wfto i fas cTO CTO (TOr ^r sro* 
carl? «irr to© tos ©tro w?N carl* *rafr rts i totc* 
TO*1 *rffa sito* carl w famrft* %fa <TO cto % cto 
’ral&ftpfc srcfa carles nfiTO ^r, wtcron i 

«NCT TO*1 l,i, 1, i,A,A,.TOTO carlfs *&*1 

to*itrito$TO* i 

i - i 

‘ carl* *\m y- 2(1 - ^l” 2 "^ 1 - 1 ' 

«r£r*ro ** c*, » wt ^ sfc* hi csh rto *ripmji 
to ert qi c^h ^ carl^r 2 tom ^<h >p?fa i 

n aRtTO *f*^5 Tffm 2 V-X 4$ WWf TO aRtTO TO *TI$TO TOF 
*« ^ .TO §TO® TO*1 TO ^f*TO «ltft I TOTS*, n TO 10, 
*W 2 'n-i 4 * To 2 V ORR ft TO 11 , TO 2 Vi ** TO 2 I 0 

^ TOt&.jjia ^ ^ 2 ® ^ 5rlOT ^n 




totst car% 8 b-» 

tow i caflhi totS tto *nr *$ri toti 2 i*m ^ 
caflhi *ro$r TOfoj 2 l_ x C? cr-cTO («rra) ^ar TSTjl 
*rrft i 

w, ^ caf% 2 TO rtte TO w TOtre cr ^ 

to toi ftrot tw i 

^hi cat^^c^r ^fft-TOTTcr TOttf totto; ftr tot ftw, 

(1) *rf%*ltft (convergent), (2) (divergent) «£IT* 

(3) <?ft®rlWf5f (oscillatory Tl periodic convergent) I 

(1) CTO c# wr w-wre *rm w ste*, rft CTO 
fifii Tift tow ^ftfts 5 ti to, c*\t carte arffertft 

€<sA TC*l I CTTO, 1 + i + \ + ip+ •••• 00 I 

(2) n-m Ufa ^TOn 5 Tfsft T^RTI CTOl CaT%T OTT n-*K*tJT TOT 
CT-CTO ftftfc Tift TC*W TfT ^§T TO TO, ^KT CT$ Catte 

TOWft £3f% TC*TI CTO, 1 + 2 + 3 + 4 +5+ 6+ ••••» 

•rta i 

(3) TOtT, CTO C# «-T«JT TOT n ^T TO »$# 

Ttftr ror rfam to, wr carlte coa^l 

TOT I CTTO, a, -a, a, -a, a, -o,-.« TO I <f$ caffifBT foftlj 
^TO ITPWTO TOT 0 4T* *^?PKTO nCTO c. 

TOtT, <TO TT -2TTO Caft TO$, TfTOWT «MT »-WFF TOT 

f^fcrr cto TTif% TOtcffT toi-TO i c^ to car?! ^ftrtfT ft 

^TOtfr TO1 ftfafT TOft te TOjft^F nt^T^flT Tft$$ Tftfl TO1< 
TO TOW TO*Tfft5 ^ sn I TKT, CTO ^Tlr car% «rf%Ttft ft 
TOTffr, toi ftfr t#to ^ 1TO ^to terror to ^ i 

Tft CTO C«rte *fo «TOW 

cUT^fe Ti*ttTOP (alternately positive and negative) 

TOTOW fcrfw «icto *if TO TO*ti Tprs?r^?, 





WpRTl * tKlITS* car% a, Of, or®, or 3 , or 4 ,-* 4* 

fw^TOTRl **% i ^ c«r%sr «-*kto TO* 5 *fro f 

< l **, V5& 

r o(l - r n ) a ar n 

o = .-.—— -r—• 

l-r l-r l-r 

i_ l nr n w 

f < 1 #i, » TO ^ *TO, r n ^ TO TO r— ^5 ^ 

i ~f 

W w TO§ *fTO ^%1 ^ <:$%* « TO* *TC$* *rfTO 

-— 4* TOfaj ^*5tTO *** *Ffks5 *nft 1 *1<K o, or, or 3 , or 3 ,-- 
1 ^ 

'WFs* car^ft ^c»i r *f* < l ^*, to §*Tsr ^*1 

-—- ^* ?rertt *fi*i *rrf* i 

l - r 


.*. a + ar+ ar*+ar*+ •'••*» 


l-r 


^rr^s -sc^Ts* cA «&i fertw i <£reft $T® *^ro 

f***ft *rfwt* fjfl *fe* i 

*564 - -534343434. 


= *5 
+ *034 
+ ‘00034 
+ -0000034 
+ -000000034 


5 34 34 34 34 

1 io + rood 100000 + loodoood + idoddooooo 

5 + 3i + il + 34 + 34 + -. 

10 10» 10» 10 T 10* 

A + ^ 4 (i +—A. + A-+—L.+....\ 
io io a \ 1 io* 10 4 io # ; 

5 , 34 ^ 1 .5^34^100.5, 34 

iD 16® 1-xfcf 10 10 s 99 10 990 


. 495+34.529 

" 990 990 

l***te*rft* m w«ci* i 


*ft£l#lr®* tot**i 





car% 


8S»i 

* c*r to wit** car^r l w*M 

crofter c*r$ to carfsr *r«# ftfoqt’tj ’reft *tft i 
ft* *rMT4*i wrr® l ^twi ^**4 *%?r if *^hi cafltaft* **•« 
'SRfa $C4 | 

20*2. san«1t*I^5 ^§ft® »«t fiPlPF 

^* ! 1* s 1t^ (Binomial Theorem for negative or fractional 
index). 

* <«r *rf*i 1 ’•rc*w n «wi 

(l + xT-l + nx + H J“rJ) x ° + »(»-1)(» - 2 )*. 

L£ Li 

n(»-l)(n-2)(n-3) 4 

+ [4 * 

+ 3&<+... 00 ife 1 (1) 

\1 

ft*r*r m* n 41 *at« *^*i 3*rM •trir^l* 

4%d cwi =n i « vtn* 41 ^atvi *^:*r 

(1 + *)* ^ ft^ft uwt n ^f& ^T'Q ww *K*tJl (1 + x) n vfBT 

ftfftre *w® cvr* *ftftj JTl *§c®re ^ ^#1 ** 4TO4 

*rr<faj *t*i f*w*fcr4 w *wi t%r*i^ i 

« * 4 * q-rfar* ®k«ij1 (l + *)» 44 ft?f%4 TO^ft 

*tm\ n c lt B c a> w c 8 ,.... w c r «nSft 4 fai *rtft i 

ft*,» to* ti *it** (1 +*) n 44 ft^ft4 to*Pt w 

«pfft4t4i <srrsrai «wt *itft ?n i ***&, « *nt« 41 
*4t** *$c* (i + 4r) n 44 ft?ft4 »rwvi 41 (r + 1 yv* *w n c r * r *t*i 
■sft® *41 *t^c*r ^ 1 4$ cro (i+*)* <47 ft*ft4 (r+i)-*sr *r*r 41 
*rtotvi n* ftftre 4*i * r+1 *T4i <#5 ^ftd 4 * 4 $ 
ftftro *41 

.*. (1 + X)" m *1*1**! *1 tr+l 

- ^ n " ^ - n " 2 > ,, fa mm . l± 1 l r t f to n *1 

OTtwnwi * 11 







^ wzn wife *R-*rct&l-ftcfa* r w$ 4^ft ^tr* 

*RRT? *K*IJI1 ^T5^, n w^i VRI VIT** *$C»[ « - r +1 Wl'Q 

^ *ttw ?ri i ^m, aft c*R^ (l +*) tt *w f^f^r *rrwi 

*rR R<h 4$ 4^fi> caflh fro « 4^ «Rt^ 

^“*rj| *fe*r (l + x) n fa*T«* *ft-wji (n +1) *rR i 


*rMt* f « *r*t«iji sr w (l+ x) n *n faffaro x 4« *rR 

*Rtf *ri (*rR), *rro«tri’ tcr^ni ^r*rp^tr i 

f¥« « ^fir ^UPW <1 WIR *Hf *WI *tfR ^f*PTl jr-v!W i)R 

CTO tjBgl «wl 5to SJI I *-4* srR 4*R^t CT, 

«R *r ot 4^fB c«r% ?*\ i ct< ri fans*, ( 2 Rt*t *itii 

*f»roi c*rwri ^r ^i, ct <r»r fNrtfas sfer) *-4^ *tr 

-1 rfw fas l (-1 < * < l) **, ^ 

f«*fo W *RR TR *hP «rtt* i 4«sft $irtw ctot TTOfS ftltr 

w t&9{ i (1)4 »- -1 ^ x = — x ^pjitOT, 


(1 - x)~ l =\+ x vx* +x a +x* + ••••« *lfa [ See § 20*3 (5) ] 
4<R *ffa x - i *V, (li) 


*R*I* = ^ f 2 + 2^ a + 


. oo 


-,~l t -2 l See { 20 1 (A) ] 

TO *IW -(I-4)" 1 =2 
fon ^ — 2 <*i1^c*i, 

TOW -1+2 i-2 2 + 2 8 + ••••» 

> l 

^tm =(i -2) _1 = - i < i, 


W, #~1 (B) Cv5 ^t^T, 
i»i + i + i + i + •••*°° 

*= -1 ^*rftc*i» 

*-i-i+i-i+i-i+«a 

WRt**!J TO*W 4^<TOWR ( 0 8 2 4*1 W) R^Rcaft 4*K 
CTO C*C3$ TO | 3flT | cw n W WI-^Rl ^*11^ ^ 



Wfa* calf 


wr x-m m 1 w - n w sri <ntWr ^r nm *r?fa cafll ^ 
*im *rW Wo *rl1 4 -fro *z*fe 

TOirfi^l wpr ^r< i 

20*3. enrat«?^te f=^% g *t 

w<-r Ww &nm »ri^tTO *rf*rai towPj <etorl^% 

ftffa *M$ I ftci CTOfa OT'fiRII ifrl I <50$ afOK TOfflFI uqsfo 

ftpfo I <?l^3r2F >fW Pwt<tara ’Tiro ^t?% I 


1. (1 -x) n * 1 + «( -x) + *£*j£—• ( - #) a 

n(n - 1 )(m - 2) / _ n 8 . 

L5 . 1 *' 

+ ”(” ~ V( n -2) - (n-r+ 1) , * r 

if V ' 


oo 


I 


-l- nx+ 2<£li} x 2_2(!L^!>z2) x . + . 

L= LY 

+(-!)>«<”- »< a - 2)-fa-r+j> x .+■ ■■. ^ | 

L t 

2. (l+x)~" = l + (- n)x+ ZHiz^zD x q 

. -n(-»-1)(~« - 2) a 
L2 

+ - , »(-« , - 1 X-»- 2 >“-(-»-r . t 1 -? x r + .... „ I 

ir 

.i — . n(n+l) o n(n+jy(ii+2) * . 

* -12 13 

+(_!)». p(n+lfo* 2)"(n+r.~, *2 x> +....«, , . 

II 





8S8 


^85-irfsaf^p 


3 . (l-x)-' = l+(-»)(-•»)+ -" ( -”- 1 - ) (-*)* 

+ -2). (_*)» +. 

[£ 

+ -»(-«-l)(-»i- 2 )-(-«-r + l)(_ jl .) r + .,. 0.^1 

II 

i , , ft (m 1) o «(» + l)(w + 2) s , 

-lH-ft#+ v 9 # 8 + - '#* +. 

1“ L~ 


+ n)*r. ,l ( w + 0 (» + 2 )- (« + 1 ) jpr + 

lx 




-»l + nx4 


n(n+l) „ a . n(n4-l)(n4-2) 3 


L2 


x a + 


ii 


, n(n+lKn+2)—(n+V-l) . [ . m 

IX 

+ - 1 ( -1 - 1 )( _ 1 r_?) ( _ x y + . 

+ - l£ - - - * 

eo 

-l-x+x 2 -x s +.+ (-l)« , x' , +. 

5. (1 - x)- 1 -1 + ( - 1)( - X) ■( — } (- x)* 

+ -l(- 1 -IX- 1 -2) ( .* ) * + . 

+ zllx i - IK-J_x 2 ht L~ ^ i) ( _ r) , + .... „ ^ 


-l+x+x*+x 8 + 


' + X P +' 


*rt*l 


ajsfaj i (4) (5)4 ^f5 car% up 

^slTTff afliffal +jr. 











r% 


85»* 


6. (l+x)-* -1 + (- 2)x + — 2( ^ ** 

-2(-2-j )(-2-2) . . 

11 

- 2( - 2 -1)( - 2 z 2) :: ^-2- Z + _1) + .... 

1£ 

-»l-2x + 3x 2 -4x 8 + ***+(-l) p .(r+l)x ,, +‘— °° I 


7. (l-x)- a = l+(-2)(-*)+ 2( 2_1) (-*.)' 

.-2I-2-lK-2-2) ( _ ,, + . 

L? \ ; 

-2(-2- 1)(-2- 2>-(~ 2- r +1), y y + ... 

LH 

*»l + 2x+3x a + 4x 8 +. 

+ (r+l)x |, +.. I 

8. (l-x)- 3 -l + 3x+6x a + 10x 8 +. 

+ (£+iKr±2) xP + . 

9. ft+x)' J -1+(-»* + ** 

+ -K->-l)(-t~2) 3 . 

ll 

+ -K-l-lX-l-fl-K-.W + O x T +- 

lz 

. 










drifts 


8«s^9 


10 . (l-«) _i -l+(-lX-*)+ ~^T 2 ~ -“• (—*)’ 
+ zM=±^L-ArJ± ( - x y + . 

,.-K -t-lX-i- 2 )-(- *-r + 1 ). ,_ x y + .... 

I£ 

1*3 ,2 . 1 * 3.5 a 


oo 


- 1 + ir + 2 a^2 X* + 28j3 X 9 + 

+ (-l) 3 r + oo *ft(| 


1 -f 1 x + ^ 3 x 2 + 1,3,5 x 3 + 
4 2.4 2.4.6 r 




+ 


13.5-;(2r-1) 
2.4.6.-”2r 


x r + •••• 




20*4. n s*4®tt^F35 
eirat^l i 

Ex. 1. Fi»rf the first three terms in the expansion of 

(1 +2*)*(1 - *) _i . 

«nra fVfrem * a - j wfsi'5 «w *t% , *%l ^nrl 

+x~bx* + ••••)(! + i* + %x 2 + •••) 

-1+*(1+ *)+**(*+W) +. 

* 1 + f# + §# a . 

x =*002 i x 2 -*000004 w *nr 

iptpnF S*p <Tt5# *9 fwl Mr? 

•* 

5 ^5?rK, x * *002 ’ttwrft *rfai *n«t 

Mr wr *pf 

4®' * ^ * 

+ |? 4 jtori- To *002 W»T I 






car% 


8JH 


Ex. 2. Find the cube root of 126 to 5 places of decimals . 
*R^fT= 126* = (5 3 + 1)*= 5 (l + 

,| u li 1. 1 . 5 .1_\ 

=x 311 "t" ■» i?* “ n r"n "4“ oi co I 


3 5* 9 5 e 81 5‘ 


c . 1 1 1 1 1 J 

3 + 3 5*” 9*5* + 8i 5 7 




5+1.21 
3 3 10 a 


1 2 8 1 2 T 
9T0 a+ 8l‘l0 7 




„ . *04 *00032 . *0000128 
“ 5 + ~3 - 9 * 8l . 

* 5 + *013333 - *000035-— + 0000001— - 
= 5*01329 fptto I 


20*5. I fW n SHTST* 

^wsrrfa a mfscs ^5^ *f*r f^r ^ri 

to wi «*rtr^F i ^ sn i <^R 

toft c^car fw*r ^ *i^f% 'Efnitn ^1 ^ sst^i to or«rtc=ri *tor i 

Ex. 1. Which is the numerically greatest term in the 
expansion of (1 - 7x)~' z ' when x = & ? 

to-tofire *nre to ^tos i to 

(1 - 7x)~' X * 4ft toto r-TO W (r + 1)-TO WTO f r , t r+1 . 

*r+i_ -^-r + 1 /_ 7 \ (4r + 7) 7 28r + 49 
• ■ tr “ \ /x ) 4 r S 32r 

.*. i r+ x > -TOfl < *r,*to, 

Wl 28r + 49 > -'smi < 32r 
^<K, t r+1 > = Wl < * r 
. W>H32r < - W1 > 28r + 49 

**rfK t r+t > - < t r Wl 4r < *= «WR1 > 49 

r < * *W1 > 12*. 





8»lr &fr-TOjfTO ffa’tlTO 

r ^rftrl TO TOSS ^(5 ^9 *lft, 121 ^T3 

*rtcroi i 

r-^ 12 *f% TO»[ TOl* ^ t r +i > tr *W r W 12 

*ktoi ^ *tft wr * r+1 < * r . 

.*. r-uff TO W 12, f r+1 *KK TOW TO f la ^ ft^far 
TO i 


20*6 

* * 

Ex. 1. In an infinite G . P. whose common ratio is less than 
1, show that each term bears a constant ratio to the sum of all 
the terms that follow it. 

TO ITCTOra <3r^r TO a, TOW "TO r < 1. 

.\ CSf%f5 = a, or, or 2 ,— uro $TO n-^T •fo-ar*- 1 

carter n-®* TO* 

= ar n + or" +l + ar ,l+2 +.. 

- or n (l + r + r 2 + r 8 +. <» ) 

ar n 

"l-r* 

._^ caflhr »-®*T or**" 1 1 - r 

ofc carffa to* nrofr* " qr w ** 

l-r 

= <srQ> jr-wi, cto^ towi » to$ =ri <r^ 

TO® <TO I 


.lx. 2. Sum the series 1 + 34? + 54?* + 74?* + •.to c 


to to* car%f&* - s, 

5’-l+34? + 54? 2 + 74?*4-»- » *tf«i — .(1) 


.*. ^4r*4? + 34r a + 54? 8 + — » TOf | 



• M 






c«r% 


83»» 

(l) (2) fwr>r 

5(1 - x) *= 1 + 2x + 2x * + 2x a +. «» I 

= l + j2x^ vg l+x 
1 -x 1-x 

• C_ 1 'h X 

*• (i-*) v 

l+3* + 5** + 7*”+9** +. ■»’#*! 

«(i +x+x*+x* + .. 

+ (2x + 4x e + 6x° + 8x* +. 

= (1 + X + X 9 m + X 8 + .. oo ) 

+ 2jit(1 +2x + 3x* +4x* +. « ) 

= (1 - x)~ L + 2at(1 - x)~* 

[ § 20*3 vf]* (5) ^ (7) ] 

1 , 2x 1 + x 

"l — jr + (1 -x)* “(1 -#) a * 

Ex. 3. Find the first three terms in the expansion of 
(1 + x)^ + .Jl +5a;. 

(l-*) a 

(i± ir^T ± ^ - {(i+ *f +(i+5^)*}<i - xy* 

-(1 +ix -*** + 1+4*- -¥*■)(! + 2x +3**) 

[ ft'sRw «wt fW5 «rcipr ^f»wl vra 


• - (2+* - W^*)(l + 2* + 3*») 

- i b 4x + 6x* + &x + V*’ - W*‘ 
-2 + »£-x+*&*'■ 








to. 

Ex. 4. Find the (r +1 )th term in the expansion of 

1 

S/Ti-si) 1 ' 

V(l-3*)* 

.*. fsfC^^ + l)-^ ^ 

» “ &(" I - *X — $ - 2)—( ~ ~ f +1) .( _ 3 r y 


3r-1 


2 5 8 

« (_ l)arF.SAi 


11 


2.5.8. *••• (3 r - l).3r^r 

‘ y-\£ 

2.5.8. •••• (3r - 1) 

11 


Ex. 5. Prove that a Ja Ja JcTJa to •••• 00 = a*. 

Ja Ja~Ja Ja ja~jalfa •••• 00 *Kl 


~a*J 6 JaJa~JZ"“ 00 *** 

•••• 00 

_ a i+l + i+"" 00 ^_ 0 r-»- a. 

’ •'• a *la7aijT%- “ ’f^- 0 • 0 = 0, • 

Ex. 6. Find the coefficient of x r in the expansion of 






__ (fi + l)(2w + l)(3w + l)—*{(r -1 )n +1} _ r 

“ — - jg , 

LI 

• to, - fa + D(2n +1 )(3n + lMfr -D» + H. 

11 

Ex. 7. Which is the first negative term in the expansion 
of (1 + 2xf ? 

(l+*nr 

w(w ~ 1)(« — 2)■•••(» —r +1) r 

* * i 

11 

^ *fw « +1 > r r <rrre, jriw i 

(1 + 2#)^-<iRrlW^re 5 +1 > r r <4^ sffre Wf*! 

*mPi i 

.*. r > 4\ r = 5 <W *H e ft'3FF I 

.*. (1 + 2#)^* ft'ffws *1? I 

Ex. 8. Prove that the coefficient of x r in the expansion of 

(l-4*)'*«.rJ=L. 

(l£)* 

4W8 fvw ^rrPnr (r+i>-s5J[ *iPt x r ^rcfips 







(r +i)-^ *nr t r+1 

_ zM -IzlXzi z?t±±iZ±Dj - 4x) r 

j> 

M _ njf i‘§»f'‘*“"'(^ ^ ) l 2*r (p* 1 

II 

1.3.5.(2f - 1} „r 

-2>~j7- 2 •* 

_ll{1.3.5. (2r-_ 

cix) a 

_2.4.6.2f.l,3>5.(2 r * 1) r 

575* * 

_ 1.2.3.4.5.6.(2 r- l)(2r) 

- ” (H)* " "" 

(Li) 

.•. ftrfs 

(H)“ 

Ex. 9. Prove that (1 + x) n 

_onfi_1 — Jr , w(w + l)/l-*\ 2 «(«+ 1)(« + 2) 

. _ «(w + lX« + 2) |l-^j » + .j. 









t#VD 

Ex. 10. If y*=2x + 3x* + 4.ff 8 -f 5# 4 +•••• to », express x 
in a series of ascending powers of y. 

y*=2x + 3x* + 4x* + Sx* + •••• « *1% | 

1 + y = l+2^r + 3jr 2 +4^ 8 + 5^ 4 +•••• «> -x)~* 

1 

"(1 -*) a ’ 

1 - jr=(1 +3i) _i 
_ 1 + ( _ i)y+ 

+. » ^ 

-i-*+g» , -s 3 » ,+ .-1*1 

. 

Ex. 11. Prove that 1 + | + + 4 g 12 + •• to » = JS. 

irf¥l^l+4+f4 + r^^ +.. 

4 4.8 4.8.12 

- 1 *M*U.(J,) t Ll|.(i)\.— <* 

-i+■(-»(-»+-=fy=^(p) 

+J il^h) + 









*•8 

Ex. 12. Prove that 

7 .{ l+ n^ + Mn-^ + _ toa>] 

-4«{l + » + ?^+i) + 2&L+WL±^ + . ta „} 

•it- 7 n |i +».^ +“ ( -f^- 7 1 i 

*= S T^ 2 >.*—-K» 

^frfir <rf’H 

4 \ 1 + " 2 + T2 2* 

«(h + I)( « + 2),1 . ^ 

1.2.3 2’ + ^ 

-4»(1 - 1 )-» ~ 4"(i)-“ ^ 4 n x 2"=8". 

•• —-*i, 

.•*,). 

Ex. 13. Prove that the coefficient of x n in the expansion 

* 

of is 1, 0 or -1 according as n is of the form 3m, 

3m-1 or 3m +1. 

r+ *-+** = r^p “ (1 "* )(1 ■■*’)“ 

. *(1 -jr)(l + x* + x* + x° +•••• + ^r 8 ( n *’ 1 >+jp 8n + «« « 

* 1 - X + X 9 - X 4, + X* - X 1 + X 9 - X x0 -f •••• OO 

t I * 

-1 +#* + # 6 +4f 9 + *ffo-(# + .x*+# T + jr X0 + ••••» ®tfo) 

» aft £****, **, *•, I 







wtt^r I 

n-<£l? srfafa W 3m w W 3-«W S5*R x n -£ft 

W-l. 

*rftT* n-4* w 3m-1 n w 2, 5,8, 10. 

wj ^ cafil ^r a , * 5 , # 8 ,.... fiFffa *”-4* 

*i^f«0. 

^ n-4fi w 3m +1 n W 1, 4, 7, 10,.... £fff% Tspff ' 

Wf #»-v£|* >^y| = - 1. 

Ex. 14. Find the coefficient of x r in the product 
(l + x) (1 +4r a )(l +x*)(l +x B )'— to infinity, x being < 1. 

(1 + .r)(l +x*)(l +#*)(1 +x B )—n-*WtR *t#f 

» (1 - *)(1 + *)(1 + * g )(l + x*y—n-*\s$r$ 'S c l%^ W 

“ _ ", f_ x 

l-x* n 1 x an 
“ 1 -~x~ ** 1— x~ 1 -x' 

n ^ jf<1 *&*[, x* n ^ <£W «OT 

fWto to* *ffiw **i Tfcss TO* i 

.*. (1 + x)(l + # a )(l + jt*)( 1 + # 8 )— 'spfhl TO® 

».- 4 -— =(l -x)~ x = 1 +x+x* +x* +•*•* TO® I 
1 - x ' 

.-. jp r i*w f=rc^r »pw— l. 


Ex. 15. Find the value of the series 

«, 5 5.7 ,5.7.9 . 

2 + [2.3 * (3.3 11 + |4.3* + " 1 ‘ 

w ^ 3.5 1 ,3.5.7 1 , 3.S.7.9 1 , 

W = 2 + ^ -3« + IT '3 ■ + [4 3 ‘ + 

. H 2 *+lii. 2 * +MM 2* +;.... 

2+ [2 3 >+ 13 3* 14 3* . 

_, . 3 2 + |.|/2\* + fM|2\» , 
- 1+ 2-3 + T2 t3) *ir\-3) + 



ft ofl# 




Ex. 16. If p be very nearly equal to q, but greater 

than q, show, that s/\~ ( » - $ + ( wTljf a PP rox 'mately. 

p \sm q em p v£|?rc q-4ft sgpRfa p-q 

I .*.(/>- q)-*ft ^5 (p - q)* y (p - q)* eTff^r 

WJ <ft f I 

^ yp ^(p + Q)HP- q )y> J p+9)i { l+P f + t 

^’V ? W+9)-(9-9)» r f t-ly 


1 + 


P-q 


= n(P + q) = n(p + q) + (p-q) 

l _ P-q n(p+q)-(p-q) 
n(p + q) 

_ (n + l)p + (n-l)q 
(n- l)p + (n + l)q 

Ex. 17. If c be a quantity so small that c 8 may be 

neglected in comparison with l a , show that V l + c + */l-c 

3c 2 

*\s very nearly equal to 2 + ^* 

JiTc + «/dc = J-TT + V~ 


1 + 


1- 


-4 


■( 1+ !) 

. [ I s -4® c 8 ^ wi ^iw ^Pm 

. c -^-4ft ^ wi ] 


3 cl 


3 c 1 


1-- + — .^- + 1+ - + - 
1 l 8 : Z 8 1 18 1* 


2 + 


3c* 


4/ 2 




tKim c«r% 




Ex. 18. 

.STuw 





J2 = 

7 f 

. , 1 , 

1.3 1 1.3.5 1 



51 

1 + 10 a4 

‘i.2'l0* + 1.2.3*10 

*ffrcj*psp 





♦ 

-Jj 

l 1+ 

1 + 

U. 

(2\ 9 + 

M-f.(JL\ s + ...A 

5 ' 

10 s 

1.2 

\10 2 J 

1.2.3 \10V J 

7j 

^1 + 

1 J2 


f 2 \» 

"5’ 

2 10 2 

1.2 1 

jo 2 / 




H'-rS*) 


"I 


7/98V i _ 7/50\* = 7 / 
5 \100/ 5 \49/ 5 V 


£ 


50 

49 


} 


l *-f-~ J2. 


Ex. 19. Find the sum of the first (r +1) coefficients in the 
expansion of (1 - xft, 

TOHRT, (1 - xft « p 0 + p x x + p 2 x* + £ 3 * 8 + •••• + /> r # r + •••• (1) 
'srft'fa, (1 — at)” 1 — 1 +x + x* + X 8 + •••• + x r + — (2) 

■ ^ararK, (i) car^OT ww TO 

(1 - -r)^ x (1 - (1 - 

fti (l) *w< (2) cat%w to 

®/ > o + £i + / , * + ^8 +M " + £r» . 

^sm J&i «m (r+i>wr* 9 tm TO; 

^ i . 





(1 - s'-iiKt ’R’f 

„ 1(4 +1)(1 + 2)--(l 4- r - 1) 

- -— ^ 

1 3 S 2r-l 

_ JT 2 2 . 2“ _1.3.5....(2r-l) 

I L 2 *\r 

Ex. 20. Find the coefficient of x r in the expansion of 

(1 - 3# + 6x 9 - l0x s + ---to infinity )^ f when x < 1. 

1 -3x+ 6x*-lOx*+ —• 

= 1 +(-3).#+( ” 3 ^“--* a + ( , t 3 )-(^ (rj) 4r 3 + .... ^ 

*(1 + #)" 8 . 

(1 - lx + 6# 2 -10# 8 + -V ssrffa *tf* f -{(1 + #)- 8 l^ 

-(1+#)-». 

.*. ^=(1+#)“ a -4* # r -4* 

= * (- xy.ir + 1 ). 

Ex. 21. Find the sum of n terms of the series 1.2.3 + 2.3.4 
-+ 3.4.5 + with the help of the Binomial Theorem, 

«rjrscA(f+i)-^^f 

= (r +1 )(r + 2){r + 3)=6x 3 ) . 

- 6 x (i - # r -^ »npt i 

. /. 3*F5 fHTWF *ICW 

■ * * 

-6 * (1 - 4f)-*-ura fajfal «PW w-’R’ITC w 1 !? ’Plfr, 

- 6 x (1 - R'jfi* **'*-«* 

_ 6 x «fiL±ig+JGL±3)-i„(„ + lX«+2)(»+3). 



(•» 




Examples XX 

1. Find the sum of the following series : 

(i) i + # + *V +.to 00 • 

(ii) l+f + $ + *V +.to ». 

(iii) 18-12 + 8-.to«. 

(iv) & + i + \ + ••••••••to «». 

(v) ( ij$ +1) + 2 + 2( *J3 — 1) + •••• to °°. 

(vi) (2 + J3) +1 + (2 - JJ) +.to 00 . 

(vii) ( N /5 + 2) + l+( J5-2) +.to «. 

(viii) J 2 + + 2^j2 + . t0 “■ 

(ix) 30 - 3 + *3 - 0*3 + *003 -.to «». 

m 1 l 3 , 1 . 3 . 1 ' 3 . . 

( x ) 2 2* ^ 2 s 2 4 ^ 2 s 2® .to 00 * 

/ .n 2 5 2 5 2 5 

( X1 ) j *” 3 8 3® ~ 3* 3 s ”3 6 . 00 ' 


(xii) *9, *03, *001,.to «. 

2. Find the G. P. whose sum to infinity is 2 and whose 
second term is 

3. The first two terms of an infinite G. P. are together 
equal to 1, and every term is twice the sum of all the terms 
that follow it ; find the series. 

4. Find the common ratio of a G. P„ continued to infininty 
in which each term is ten times the sum of all the terms which 
follow it. 

5. Find the sum of the infinite series l+(l + o)r + 

(l + a + a a )r 8 +(l+o + a* + a 8 )r 8 +., where a and rare 

proper fractions. 


1 I# 1 1 

6 . If s * 1 + 2 + 2 *+ 2* + terms » find the value °* n 

V * • A 

1 

so that error in.taking the value of‘r is equal to 2 is y^gi^g* 


















7. Find the equivalent vulgar fraction of the following 
recurring decimals by exhibiting each of them as a series 
in G. P. 

(i) *637. (ii) *546. (iii) *02i6. 

8. Sum the following scries when # < 1, 

(a) 1 + 2x +3# a + 4# 8 + 5x l +.to infinity. 

(b) 1.2x + 2Ax 2 + 3.8# 8 + to infinity. 

(c) 2.3# + 5.9# 2 + 8.27# 8 +.to infinity. 

(d) 1-3# + S# 8 -7# 8 +.to infinity. 

9. Find the expansion of : 

(0 (1-*)-. (ii) (1-2*)-*. (iii) vr-i^. 

t 

10. Expand ^ j- ^ ? in ascending powers of # as far as the 
-sixth term. 

11. Show that the coefficient of # ar in the expansion of 


l+# a . 


l-# s 


is 2. 


12. (i) If x be small that its cube and higher powers may be 
neglected, show that 

(1 + #)^ + (l -x)~^ 0l ,, a 
---——-—“ 2 + # + !#*. 

(1 - #*)* 


(ii) If # is so large that —j is negligible, show that 

. Jx* +1 - Jx 2 ^ = - approximately. 

x 

13. If # be small compared to unity, find the value of 
1 + # + *^1 + x 

•wuen .# = *0036. • Correct up to second place of decimals. 
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14. Show that (1 + 4?)(1 + 4? a )(l + 4?*)(1 +x*) . to infinity 

= 1 +x + x* + x* + x* +.to infinity when x < 1. 

15. If y = 3x + 6x*+10x a + I5x 4, + .to «> when x < 1, 

, , , 1.4 a 1.4.7 3 1.4.7.10 . 

show that x = i y-^y> + 3 -^ y» - ^ ^ +.to -. 

16. Show that (1 +x) a 

, , 3x . 3.4/ x \* 3.4.5/ x \ 8 . 

“ 1+ r-ri + r2(r+i| + no (it*) + . t0 ” 

17. When x > 1, show that 


IY - 


tO *». 


18. Show that the first negative term in the expansion of 

19. Find the general term in the expansion of 

vl -34? 

20. Let m r denote the middle term of (1 “4?) ar . Find m r 
and show that, r taking all positive integral values 

l+w 1 + m 2 + m a +.= (1 “4*)”*. 

21. Find the greatest term in each of the following 
expansions : 

(i) (1 + 4?)^’, when 4?»f. (ii) v = - 

(iii) (4 + 134?)^, when 4?* - T V 

(iv) (1-4?)"^, when 4?-|§. 

22. Find the general term (f r +i) m the expansion of the 
following 

m n-W*. (ii) (1-24?)“*.. (iii).(l+*)* 













23. Show that the general term in the expansion of 


_ v 


(1 — jr) a is 


P (P + q)(P + 2 q)» *\p + (r -1 )g} 


x T . 


24. Find the coefficient of x n in the expansion of 

(i) (1 +x + x* +x a + .to «)^ 

(ii) (1 - 3x + 6x 9 - lOjtr 8 +.to oo)^. 

25. Find the sum of the following series : 

(i) 1 + 2. ^ + 3. +.to ». 

00 1+ 4 + 4.8 + 4.8.12 + . t0 “• 

1 , 1.3 , 1.3.5 , 1.3.5.7 , A 
( ) 3 + 3.6 + 3379 + 316.9.12 + . 

(,v) 1 + 6 + n-6« + l'.2T6» + . t0 "• 

, . 5 , 5.8 . 5.8.11 , 5.8.11.14 , 

(v) 1 + 8 + 02 + 81216 + OZlOO + . to “• 

(V) 1 + i + + ----- + r^:Z- +.to oo 

6 + 6.9 + 6.9,12 + 6.9.12.15 10 * 

//..:n i.31 3.5 1 3.5.7 1 3.5.7.9 1 

' (v “) 1 + 2 * 4 + 2.44* + 2A64* + 2A&84* 


(viii) 1 + * • - + --- • ? + i jj? .* +.to 

i + 4 3 + 4<g 3 » +4.8.12 3 # 0 


oo. 


26. Identifying as binomial expansions, show that 
1.3 1.3.5' 1.3.5.7 . 

3.6 + 3.6.9 + 3.6.9.12 + .. 0 4 ne rly ' 

■ « 

7. Find the sum of the' first (r +1) 'coefficients in the 
» 1 

tensions of fl - x'ft. 












wtt^f car% 


28. If = pr° ve that 

PlPan *** P$P 8 »-i + •••••••• + Pn-iPn+2 PnPn+i “* 2 


29. Find the cube of 


1+1. *< + ill x * + L^.7 a + 
3 3.6* 3.6.9 + 


to 00 . 


30. Show that (1 - x)~ x can be expanded in an infinite series 
both as 

l+# + .* ,a +., and - - - * - *-•••• 

x x* % 9 

If x > 1, which of these expansions, if any, cannot be a 
valid expansion of (1 - x)~ x and why ? 

31. Show that 

. 

32. Show that 

x _ x__ 1.3/ .r \ 8 

*Jx + 1 1 +4r + 2 u +x) 2.4\l + xI 

33. If n be a positive integer, prove that 

1 w a « a (n a -l a ) «*(w a -l*Xw a ~2 a ) _ n 

l‘ + 1*.2» “ l’.2*.3 a 

84. Where the series extends up to (n +1) terms, show that 

, nx (ji + 2x)(n-V) (ii + 3jr)(»-l)(ii-2) , _ n 

1 " 1 +i + [2(i+-Fj‘--. i3.(i+#)* + -- a 

35. Find, with the help of the Binomial Theorem, the sum 
of n terms of the series 1.2 + 2.3 + 3*.4 + 4.5 + ••«■••• 

38.. Find.the sum of ».terms of. the series 

1+„+ + . 

1.2 + 1.2.3 











08 fMFfa 


87. Show that the coefficient of x n in the expansion of 
^|^is(-l)»(»*+2« + 2). 

88. Prove that the coefficient of x n in the expansion of 
(1 -9x + 20x*)~ x is 5 n+l -4 n+1 . 


89. If x be small fraction, show that 


(l-*)~*-(l+*) } 2 

(i-*r i -(i+*j ■ 3 


^ x very nearly. 


If x -* *1, do you expect to get the value of the above ex¬ 
pression correct to two decimal places ? Give reasons for 
your answer. 

40.i If b 9 is much larger compared to ac y find the approxi¬ 
mate roots of ax 8 + bx + c « 0. 


ANSWERS 

1. (i) 1; («) 3; 

(vi) 4(5+3 is/S); 

(ix) 27*; 00 If; 

2. 4, 4* vr>.or §, * 

. 1 


8. (a) 


1 


a -*) 9 

9. (i) l+3*+6**+10jr* + 


(Hi) 

104; 


(iv) 4S; 

(v) 5+3^/g; 

(vii) 

401+5 s/S); 

(viii) 2^/3; 

(xi) 

it * 
** • 



(xii) 


8. 


if ts.• 

4. *. 

21 ; 7. 

<«>»: 

/j:\ 181 • 

( 0 330’ 

<«■) 275* 

2* 


(r) 

3*(*+2) 

(fl\ 1— X 

(1-2*)’ 


(1—3*)® r 

{d) (l+*y 

f.. 


(ii) 

1+X+ T2* 

9. 1.3.5 ., 
+ 1.2.3* + '" - ' 

1.2.5 

1.2.5.8 „ 



3.6.9* 

3.6.0.12 

• 



18. 

*97. 

19. 

l0™(3r-2) 

x < 


1 




2t. (i) 3rd and 4th term. 


:ur 

iii) Dth term. ,* - (iv) 17th term. 


(fi) 3rd and 4th term. 








4 J4 


22 (i) n ^ C3»»+1)***'iCf “ 1 ?”“*T ^ x * 

(ii) V-A^ 7 '"'""( 2r—1) v r 

' J l£ 

*, 2.5.8.(3» —1) 1 

24 . (l) -— - '3«‘ 

25. (i) 2\. (ii) 2 3 . 

(v) 4V2-2. (vi) 21. 

1.3.5.(2r— 1) 1 


27. 


If* 


(iii) (-i)^io. 1 A7jr^<3r-l)(I)'. 

(ii) (-1 )*- ■ 

(iii) n/ 3 —1. (iv) Vf. 

(vii) ^n/ 3. (viii) VI- 

20. l+^+.ir a + .t.' s +4; 4 + * 


80. Second expansion, since ^ < 1. 35. $w(»+l) («+2). 


36 . 


j2«-l 

' .. 

l» w—i 


39. Yes, terms neglected are 


27 


and smaller terms. 


c ac^_ 
b “ 6» 



(!C* 


40. 
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Sec. A. 


21’1. C*K3 ’TlTf^ *r<fc W ^TTftf^pi^ 

1%«ft=r 10 , <®r^ 'grnit’r t 5 ^rt*r* i *rW5*i toi 

m srt i «nct tof fwjtw wjfqjro ^n *rw <2f«Pr 

*iWM *rftro *ftr® § 12*4 topiTct 10 toi 

TO I "®rrf%^ TOTfaR csrfafft TOtfTOfl (Napierian 

logarithm) *11 (Natural logarithm) ?TlTO I 

4$ emfrom v. c«i^r -mi 

TO! #ii <rrre i 

e »i+-l + .i+JL +i- + J-+... co 9\^m\ 

■ U LS US 14 IS 

^ car% ^fai * sfe*re ?to?i ^ >i?fa «<rc< 2 * 3 <w 
TOTO& I 


f ' 1+ iI + iI + ii + ii + ii + "'“^ 1 


_ 2+ i 1 + 1+1 + 

L? ll ll ll + 


OO 


I 


«tto$ *itoi *frt sf^r 5 ? *rfroi <? 2 towi ^rro 

*rtTtt Ll 3.2.1 > 2.2.1 2 a . .*. < 2 V 


TOflPlWfC 5 !, 


1 


^ OB* 


1 1 


Li 2 s L® 2 


< 1-• I 


• I+1+1+I+...- 

: |2 + 13 + |4 + L5 + 


<i + i + i + l. 
2 + 2 * 2 8 2 * 


* ' ■ * » 

• [ y sm *flrt *tto caflhr errore *r?*rfa caf% 

i-i - 






ft < ! ^ j C cafifa W$ ] 

< 1 . 

.*. 1 + \ + \ + \ + \ + l + ••• » *1% < 2 U T«fK < 3. 
L_1 [2 [3 [4 [5 

.’. 2 < r < 3 T*ffc r4^2^3 ^ 3TOei I 

Srotv caft* n? afru ckto *pififa TO *rti 

$TO TO fTO Til TO l Tf-t fHPre TO *rfl * <OT TO 1TO CWI 

CTOT 1 

i* = 27182818284. 

Prcf. J. C. Adams V' '4\ TO irUffrterfiT TO *fTS fTO 
Ti^rtoFi i 

21*2. *©* t*|T# <*CT!I (Incommensurable number) I 

V 31 *3, STO ^1 "TO^T I TO 33T, 

^f& ♦rt’fW 1 m 4<K n 4* *T9 , Ttr3 5 T 3TO *I<K <* - m * 


m . 1+ 1 + 1 + 1 + 1 + 

» 1 L 1 L? L 3 >4 + 


*f*PS 


TO |» TOl trt TfTO, 

m tr-J » ^fawl ( T5^gf?r ) + -“j 

+ (»-nx« + 2) + (« + 1 )"(w“+ 2)(« + 3) + * ■ ‘ 00 ^ 
« + 1 (n + 1)(m + 2) T (ft + l)(w + 2)(»+ 3) 

< iT+1 + (« + !)» + (n+T)“ + "' “ ’ ,< ™ 


^ ;< siH 1 •” 





lib 

< -• wn n «ii^f5 i 

B 

•* * w j”" 1 ■Jjw&tft * <CTft *$W1 + **M I 

^1 wm i 

.*. V W'O - ^fatOT ^T3> *ltW *Tl I 

M 

.*. * *rot *ioti i 
21*3. ^=s? ^5^ f=q«i?i i 

fcrrwfa*ft 21-5 4 otti ct, *i to *rfatm tj 2 ' 

J_, j_L Ufa WOT tfOTSR i ftl, (M = « 

(w-1)—3.2.1. «n| *rcwfa w t£R[ c^fa *ifa ffat* vri 

^5T *?1 I &6OT ■ROT *1*HW *Tf s fOTT tfW *TO *W, 

f(» L -r)* W '( W ‘ 1 )(”" 2 ) . 3,2,1 [ § 18 ’ 3 23 

tirttw w am r wtw *r^tn i *rc4 »=o 

j^-0, ft* [0-1. . t §18-3 «m. 3 ] 

TOlR, 4-=0 r >« WRtW *tFH *» I 
’ I -r 

sjwr, n > 0 


214. »js^« caa^ft i 
{«} x 4* *¥*! *ft*I W9 


'#>ic'«r »i® * «r® ■»> 

A*■ 1 4- mmm ^ rnrnu »•); ••*• ^ M»4- ••>•00 

* 1T 11 -2t BI rl 






(b) x*TfC*RtTO«a>0 

a«-l+i (log, a)+j-j (log, a)’+ - 

+^7 (log, a)'+ - « «tf«l 
r l 

(a) W ( b)C ? ^5 (Exponential theorem) 1 

c*r«ti *rfe*r rfm *rtf» c^m x-*n 
vf&ttit i tf* te*i*rtcro mw ^firai §31 arm 

5(1 i (a) re ffafa ^s%| %®i (jb) re wl wi i 
wi, (o) * fcss nre # ^ ^ c# ’witen, 

*« -1 + f* + ^ + fe>* + •••• + ^ + ... - H« (1) 

1 ! 2! 3! r ! 

4*R, c = logc a ^rfe«T, 

f*?**e xlo B» a = e ia *M a * = a v . [ •.• N = <? l0R « N ] 

a* ■= 1 + *, (log.<0 + 21 (log. a) 2 + •••• + f, (log. 0 ) r . 

+ •■•• 06 ■•• ( 2 ) 

C = -1 

-A + ,r * + ••••+... (3) 

* 1!2! 3! r\ + w 

(3)re*=i 

iii / _ i 

«?“ 1 * 1 — f-.+— ;j. + ***•+—-. -- + •••* °° *f*nsi • • • (4) 

1 ! 2! 3 ! r ! 

'"TCWW, <? + <?" 1 =2(i+2^ ! + ^ ! + .) — (5) 


2! 4! 

c-c- 1 -2(l+i+ 5 1 - ! +.)• . - (6) 

21*5. I 

Ex. 1. Find the sum of the infinite series 1 + ^ ^ + ~ 
+ •••• in terms of c. 

£ " 1+ fi + 2 1 '! + r! + f! + r! + ri + in + .< l > 

1 , ^x- . X 9 , X* , X s : X* , X 7 . *. 

*« e ~ 1+ * + z\ + n + 41 + n + si + r\ - + ■"• 







(2) 4x4* *tf**F& -1 ^1^1 nft 

-11 1 X 1 1 X 1 1 X 1 1 , 

' ” 1 ~r! + 2r3'! + 4'!“5l + 6!'7“! + 


(1) (3) fTOfl ^%*T, 

, 2 2 2 2 
e - e~ x as^L-x — x _ + _.x 

1! 3! 5! 7! 


2 ( 1+ jWt + 71 + .)' 


•■ ■ 1 + ri + si + 7i + "" “ i{e ~ *‘ 1} - 

Ex. 2. Find the value of e correct to 7 places of decimals. 

^ = 1 + 1 + ~|+i|+‘i+-i, +— + » *f%| 




i i 
2 !" '2 

l 1 *5 

3 !** 6 " 3 
1 _ 1 _ *166666666 
4! ™ 24 ~ 4 

1 1 *041666666 

5 !~120“ 5 

i J *008333333 

6 ! "* 720 " ~6 

1 1 *001388888 

7!*5040“' 7 

1 1 *000198412 

8 ! “ 40320 “ .8 

1^1 ' *000024801 

9! “ 362880 ~ * 9 

1 1- *000002755 

10 !~3628800 * 10 

-2*7182818. 


1666666 66 


0416666 66 


0083333 33 


0013888 88 


0001984 12 


0000248 01 


0000027 55 . 


0000002 75 


7182817 96. 








Ex. 3. Find the co-effieient of x r in the expansion of 

1 +ax -x* 


-- + = (1 + ax - x*)e~ x 


- (1 + n^r - 4 r*)(l - ^ + 2 , _ 11 + 4 | 


+ L-J)^: + 

r ! 


... ft* ^£>r‘(r-S’! 


(_r i)T + ( -J (-J) r .Klr 0 
r! {-•!>"!“ >! 


Ex. 4. YViow f/iaf * + Yf + £1 + + 4~f + 


= 3 t ?. 


^ ^§i„ ___ 2ft “ 1 2(« ~1^ + 1 2 1 

cafll* ^“7« -TYi “ "7«~m <*,7-7)1 + 177 -1Y!* 


(w-1) , („_!)» ( »-2)| (»-l)! 

^ n 4ft <3^ 1, 2, 3,.... 

_ 2 j +q , =*o+i 


» » t^fhr ^-^,+ -=2+1 

• ” ^^-n+ri-iVr. 


» *fir 


2 4-1 

‘.213! 


* ww-!i+ 4 \ 









ot*f smrai *tt§, 

«f «F5 

2 2 2 2 ,, 1 1 1 
Z 1! 2! 3 ! 4! 2! 3! 4! 

■» 2^1 + ^ J + 2 J + } • + r . + + e 


! 3 ! 4! 


— 2 e + e*>* 3e. 


Ex. 5. Prove thal 


/2 4 6 8 W2 4 6 S \ , 

(l ! + 3 ! + 5 ! 7 ! ' *)\3 ! + 5 ! + 7 ! + 9 ! )" J 

/2 4 + 6 8 \/2! 4 6 8 \ 

\1! 3! 5! + 7! )\3 ! + 5 ! + 7 ! + 9 ! ) 

/l+l 3 + 1 S + L7+L \ 

-l'lT + TT + Tr + "7T + ”*) 

/3 -1 5-17-19-1 
X \ 3 ! + ~5 ! + 7 ! + 9 !" + *” 

“( 1+ l 1 ! + 2! + 3! + 4! + S! + 6! + 7 ! + "") 

1 1 i^i ri 1 . 1 

\2 ! ~ 3 ! + 4 ! _ 5 ! + 6 1 ~ 7 ! + 8 ! ” 9 ! + 

«r(l~l+ 1 - 1 +- 1 - 1 + 1 _\ 

T 2! 3! 4! 5! 6! / 

-i 1 i 

■ f Xf 1 - f? X -- = 1 . 

t’ 

Ex. 6. Find the sum of the series 

n + 2 6 ! + 3 3 ! + 4i + 5 ! + 81 + *•" ™ 0f *' 

§ 117 Ex. 6 4 «fons faffiAFftfl’ 1, 6, 13, 22, 33,....:... 
,K®^rnff«» 9 + 2n-2. 

... ^«-”1 + J"-2_«(«+A)_ 2 

tt !• < ft I ft ! 

m+2 2 13 2 

«!*(»-2)1 (»-l)l“»! 








^f, « <ii* l, 2, 3,.... «ifRs sprferl *rfwl *rft, 

flrg oflhr *W ^i ! + 0 !" 1 2 > == o + 3 - J 2 ! 

» n ^jJfea ^ ^ ^ « 1 + ^- - ^ 

^ ^ 0! 1! 2! A+ 1! 2! 

" ■ ^^-l! + 2!-3 2 ! 


« u *r*f 


1,3 2 

2 ! + 3 ! 4 ! 


’ ” W ^“3! + 4!-5 2 ! 


«ff ^fwi fart* oflwfri 


( 0 + 1 + T V 2 1 ! + 3 1 ! + -) + 3 (l + 1 1 ! + 2 1 , + 3 1 ! + 4 1 ! + -) 


" 2 (n + 2 1 ! + 3! + 4! + 


* t: + 3<? - 2(e -1) = 2(<? + 1). 

Ex. 7. Fine? //*<? 2>a//f<? o/ 

* . 1 +x , ] +x + .v 2 , 1 + x + x 2 +x a , *_ 

1 + - 4 ,-+ to- 

^ *f*r 

1 -♦- + jr a 4-#® + •••• + x n ~ x 1 l-# w 

-. . - , I - - _• .... — * 

n ! »! 1-* 

toot, erro *tft 

•■ 1 H-* . l~* a . I-* 8 . . ,1-# 1 

“ i - s L ri + ~2T + ~3T + -• + —r , :J 

' r-'iRn ?r<+i\+ "••} - {fs + h + ri + ”"}] 



t?8 




Ex. 8. 

Ex. 9. 

< 
• t 

where t 
t r , r = 0> 


Show that 

3 + 5 3*_+S* 
t 1 1 l + 2! + 

2' 11 

l + 21 + 41 + "" 


l + n + 2l + 


1 

f, 5 5 s \ 
^1 + 1-,+ 2 ! + ••••) 

ll 

1 + n + 2! + - ”" 


( 1 + l+ 2 1 | + 3^! + 

) + 

( 1_1 + 2l'^! 

+ *•••j 


+ r 8 - r 4 (t’ + r_*'2) 4 

_. ** e 


e + e 


-I 


e +1 




4 4* 

1 *• fi+ Ji + ■-- *W 


Find the sum of the series 
' * / 0 + + t £ + /() 00 


AI + 2 V’ + 

Ul 2! 3! 


to « 


}S 


1, 2, 3, ,9 <T® 

1 

3! 


9 *{f! + 2! + 3! + ""} + {l + - * + 


2 3 
2! + 3f 


•In 


*-»s*ts*s*s*-}' 

1+ l 1 ![ 1 + n + 2! + 3'! + ""] 

.l[ 1+ 2r (2x)\ I 

+ 2!l 1 + l! + 2 ! + ""J 

1 r,,34r,(3*)>, 1 

+ 3'll 1 + r! + 3l + -J 


r 


,xx 


>9T 


, 1 4 . r__ + — + *_ +.... 
1 + 1i 2! + 3! 

i+n+- 2 T + Tr + 


** eo 



Ex. 10. L.\ press in tarns of c 

11 1 
1 3 1.2 3.5 + 1.2.3475.7 

•SlffS 3li*i = f, + q , + 7 b , + -■ 

.3-1 .5-1 .7-1 , 

3 ! + 5 * + 7 ' 1 


i 1 + > + 1 + ....\_( 1 + 1 + M 

\2 1 + 4! u 1 + / \3' + 5! + 7!l 


1.1 1 I 1 


X * l' + 2 ! - 3!' 1 M 5 ! ' 


-c~ l . 


Ex. 11. ishow that 

2 {i+<1°* ;'i”+n....}-»+-’ 

flfi={l + ’p- + (log ‘ + ••••} 

+ |l_( Io S,«) a + (Jog^«)* + -.| 


• 4 e~ l °z* n = ii + 1 . 

n 


Examples XX1(A) 


1 . Show that 


12,3, 
(0 2! + r! + 4! + 


1. 


nil -4 + - + -+ to 
W 1 ! + 3» + 5! + 7! 0 


OO BBC. 







/...x 2 4 6 8 , 

(m) 3-! + 5l + r! + 9] + ""to“ “* ' 

/. N ! , 1+2. 1+2 + 3, 1+2+3+4, ^ „ 

(iv) 1 + ~yj- + ~yi — +-4-j-+ -• to 00 -$<?• 

f \ 1 ,l+2,l+2+3,l+2+3+4 - 

(v) 2! + TT + TT + S'!- + ' t0 “ = ie - 

(vi) l+|“ ! +|- ! + 4 -, + -' to » = 5c. 

(Vii) 1 + ’ 2 + , 3 + ■ + |y^ 3 - + ‘ --t-p— + = Jc (c 3 -l). 

2. Prove the following : 


1+ 2! + 4! + 6 1 ! + "' to “„c* + l 

0) —i—i—i- pr-i 

1 4. . - JL — 4. - 4* •••■ to 00 

+ 3T 5! + 7! + t0 


1 . 1 . 1 . 

,..x2l + 4! + 6! + ""‘° m _t-l 

(„) ——— - - 

n + 3i + r! + "" t0 “ 


Oii) 


, 357 

1 + n + 2~! + 3 ! + -• t0 ” 

1.1+2T1+2+3 ~ 

2 ! + ~3~! + 4] + “" t0 ” 

* ,1+2,1+2+3 1+2+3+4, 

1 + Tr +- Tr - +-4 , • + 

.. . . - 3 -S- J - 

1 x 4 . — 4 . — x •••• to 09 

+ l! + 2! + 3! 


to «* 


Show that 

1+ n jr+ ii** + Vr + 


(x 9 + 16#* +7x+l) e x , 





4. Sum to infinity the following series 

... 1 2 3 4 

3! + 5! 71 9! 

,..v 1.2 2.3 . 3.4 , 

(,1) H + 2T + 3T + . 

0.4 6 8 10 

(m) 2 + j i + 2’! + 3! + 4! + . 

. 4 10 , 18 , 28 , 

(,v) l! + 2! + 3! f 4! + . 

(v) j; i + 2! + 3! + . 


, 3 a 4 a 5» 

(v ° J ! + 2 ! + 3! + 

, .., l a .2 a . 2 a .3 a . 3 a .4 a , 

(v“) Tr + Tf + TF + . 

(viii) (1 + 2) log. 2 + (tog. 2) a + (log. 2) a + 

n 9 

5. Sum to infinity the scries whose nth term is 

6. Show that * -1 + log, * + G?fe p- + + •••• 

7. Express in terms of e 

® (* + O + 03 + ""K 1 ~ lT2 + 1.2.3 )' 

r-\ i 1 .1.3 1.3.5 
(,.) 1 + 2) + 4j + igy + 

8. Find the coefficient of x n in the expansion of 

(1 + x + x*) e~ x . 

9. Show that the coefficient of x r in the infinite series 

i+ (sl±m + (° ± b *y + + i> x Y + . 

1+ 1! + 21 -31 r t 







to. Find the value of 


(**-/ J )+o, (* 4 -.v*)+ 3 | (.r“-y')+•■•• to ». 


r 70S + r 8* # 


11. Expand --- 6 - x 


in a series of ascending powers of x. 


12. Expand each of the following in ascending powers of x 

r\ I ,a* 8 x s \ s /"\ /o , x , x* x a \ a 
(, M* + 3! + S! + , “) ' n) r + 1! + 2! + 3 ! + ) 

13. Show tlial 1 +2«,2 ! + 2‘,4 ! + 2 c .6! + 2' jc ' 

14. Assume the validity of expansion of c x when x is 
complex in the form : 

e>-u x +* V +... • 

1! 2! 3! 

(a) Show that c te = C H iS, i - J -1 


jr a . a* 4 


a* 6 


wIlPTC 1 C = 1 — "I* — • • ■ C 1 as -» X — mm 

wneri, ^ 1 2 ! 4! ' ^ 3! 5! 

What is the value of C - tS ? Hence, find the sum of the 
scries on the right-hand sides of C and S. 

(b) If 


x 3 x t 




X * . 


3! + 6! + + 4 i + 7 ,+ 


x‘ . *' . 


(u,) C- 2 | + S ! + 8 •' 
show that g 8 + & 8 +c 8 - 3 abc * 1. 

15. Expanding (e* - l) n show that 

. «(« - D" +»L» -J) ( „ _ 2)- + - M, . 3)» + 


X • 

• 16. Expand ,^f-j in ascending powers of x as far as x 4 - 







17. If u n is. the coefficient of x n in the expansion of in 

1 -x 

ascending powers of x, show that 

w n” w n-i “rr.* 
n ! 

Hence, find the value of w n . 


ANSWERS 

4. (i) 2 e (“) 3e * (ui) 4e. (iv) 5e. (v) 2e. 

(vi) lOr. (vii) 27e. (viii) 4. 5. St. 7. (i) c+r l -2. 

(ii) 8. (-l)"(n-l)’/n!. 10. e*'-e v \ 

«■ ««> SFSW.-} 

1! 2! 3! n! 

14. e- ia , 


16. 1 - $#+iVr 3 - ^ o a* 4 +• 



See. B. <&% 

216 . fetflajai «pg?rft!I log,(l+x)i« fo|f% 

fafel 

x-'ii »rf^r ^aR «nprfBr log* (l + ftfffe ^ 

i «wi foB-^Tqrflfo 9fRrar ntfrsifa i 
^^rrfn f*w%nr rewte m «ptm cwl i 

TO 5fTO I 


§ 2i-4 ^«rwi 

. «» -1 + y log. a + j£S&k?E + ?*(&.«£ +... 

w ! 0 1 


a = 1 + x sffTO •, 


(l+#) w = l4 ;y log e (l+#) 


, y 8 {loge(l + x))* y a {log e (l4-*)} ; 

+ 2 , -- + 3 j 


(0 


ir-m ^TO'R < 1 iMCT (FI-tfFft JtCT* «F3r ft*R 


(1 + #)»~1 + y jt + ~ 2| 


y( y ~ O | y( y- l)(y -2) 


3! 


x 9 + 


( 2 ) 


(l) w (2)4 torofll (i + *) w 4* fiffo ^f»ral, 

1 + y lo*.(l + *)+*$+*»* + gfaffi i ffl 1 + 


4ftf5w®*M* 


*1 +yx + 


y(y-i) -t , yCy-iXy-2) 
21 ■ 3! 


# 8 + 


• Ml 


> 


' ^T<, ^ iror y-vsw *ito *w*f% *R" p fo *jTO 

^4 i 



car% 




Tft y-<£& ^ * log e (l + x) W TfpH ^ 3>-4* w 

. * + zi +(riX_r_2)^»+(zl)(^)(r3) , 

- 4 T + 2 f * + -3 , x + 41 * + 


# B , # 8 
~* _ 2 + 3 


JK* 

- V + 


•*• Iog,(l+x)=x 


*!+*! 

2 8 



C 




v£prrw -x ftifat ^m\ m$, 


I0ga(l-X)“ 




•rti I 


* ^ *itmm < i, ( -1 < * < i). 


af^ji # < i ^csycart i *=i ^e*tq 


log € (l+x)=x-* 2 + * 



<4% fifRsre x =l ftRm ^rwi *rrt> 

log e 2 =1-!+&-£+*-&+ •■•• 

*(1 -$) + (&-!) + (£-&) + •••• (1) 

- 1 ( 2 ) 

(l) ifps *rit ct, ^ cart* <^-c^r *r«it* to* 

(2) str® *flt c*, caA* C*-CTO *rc*tFF to* l tow 

1 

.*. ^ C?rtl6 I 


*^ 4 *, ^ral *itft -l < x < l 

X* ’x® x* 

log, (i+x)-x- y + T~ T +# " 

am, Offers x <ipt ^c?r 

-1 <x < 1 sfcn rnUog.(1 - x )- -x- x j-*--—■- 





21*7. l 'Q&st r sri *$c»r c’tcsi 

^t<«ireM^nr irttfiwp C5f% f&*K cm fe*wc* ^rrc>T sn i t¥s 
’Tf^j ^trol ^rart® c«r% Ms *itfir cwf®nr •pitftipi. 
■®tft*1 -2TTO wi st^r® *iftS i 

^TttSl stfft log e (1 + *) « * - ^ + X $ - 4 * + •••■ 

4*rtw 4? «ii* *rfssr£ 1 f*i%i ^rr?rat l + x - --- 1 • 

n n 

•’• log.(n+l)-log«n- 1 “2n 5+ 3n s ”'4n 3 + . (*) 

<$*& x nfssr§ - 1 ftfan *rr»rai ^3»*rs»tre *rr$ 

n 

log«(o-l)-log« n~ - ^ "*2 d® ~3n® _ 4n^. _ . (2) 

(i) (2) farw *fwi, 

log*(n+l)-Ioge (n-l)-2( i + 3ja + 5j5 + • * ). ( 3 ) 

^TfStS, 10 g e (1 + x) loge (1 - *) Msn ^RlSl *rtss1 •rft 

lOge (1+4T)-lOge (1-^) 

_ *._ * 8 .* 8 ** x .... x * x " x" x:i_x.... 

2 3 4 2 3 + 4 


“ 2 (* + y + T + "“) : 

log. 2 (x+y+y + ••••) 


«*», ^ r~ - ? snti m, ^*=£— 

■ W Z-2(’?--’ , + .l('J^)’+ 1 (g-T-”\* +....V 

n ■ lw + » + 3 W + n/ 5\w + n| j 

• • 

• • 1 ^ w 

*4NtC*i n * 1 * 

i 0 fw-i. i/w-i\ 8 , i/m-i\ 5 . \. 

log ‘ w -n5m + 3(jiiTi) + sra) + "'7 







, m = n +1 if to, ™-^ 1 - =-L-. 

m + « 2» + l 

. i„_ « + l_of 1,1,1 

' - g * ti l2» + l + 3(2» + l) s 5(2 n + 1)" 

log. (n+l)-log,n 



f_i_+ _!_ + __!_ 

l2n+l 8(2n+l) s 5(2n+l) 5 


+ 


}• 



21*8. 5Ttert^®i f=3®fe I 

§ 12*4 ^5^if ^^5 «imi Wtft CTft 

c*re^i *it%r c>t c*ktit faring 

f^sr tSt® Ttfa1 §nr?[ cA 

«tt*m ^f5 twt* *> Ms Tf*r$ i 

*I*ltfapTCT TtTl VI T%l TWW Mh 10 

»prtfop Tftro vu i ^Wj-Q-yo 

modulus Tl W T*I1 ^ I 4$ modulus *tfTfaT3! 3faf W 

/iTtn SRI 


log.10 

^mi Wfft loge(n +1) - log a (n - 1) = 2 ( -* + 3^3 + ~ B + - )■ 
n *3 TTlt*1 'STfTTl Tit 


log.4-log,2 = 2(-^ 


111 
3.3 a + 5.3‘ 7.3’ + 




) 


H log«2 = 2(33333333.... + i x •037037037.... + 

■ ) x '004115226.... + i x -000457247..'.. + * x ‘000050805. 

+ A x -000005645.... + * x -000000627 +' 

*x-000000070 + ....) . 

- 2(-333333333 + ’012345679 +;000823045 + '000065321 • 

+ -000005645 + -000000513+‘000000048 + -000000004)- 
—2 x -346573588--693147176--69314718 ( *!Ti> imft* *f3t 

*l<? *[T»m Jfa ) 1 




408 




.*. log e 8 = log e 2 8 = 3 log«2 * 3 x *69314718 

= 2*07944154. 

• toi?, «=9 


log e 10 - l0ge8 = 2[g + 3-93 + 5795 +.) 

= 2 x *111571775 
= *22314355. 

log e 10 = 2*07944154 + *22314355 
= 2*30258509. 

.*. TOft 6 ! *r*ttf^OT modulus TOTft 
fl = 2*30258509 = * 43429448 * 


toj v£i^fer smtfm oresi «itfro, § 21*7 ^ 
(l) ^ TOtrcr ^®rt^n *ttft 1 iog e 2 

TO1 *f»rai iog e 2 *it?rl 1 iog e 5, iog e 7 

«i^f% Tff^r *ro 1 cw fe*ira TOMf? 

^ *wi* TO 1 Ex. 1 m 1 

cto wut* ’itTOi TOfro ft* **f*r® «ww to*1 
§*tt* *m ipitfap calf* toiwt * ffirora? <?fft*fa TOfro 
ft* ^t* i v£i| «mc* «ri« TOf^r? tot*«i TOf*ro* 

modulus *1 TOT* *43429448 *t*1 '©‘I WJlft* 10 

tot**i *mfro *tt'Sni ?fe* i 

TO*1 *tft loga(« + 1) - log e « = j- -gfi+SP-.^ W 

0 *t*1 ©«! *rf*OT, 


/4 log^» + l)-/,log.»- - 2n» + 3^3 

« * * 

^1. logic (» + !)-logio»=.^-^s + 3^i--- (1) 


« \ 


(9 A vr 


Oi V\ 


1/ . II . II . . 

« Z»" 




(i) «w (2) i&s «imi *rt$ a *ra n* ^f5 *K*im 
*pftf^r «nt%3T wf^*i % w *rft aw 

*mfH^tf*t4i wi ^ i 

CTfathr *ttqm smfo^ *tfor® Wrsrai *itqtM 

^’Ttf^OT modulus ^1 ^Tt^Tfr *43429448 ^lul ^tC4 ^fh 
'® e l ^TI 


Ex. 1. Calculate log 10 3, given 0-*43429448. 

(2H *r%r§ 10 ^rr^sl *tt$, 

logl ° 10 - log 10 9 = f 0 + 2 JO* + 3^)3 + 4J0* + "" 

*Tl 1 - 2 log 10 3 - *043429448 + *002671472 + *000144765 
+ *000010857 + *000000868 + *000000072 
+ *000000006-*045757488. 

Tl 2 log 10 3 -1 - *045757488 = *954242512. 

.*. log 10 3-*477121256. 


21*9. I 

Ex. 1. Show that log e 2 = £ + ~~ + —L + + —to*> 


2 T 1.2.3 T 3.4.5 T 5.6.7 




iog e 2-(i-i)+a-i)+a-i)+(>-«+ 

1 . 1 . i , i . 

T ~'j + r~? + + *•'• 


1.2 3.4 5.6 7.8 


(0 


log.2- 1-«-*)- (i -!).-(*•-*)- 

,111 

” 1 ~ 2.3 ~ 43 " 6.7 r "" 


( 2 ) 


- (i) <44<K2) ctm '»rf>fn *r$, 





2 log ‘ 2 ' 1 + (1.2 ~ 2*3) + (3*4 " 4%) + (sTe " h) + 

. - i + a * L 5 + &- 

=l+ 1 . 2 . 3 + 3 . 43 + 5 . 6 . 7 + 

••• >og,2= ‘ + ] .2.3 + 3.|s + s.6.7-• - 

Ex. 2. //y = .ar*-' 1 ^4- : y“ ,! ^4- ••••» shoiv that 
V 9 *v 8 

• T=3 ' + 2l + 3! + -- 

j-at- 2’+3*-^ -log. (1+*). 

l+Ar-«»»l + 3»+^*+^* + ^* + ~- 

'V 9 Of 8 /yi 

Ars= ^ , + 2f + 3» + 4! + . 


Ex. 8. // a, p are the roots of the equation ax 2 + bx 4 f * 0, 
show that 

log e (a-bx + cx 8 ) 


= log e a + (a + p)x - a #* + ^’ x* - ■ 

CTOT?a, )5fl4r*4-^4-c«0 7 lfhRn: e ^flW, 

6 c 

a 4 - P ** — - aft * 
a 0 

a - bx + f a* 9 * a + a(a + /?)# 4- aaj3# 9 ■» fl{l 4- (0 + p)x 4- apx*\ 
** fl(l 4- ax)( 1+ /Mr). 

•log,. (a-bx + cx % ) ^lpg e o (1 4 - ax)(\ + px) 

- logflCZ 4 - log, (1 4* ax ) 4* .log, (1 + 0*) 

8 m2 8 <m 8 jd 8 

= log, a + ax -? 2 ~ + 3-'‘” + P*’ 2— + 3- 

log, 0 + (a 4 - jS)j? - X 9 4 - a - £ -- x 9 + •••• 


.1 J. o# 




art 




Ex. 4. Prove that —-=+«, ^, nsi + 0 t- -t-% h •— 

n + l 2(n + l) 3(»+l) s 


1 - L + 

n 2n a o;/ 8 


1 + 1 


1 


<r« + 


fi + 1 ' 2(tt +1)* n 3(»+1)* ‘ " "** ^ og, (* « + l) 
“ " ,og *» +1 ” ,og * "* * “ log ' (* + « ) 


1- 1 + 1 
« 2»* 3»” 


Ex. 5. .S7i07(.’ ///a/ 


log.J2- *(2 + 


(2 + .9' 4 ( 2 ^ + 3 '") + '6 ( 2 ^ r 3’)- 


4T3 csr^ft 

2U2 3/ 2\2 a + 3 a / 3\2 8 + 3 8 / J 

_ i/(l. 1.1 + 1 1_\ + /l _ 1. 1 + 1. 1_\1 

2l\2 2 2* + 3 2 a / + \3 2 3 ,+ 3 3’ It 

“ 1M 1+ 2) + l0g '( 1+ 3)} 

” 2 ( log * 2 + log * 3 ) ” 2 * og, ( 2 X 3) 

" \ ^°g« 2 — loge J 2. 

Ex. 6. SAoo/ ///of 

,og *( 1 + ») ' 1 " 2(sVl) " 273(« + l)* 


1 


3.4(» + l) a . 4.S(n + l)‘ 


5 ^ ,5Rt ' '*• 



t&r 






i*_ 

1 2 2.3 3.4 4.5 


■■-('-SM'-IKM'-J)? 

-if-tii-- 

L X* X s x 4 \ , / X , JIT® , \ 

'r*-T-I - 4-) + \2 +-+ 4 + 5 - + -j 


+ "3 + 4 + S + 


) 


/ # a jr® \ 

2 ” 3 ~ 4 ” / 

^ 1 / . * a 
+ 5 v + 2 

-log«.(l-*)- i log,<l-*)-|l-log,(l-*) 
-a-»-i)io g ,(i- B |- 1 ). 

[ * 4* •ffrntf j 

. ft , « +1 

__„ 1 °g._ r i_„log.._ 

-nlog.(l+ i)-log.(l+ 1)-. 

Ex. 7. If x> l, prove that 1 

2 (* +1) - log € (x -1) - p + 2 ^i + + -• 

2 log,* - logo C* + 1) - log* (*” 1) 

* log,# 9 - {logo (# + 1) + loge {x - 1)} * logoff 9 - log«(4f 11 - 1) 
-i°g. - - log. ^ = - log. (i - j 1 -.) 

' + 2*‘ + 3** * 

i < l. nfcra 

SC 



*pftSq?i art 

Ex. 8. Prove that log e {(1 + x) 1+3B (1 - jp) 1 "*}' 

/ x 9 x* x 6 \ 

" 2 U.2 3.4 5.6 J 

log,{(l + *) 1+J '(l-*) 1 - x }=log < ,(l + *) 1+ * + log„(l-*) 1 "* 

* (1 + x) logil + x) + (1 “ x) log e (l - x) 

* log e (l + x) + 10 g c (l - *) + ^{l0g c (l +x)~ log c (l - x)\ 

( x 9 . x a x* , , W 4? a ar® # 4 \ 

' ” r ~ 2 + 3 ~ 4 + ’ + ) \ * ” 2 ” 3 ~ 4 ) 

f If® If® r® «f® 1 

+ *{*' 2 + 3 ~ 4 + - , + - v+ 2 + 3 + 4 + ""J 

= -- 2 (^+ 4 * + ^“ + -) + 2 *(* + *’ + ** + ••••) 

2 U.2 + 3.4 + 5.6 ""I - • 


X X " JIT ** X * 

Ex. 9. Saw the series f 2 + 2 3 + 3 4 + 4 5 + 
where x < 1. 

<£t*T5 ertft 


to 00 


— r ( 1 - i) + *•( 2 - 3) +Jp, (x“ i) + *‘(-i - s) + “~ 

--log,(l-^)-i(-4r + 4r + ^ + 3 + 5 + ••••) ' 

= l-log,(l-*) + i log e (l-^)-l + |i -l) log.( 1 - x) 
'1 + — lOgeCl -*). 



&5-*rr«rrffa 


Ex. 10. If x*y**2x-y and x < l, show that 

y + 3‘ + s' + """ 2 {* + j + r + •")• 

x*y=2x-y, =11, y(l + x‘) = 2x % l+-f - I 

»w c*rw-w *fti, 

l+# 8 +2#_l+'v ^ (l+jr) B 

i+v-2i"i-y ^(i-^) a “i-y 

*** ^ *nra *it*ri ] 

vS'iii wRn>i 


A 1 1 + V I A T4- 

2 lo s«r^“ lo S'r^* 


l+x 


^1, 2 [l°g e (l + y) “ l0g e (l - ^)} = 10g e (l + X) - l0g e (l “ ^), 

y + ?* + y *- + •••• = + y + y + •■••)• 

*8 «>3 rtj S a j 3 

Ex. 11. If y * 1 - # + £ -, - yj + •••• and s - v - * - - y - 

show that x**log e =-- 

i — e 

y- 1 -***-"'* 

£ = -y-^- -= log e (l - ;y) = log,(l - e~ x ). 

* e*~l ^1, e~ x = \-e\ 


1-e 1 


•&s?r wrftfpi ^ 

JK ** log, v—v — 
, f(i 2 *> £ 
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Ex. 12. Prove that 

(4 + i + s) + 3 (r + 6» + g») + 5 (4* + 6* + 8‘) + 

_ ~ /-j 


sjfe c«hi 


/I _ 1 . 1\. 1/1 * 1 .1 V. 1/1 1 L 1\ , 

\4 + 6 + 8/ + 3 \4 3 + 6 3 + 8 3 ) + 5 \4‘ + 6* + 8*) + 

*K4)‘—(ir- 

- 2 (tog. 3 + log, 3 + log- 7 ) 

- 2 1 Og e 3 • 5 * 7 - \ l0 S fi3 = Io &* ^ 3 * 

Ex. 18. Shew that + J (il-)” + 5 (i—.)' + -• 

2 .i; 3 . x s , x 7 2x° 

+ 5+ 7 - 9 ™ + 

^5^5 caft § 217 v£|* (4) ^jprfc*, 


1. 

/ * 1 

i 3 , 1 / * \ 

3 

(l+ j 

’ 5U+*) 


log. 


!+£!„ 1 w l±£±£ a s , !. log 

“T^ 2 10g * !-* + *« 2 10g 1 + jr 8 1 - #• 


1+x* 


1, 1 — jar® . 1 , l+x 1 1a 1+# *1,_ l+# a 

2 log T+* 3 + 2 log * in m 2 r*°®-r=s“ 2 log :r^ 

1 I *» *« .'*»*• . \ 

2' 2 r + 3 + T b T + 9 + ""). 

^2 x2 l** + T + T 1+ ""i- 





„ . * 8 . *• * T 4? 9 , , 8 *° * 1B 

! * + y + y + y- + g- + •*■ - * 8 - 2-5 

'♦'■(l *')♦ sr*T**’(S ■ s) + 


Ex. 14. Prow*? /fta/, zt>A*« * < £, 

1+3* B 5* 9 . 35*® 65* 4 , 
^r^“ S;,r -^ + T---4- + 


: and find the 


general term of the series. 

* < i, 2* viPK 3* &EFC«$ < 1 } STWR, WtTOl log e (l + 3*> 
^ loge(l - 2*) •Pftftp card's *ltft I 

1 °ge = lOge (1 + 3*) ~ l0ge (1 - 2*) 

* - 9* 9 27* a 81* 4 , ( - l)*“ 1 3 r .* r , 

= 3* — 0 +-^=-v-+ ••" + -—--+ ■•* 

2 3 4 r 


. „ . 4* 3 .8* 8 . 16* 4 t 

+ 2* + -^-+ + *•• +-+ ••* 

2 3 4 r 

C„ 5* 9 ^35* 8 65* 4 A-y - 1 3 r +2^ ri 

2 3 4 r 


^ car% *rrwi - + — 


(- l) r “ 1 3 r + 2 r 


whn i ^ 5 iw ftwfaj i ^ car%* 

*iww -*rc«ra tow *re (- i) r “ 1 3 r +2 r . . 

v*m r (»— 1) ^ ORR ( — l) 1 ”* 1 — 1. Wf 

W*3 r + 2 r . WW1 § 1*5(C) r ^ ^C*T 3 r + 2 r viff 

3+2)^ffc5 v<reft i «rw^,r 

ssw TOW -3 r + 2 r *-(3» , -2 r )^ 
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§ 1*5 (B) ®rtft r *Jt 3 r -2 r 4* (3 + 2) ^(K 

5 ^fs i 

.*. <:«% tm 5 ^ITI I 


Ex. 15. If x, y, 5 or* in II . P. and in descending order of 
magnitude, show that 




#, y # ~ ft*ffhg ^ETft, 


1 1 1 


x 




i ^rlTfr * < y < c t ^ > 1, ~ > 1. 

* * y“*"s~y’ **y “ ys * '* * “y-s’ 

um »pttfi^[ 

loga # - loga s - log fl (# - y) - loga (y - s) 

-log^(l-?)-log.jr(l-|) 


log,* + log«|l- ^ J - log, 31 -log, |l - *). 


log, y - log, s 


y y* y* 

~ # 2 jt* 3 #®"" 


w «® n 8 

I ® . « . *> . 

y + 2y“ + 3y” + 


\y x) 2\y 8 x 3 \y 8 x a f 


Examples XXI (B) 


Prove that: 

l * 1.2 * 2 2* 

2 . 2 loga 2 + $ 


, 11 , 11 , : 

+ 3'2* + 4 '2* + ‘" - °®* * 

L 1 1 v 1 1 " i s 
+ 2 *5* + * 3 *5? + * lo & 5 < 





8 - (5 + 7) + 3 (s 1 - 4 7 lj ) + 5 ( 5 " 4 7 ‘) 4 ' '“ Iog< JZ 
. 1 . 1 . 1 . 1 . . Ie\ 


/l _ l\ f 1 ( 1 + l - 

\18 17/ 2 \18 a 17-* 


1 - 1 + 1 - 1 + 
1.2 2.3 4 3.4 4.5 


*' 2.3 + 4.5 4 G.7 4 7 ? 4 ■” (2)' 

6> (l _ 8“ fi') 4 2 (l8 a + 17 3 ) 4 3 (l8»- 17*) + "" = 0- 

. 1 1^1 1 , /4\ 

*• 1.2"2.3 + 3.4'4.5 + "" “ Io U/ 

7 - 1ti + 2 (x'+iy 4 1 £fiy >■—*«*■ (-> 0 ) 

*■ W 4 ifrT 4 5W + -"‘»2 

9, If a, fi be the* roots of tht equation ax* + bx f c = 0, 
show that 

log, (ax* + bx + c) = log, ax J - (a + (l) + ~ a (a* + 0*) 


3*a(<* + 0 *). 


10. If x < 1, piove that 

log, (1 + 3x + 6x* + lOx* 4 •••) 


X* , X , * 


3 (* + ? + z * ~A * 

11. Show that 

2 * 7 2x* r 

~ x ~ 3 ■** + 5 + '7 * 9~ + 

log. (# 4 2h) 4 log, x - 2 log, (jit + h) 

•(.-JjTMW*; (,-y 4 -} 



wrfihpi <&% «84 

12. Expand log. (1 - x + x 2 ) in a series of ascending powers 
of x as far as x 9 . 

18. Expand log. (1 + x + x 2 + x 9 ) in powers of x and find 
the coefficient of x 2n and x 2n+1 . 


14. Expand log. (1 + x) x ~ x (1 - x) 1+sr retaining three terms ; 
assume x < 1. 


15. If log t (1 — x — x 2 + 4? 8 )"' 1 be expanded in a series of 
ascending powers of x, show that the coefficient of x n is 
1 3 

or according as n is odd or even. 
n n ® 


16. Sum to infinity the following scries 


x 2 . x 9 x* 


(i) 1.2 + 2.3 + 3.4 + - to " 

** ,2x 9 3x A 4-x 6 
00 2:3 + 3.4 + 4.5 + 5^ + -' t0 “ 


{* < 1 ] 


(iii) 3 + ^ + g + •••• to «> 

(iv) &x a +ix 9 + \x* + •••• to °° 

17. Find the value of the following : 

!+*•* + *•* + *•*+ •••• 

W 1 + 3 2* 5 2* + 7 2« 


,..s 5,7,9 

00 f rt <* i r + r / » + 


1.2.3 T 3.4.5 T 5.6.7 


18. Show that 
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19. If log, i+ x + x 2 + a be expanded in a series of 
ascending powers of x, show that the cocificient of x n is - * 

ft 

if n be odd. 

20. If y-x + x*+2x* + ••• + / v , x n+1 - to » 

prove that - y + x * 0. 

21. If + ^ + ^ +••», show that 

e w »l +x + x + x* +•»• to co 

22. Given log 10 2-*3013000, and *« = *43429448, find the 
numerical value of the common logarithm of 7, 11, 13. 


ANSWERS 


12 . 



+ 



r 4 

4 


x s x 8 * 7 r“ 2r # 
5 - 3 " 7 8 ~ 9 


18 . .r+fc^+i**-Ir 4 +■•»«•• 
coed, of 

coeff. of «*2n-f-1* 


«• " 3^-{'*“11 *•“ 


16 . (i) jt+(1-jt) log, (1-*). 


(iii) —i log. (I-* 1 ). 


Hi) (l-log. 

(w) jf ^,+log. 0“*) 


17. (i) log. 3. (ii) log. (|). 

M. '8450980, 1*0413927; 1)139434. 





wfirw wm? 

(Some important graphs) 

221. <wtw <m *rr*rfo«i flw, <?n toi 

*psR 5 * cp« TOwj'ftft* to TO<rft c*r*rtr^rl i TOrft 
wter topfIS cro to i ^ wr 

croaFpr jttto *rf ^tfefro *t*i ^i*% i 
mw ?=** c*r*rfis *mx toctowi to wiroro* 

to c»r^f5 ^ TOw w TO to yiffrff i froi^pS 
to c*r*rf& ft* to i 

I. y-x", n TOgstJ, TOTOa, «Rt?R5 ^eferrf 5 ®!I 
n^*tPr #nri«-i, 3,5,- «r?f% *rrw 
'srfW 

(a) y~x ( b) y~x 9 (c) y^x 6 c®lTOft X&5 

xt I 

x-'SR ftfinr TO^d ^fTOoft 

£l*r$ Wl I 





fcsB-irurrft* torFte 
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( c ) 


X 

00 

H 

1 

<M 

I 

- 1-6 

- 1*4 

- 1*2 -1 

-7 -*5 

y 

-32 - 18-9 

-10 5 

- 5*38 

-249 -1 

-•17 —031 


-•3 0 

•3 

•5 

•7 1 1-2 

1-4 

1*6 

18 2 

-*002 0 

-•002 

-•031 

-•17 1 2-49 

5-38 

10*5 

18*9 32 


cro^ y totoi (\*rfwsft), cm *m 

TO *tt® I 4CTO-5 < * < 5 to 

TOTOtfc? TOro CTO s»rt I ftl (&)- 

-3 < # < 3 «r® 3TO TO WWf TO 

ss* ss 

•tfiPCT jp-= -3, #=3 al^Rra WW y TOtCTl TO ^ ^Tft I 

f%$ 5jt3T J l*l ^tPl4l® <&£V& x > 1, 'e x < - 1-viffi TOI y ^5 

TJ TO *fftren* TO1 fro •ffiTO*! fe*lTO *ITfe I 
ct$s*t <strc owl *rto -l < x < l, *rl yiffi'p 1 t5 
ftrorfro y to to i 

(0 <3tfTOfi> -2 < # <2^m «TTO .TO ^(t^ I ^CTO 
cror? x*=i 4*^ «w to cifl w® Jsrora ^fkTO *wrc to 

to^frocw (TOrtfjfc*- -i * m* to) TOral *= 

*W TO #-4* 4TO*I f^ TOT y-4* TO fipr TO ?%ttf I 
to «wfti * vftwi TOfarfro *iTO i fro 
CTO CTO CTO TO mm TOtTO I TOfa TOTPfr 
cTO cro cto * fajjfa *refarfro ^ to farfro 
fto TOi % TOro *itftw i 

W^f’tw ! ?«rtOT hpmM8 mi -05 irfon «cvtjMprc <«fi> 

«WI^ 'lrt^I « fcfsfr ^t»R *%l (a), (6), (c) C*WflfSf 
•Than «tsr i' 




.^rrrtw^hr t 


phi 

I iS»iiSIS! 

|liiiitilii 

•■■■■■■■in 

■ ■•■a•■■■• 

• Kaa !«■■! ■ 
aaiiiillii i 
iImiImu i 




■ BtaiiMii aaaaiiaaai ■■•■■■■■■■■■■■■ iA ■ •■■miimiImimiim lUliiai ii iimi ,m 

■aaaaaaapa ■■ mu a ■■■■ ■ a ■ a.f ■ ■■ a a a • aa ■ a • ■ a a tl>J •■■»*■■■»■ »■■■■■■■■• CmA ■«• i tifai m 

I KMnaabi ■«■■«■■■■■ aaaai «■*■•*■■■■ ...■••■■.a■■■■• ■■.■■■*■•■■*■»**••*■ MWMftm mmm it mmm mm-mm 

I a" ■■■■.*!■■(■■■■•■■..a...■•■.«■!■•■.■■■*•« ....a mmmmm u .. 

■I mu mu naaiiaiai mai !!■■> ■•*«« >*■>■ *■■>* >*■■< >■■■■!■•■> »«■« •■tiima aaaaaaaaaa■■! 

■ !■■•■*■■■■* aaaaaiaaa■ BaaiiBaaai laaaa ■■■■inaaiiiai' .. 

iiiKiMiiiiipitkipii i m i iMMiiaai aiaaaiiMiiiiiMa. 

■ ■■■ ilBai iPli mmmmm ■•■■■■ilia BBBMHH~^ !■■■» »»•■• »■■ 


■ ■■•■ mbii naai I 


iOBj: 


_■■ I bbi ■ iiaat ■■■■■■•■ 

(■■■■I mamma ■■■■■*■!■■ iMaMMil ... «■■■•■* ■■ ■ ■■'/ 

- - l. ----- ii^i ip 


I iMiiiaaaiimiiMaiifMMiaai ■ 

I ■■■■■■■■■■ ■■■■•■■.■! ■■■■■■■■■B ■ 


. ..I UMBIJlil 

■iiRMBiiMiaiMMii mail jbbi 
i bbbbi •■■•■■■■■■ uianiMiiiMi naaiiaiai a <■■■ 


■ . * J« ■■■■■ 


•»■■■■■■■«* 

li tMW 


■■■■IBM 


I aaaifaaaa miimimamaaiiiiniiaiaiiiaaiiii 
aiaiifiai aaniiam iiiBiiam ■»•- 

tpSSIfSSSS SSCSSSpSS! i^ZWppZ! SZZSbibibb ... ..........»•■' MM.(Mil aii 

.ifiaaiiaaaiaaaaBabaaiaaaaB aaiafl ibibb a bbb« aaaai bib ai ■■■■a iiaii uaaf iMia laaBi jmr laiNiiaaaa ■bmiim 
aa jajai •laiiiaaaiiiaaiijiai iManaiaBiaiai aa an iiaaa lain »■»■•**■■■ bbbbi iMMiaiau- 


**!■■ iiim iiiiinaji imaiu 

1 * ■ 
a ■ 


I • ■■■■a. a. a ■■■•■■■aai mmmmm mmmmm mmmmmmmmmm iikki • mf T ■ m mmm•mmmmm mmmmm mmmmm amm mi mmm 1 .a mmmmmmmmmm mmm 

laaanaaai nail aaaai naai ihiiiii>iiiiii laaaualhJ. imaiiiaiiiaaiiMi* ■■■!; aaiii laiaa iaa«i m 
• ■■pi aaaai ■■■■■■pppa ■■■■■■■■■a ■aaaniaai uailiiMi aapaaapppa nail iiaii ■■•■ lurii ■■■•&■■■■■ ■■■■■aaa 

■ •iMiaaai ■■■■•■■■■■ ■■■■• ■■■■■ ■••■iiaan ■■■■■■■■■i ■■■■•■■■■■ •■■■■ ibiii tan ■ ■■> pi ■■■■•■aaaB ipppiaap 

!■•■■■■■■■ ■■■■■■■■■■ ■■■■■■■■■• (••■•••■•I ■ ■■■* ■•■■■■■•■■ •■■lilllM •■■> *«■ im liaiiMMai •■*■■ mmm 

■ ■■■■ ■■•■■•aiBiiiBiiiiBaai ..■■■■■■■■ ■ ■*■*■ mmmmm mmmmm mmmi im » mm mm mmmmm mmmmm mmmmm mmm 

aalailaaai Man vaaaa laaiiiiaaB BBiaiiisia maaiiani bbbbb ■■■■■ iirbi ■«■■■ aaaji ar sir aaaa««aiai auMim 
iianiiiaa naaiiaaitamiinai laiaiiaaai aaiaiiian iiiii.iniMiiimn aaiaai Jaiiaaaanaan iaaai 

■ ■■■■■■>■»■■• aaaai ■■•■BaRPaaiaBa aaa aaa •■■■■■aai a aappaaaapaaapaaaifpai»japaiiapaiappaa-"iB a ■■ 

■ a ■ .iia*■■.■■■■■■»■.■.. a......... ■ ■■■•a■» ■_» ■■■■■■■■■■ ■■■■• ■■■■■ ■ • .a r m m mm ■. mm ■ a . . p. 

■ L* Ja ■* f 

a^Jt iimurmi iiRRMaiii aai 

aala aRaiiaaaaa lafliiaaaaf iiiijirmi irrri ^rri iiMiaaH 
|aai irbii iaaialaaiiiiiaiar a^l aajaaaRR f i«paiaaaaiaia 


■■■■■■■■■■■•■■■BaBBifeiaiMiBiBB.■■■■■■■•■■■■■■■ 

alfeafpilaiaiiai iir 


a a aaa a I aaa aaftaa iaiai i»ai aaaaa laaaaaRaaa aaan i 
iiaaimai Iiaii laaainaaMiMiaaRBaaaaairaaaii 

..■■•...■■mammammmmmmmmmmmmmmmmmmmmi 

afflfiailaaaaijalapaaaaa aaaaaiaaaiaaaailibaii 

uHlOllisHL'til:: 


HIP .■.■■■■■ 
■ ■MiiRMii*' am ■■■■■■■■ 
. 4IRIIIMIBI 


I aaa MRHiaRBBi ••••• ••••< • <■ ..aa.** 
aaaiaaaaaaaaa■■■RiiBaaaliialir >«■ 


im ^Maaiiaiaiii 

k 4 aRuB*i ....... 


• aaaB mrpiiirii rrbri ibrii i 


.RBR ^MRl 


mmmimmmmmmmmmmmmmmm 


SEE! 


gall:i=;g«Ha&iift SSS 

rtvHU mriiiirbI RiaaiMai ihi> * aar ft im.i ■ kA aaa 

■aaPIlWVl . . . ■ • ■ « . . a a ■ . . ■ Ivbii Ikr •ilijilt r •■■■Ulllll 
• • . ■ * a.. m m . aaa m m m m m ■ t|ka ■ 

aaaiaiaaa ai 


aaaaa Baa 


mmmma •■*••• ■•■■■■■■■ 

_ ■■«■.■■.•.■■ 

laaRiaaaaa laaRMRaii 
aaaaiaaaa* aaaaa aaaaa 
■ a* 


I a a i*»■ar .ft laaaiaaaaa 
^ 1 tiiar;alliaaaaiaaaai 


t:::u 
as 


aaaaaiiaaa a 

aaaaa i««pi a 

niMRR 


aaaaaaaaaaaaaaa4 

a aaaaa aaaaaaaaaa■ 

■ ■•■Rl-‘ " 

■««.■.. ••BBMBBBf 


if aaaaa aaaaa 

••aaa 

II*«■■••■! 


■ ■BI«BBB*lBaBIBBBBII _ 

■ MllMailRMlIMlkialRIIRMRIIIRaiMI 

■ ■aaaaaaa aaaaa■■aaa aaaaillaialiaaaiiai 

■ ■aaaJkaaaaaaaBBaaiBBaaiBjgaajaaBjaBBaPBBBajaBai 

. . . • «BBBK B .■ « ■ B M 

naai ia 
ibbbi mmmt 


niaiiBil 


I RMMliaRlIlP . 


ia aaaaaaaaa 
aaaaaaa fa 


_C aaaaa aaaaa aaaaaaaaaaaaaa 

• •BIIMBMIiailRRIIIB«Rl|B *4 


iaaaaa alaaiaaaaaaaaaaaaaaai 


iaaaaa aaaa 


■ ■a aaaaa i__ . 

viaaaaai...■■■■■•■■■■••■•■■■■ 

p•■■■■*■■••■■■■■BBB»PJP#BBBBBB»BBB« 




aaaaa bb aaa aaaaiaaaaa aaaaaiaaaa aaaaaaaa■ 


a aai i 

viai 


iaaaaaaaaaaaaaaa bbkbi iBiiaiai 

■ in aaaaaaaaaaaaaaaaaaai aaaaiaaa.............-a................. 

■ BiBiaiiiRiB'^iliaai nauii' ai aaaaa aaaai iiMiuu i*Mii 4 iaii»MiiiiiiBaiiiii><iiiii ■■■■■ 

(•taiiBBBi laimiMi mmmmt mm imt mmmmim mmmmm mmrnmmm^FTH mmmma mmmmm a■ ■ ■ a aaaaa mmmmm mmmmm mmmmm mmmmm mmmmm ... 
..... ..... ..... mmmmm mmm mm am-ami .......... .. . . ■ ^ t a ... ■ .papa mmmmm mmmmm mmmmm mmmmm ■■■■•aaaaa ■■•■■■■■ 

■ aaaaRRaalBaaaaa a aaa a ■■■raaraai ■■■■aiaaaa irmiMrU mibi ibrbi Riaai ibrbr ibbbi ibbh aaBMiaiia !■■■! *i* 
pfaBiRi aaaaa aaaaa ■■■fin mbi af aai BaBBI aaaaiaaaai «aaaa laaaa aaa aaaai aaBii rbbIrr ibbbi aaaaa ■■■!• ■■■ 

■ aaaaa aaaaiiaaaaarVai ii«aaiaiilaaaiaaaaai aaiiiillaaaaaaiaaaaa•■allaaiaa mmmmm ■«■■!aaaBB Bbb 
■ ■■»■■■at .....mmmmmmrnmmmmmmmm mmmmmmmmmm .•■■■aaaa. a 

aaaa imimbiii aCaaaaaaaB laaaa aaaaa ■■•■■ alaaa aaaaaialaa.mi 

■Bia ibbbi■■■■■BBIBBIBIIIBIIBI•■■■« aaaaiIBIBB■■BBBtaaaiaaaa 

II imillMlIlllllBllllllliiiNMMiMilHIilaaixaa 

.........a ....a ..... .....«...• mmmmm a... 

......... ........ . p . . a mmmmm mmmmm mmmmm m mm m 

■ ■■inaaaaaaaa aaaaalaaaaiiBIlaaaaaaaaa 
liBIIBIBIIBlia ■■■■■•■■■■r - 


iiiiili illBB ibbbi aaaai lain BaliaiflHkJt; •iiBiiBMai 
iiiibm bum iiiiBi iBi«iiaa»i iiBiinriai biibi bbbbi i 

■ ■■■■■iiliBli aaaai BaaaaaaaaiBaaal L - 

• a aaaa * ■■*■•>■■*■■ ■■■■■ i.ai* ••- 


......_aiaiaalaaiaaaaaaaaa■■■•■*"■ 

a aaaa aaaaa aaaaa aaaaa aaaaBBBSBa maiillli •■■■■■!■ 
■■■■■■■■■■■•■••■•.■■*■■■■■■■■■■■■■■■■■■■■■«•■--- 


...p.a...... 


a aaaai aai 

, ...... ...... t:i 

■ aaai■■•■! bIbb aaaaEaarmaaIiiai■■■■■■■■ 

■■■IIBaail ■■■■■■•bbi B'iBiB i ibbi a ■■■« * “ 
lialliiaM BVBirf alaaa ibibii !■■■ aaaaa 
ibbbi bbbbi ■iBaliiaal • ■■■■ <a»«i aaaaa aaiaa 

aiaafaaaaaa 
■■■■a■•«■■ 

■ ■■• aaffaaafBBaa |ia 
■ im aalaaaaaaila| 

an aaaaa«aaaaa 

IS|C2bSESi aiaaa aC'ial]]■ i*a aSaai InaiiiBii jiiiMJ imiiiiai ibibb aiiia IJISSSSaaS !»!!!»■ 

• alafaaaaaa aapa*■■iaalIFaailaai aaaaaiiiaii»aalaaaaaaaaaaaaaaa a.aaa aaan*■■■1■»*■■■■■■■■■■■ 

liBiiBiaia aaaaa trail iBrii iirbi taaaa aaaai ibbbi aaaai iiiaiiiBiiiiiniiMi ■■■■■■■aa» ■■■;■■■•■ a 

..annaat... . p..•a >■■■ bbi p.....a *■■■>la a....mmmmm mmmmm ........a. .......... .a... aaaa..■....... 

a . . . ■ . m . . <• ..... . IP ? a a . .... t .......... .......... .......... ........a. ..... ..... ... .* ■ ■ * — • ■■■. 

■ ■■■■ aalaa ■■■•>! imi a*n%i mai ibbbi ibbbi ■■■■■ II*bi ■■aaBaaaat ■■■■imbbi Iiim. ■■■■■■■■■ 

uni a■ a■ a iibii -. n• ar iai iBaa' laaaa aaaaf ■•>■■■ ikaai a■■ a* ■■■■■ •■■■■ mmmma laiat iaaia iiibbibiiibibIubbb 

■ ■■•• •■■■■ imiih.U aw i’ll a mm mm . rnmmm mmmmm •(■•xaiBf «.■■•■■■*. ..... ..... ».....■..■*«■■■>■■■■ mmmmm a mmm 
mmmmm aaaaa aaaaa *■•■»aa■!■aaaai■■•■■aaaaaaawa^^^^^ aaanaaaia•■■■■aaaaataaaa.■■■■•«■■■a 

Bbbbi biipi ibbii UBiiHLi ... ibibb iibii Mbbi iBiiaiBiai ■■■■■•■«. 

■ ■■aaaai iiibiiimi naaaTa.ai iMiuaMi aaaai ami ibiii !(■«! !■■■■ Baaal biiibiiii 

■ ■■iaiai IllBllIln Mail iBBfl IIIBIIIMI BBB ■■■■aaa aaaa..aaaa ■.a.aa.aa* mmmmm ammm 

Ipa*aaaaiaaa.aaaaaiaa.aaI bbbi mmmmmmmmmmmmmmm aaaaa»* 1 --- -- 

■ a .MB wn.aa a .aaL aa.aa «')»«« a mu ..... »...a b...b .. 

-a kBIMiB.aa iIIbbi »C\1 iiiBiiaa*i nan a.afab aaaai aaiaa ■■■■■aaaaa aaa.a aaaa. 

■ •■■■■aaaa aaaaa aaaaa aaaai aaaaa aaaaa ala ■••■■■■■■■ ■■■■■■■ 

mmmma mmmma mmmma mmmmt mmmma mmmma mmmma mmmmm ■■■#•■■■■■ >■ 

■ ■■•■■■■■a ■■■■■...■■ aiiaiiiaii ■■■■■■■■■■■■••••■■■" r ' ” 

_______ __ aBa.iiB.aa ■■•aia.aiii a.aaK.sat aaaaiaaaat i.aaMiaia I 

• ■aai aaiaa aaaa* ■*■■■■■■■■■■■■■■■■■» ibbii ■■■>■■ aan miiimibi iaiai ■■■■■ iiaii iaaia iaiai a| 


I I b a.a.B a...a ..... .■■.■ 

f iafif aaaai ibbbi iiiib iiibi ibbii *■•■■ bbbbi saaai im 
BiiBMf |laai iaaia laiaiiaaai iiiii mmmmm mmmmm aaaai imbi ibibb ■ ■■■* iaaa 
a i iiaii *■■■ ■ ■■aai pain mu Mill mu naai ■■■■■ ■«■??■■■■■ 

..ii^Hl ■■■.!■ 

..a a■ \ ...... 

laiiiBiiiiiaviiU iiiaii 
fliaildaMlMiiBaai i 


■ ■■•■aaaa* ibpbHbbbi it 

ihBiiBaaaaiaaaB a 


iara«aiaaa aaa* 


, i aaaaa a laaa.X^K . 

IIMBIIIIBIIIUJ > 
ij iiiii a immm ■ WWW . ■ 


» 

(i) »Pr CWl*I (0, 0), (1, 1), mm (-1,-1) 

fWlltll 

















































(ii) ™ *ftor« ^hr *rtw i 

(iii) - oo < * < 0 « 0 <x< y-*R WTO 

(iv) jr-opr Ttr^r ff^i *tt«rhr tot tot, o* < * < 1 

* TOfl TOS ffa »W 1 < * < « * TO(T *far TO* 

sfsto i 

fc*fcTO 3^5 y = x\ y = x 9 , — C^'Qfro Wt 

CTOTO Ttl I # ^TO5 w to? wtPi TO <w *-»iw ?rftTO* 

*T® TO TO CTOTO frofa GW NBOAM. 

II. y-x n , n ag^p, «F=Tl^I^P I 

^ <wf3 TOc*rmro* '\*\ fwjft ajt*rt® wfcrofo® i 
\x\ & x n *d x-<m wTOnrcn TOTOi om\ to (§ 16-4 cro) i 
wsw, y\x\ *fros *-*& toI 

#f»i-2, 4,'%y-\x\ ^^^frot?ri 

(a)y-kl (b) y = x* (c) y^x* 

•jdn gro ^rf^r to* ftm 

«WR TOl i 
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& 5 -TOJfro flTOfro 


m 

TO* Wcro m §to i tot? -os tfwi « c^FtfS-rore §to 
l toc 5 ? *i «r%i to i toi 3§c*f c*mfi\ •fteri 

CTO ( f53J 2 ) | 

^TO* ftar c^'fafl TO c*r, n - 2,4,--«^5 m y, 

-1 <x<l ORT TOfJ * > 1 i£m # <-l 

to tot im TO 3q^$ ^1 ^rT§r i TOft ’sro-nwtft TOTO to 
to cro*r -1 < x < l <rotfc nan: fro ^tfin TO*r i 

^ ’sro-^TO* tot (y«# aw , m ^ to ) wffa to 

^r N B O AM. 

fin ^5 croafro fiwfifro tow nropTlnft cTOfl TO i 

(i) TO CTO®fi$ TOTO (0, 0), (1,1) TO< (“ *» 0 for! TO I 

f 

(ii) TO CTOsfil^ TOTO 4TO « fi^ft TOrff TOfTOTO I 

• (iii) TO CTO®fil$ C^tfe-TOft ^ TO*$ TOTO «Tf^TO I 
(iv) 0< x < <*> t 0> x > - 09 iff W®y-TOTOWTOrt^fii 

TO I 

22*2. ^^TO TO^re $!)& TOtwfft CTO TOC® *TOW1 

TO1 I 

(o) ( b ) 3f = log,4? 

TO-^rfroi ftifofo® ^tfrot .^f5 toi ^ i 

(«) 


* 

1 

1*5 

2 

2 * 5 . 

3 

3*5 

2*72 

4 ' 48 ’ 

n 

12-1 

201 

331 







dU 


(b) 


x I -►O ’1 

l 

•2 

*4 

*6 

*8 1 

1*2 

y | -*--oo - 2*30 

- 1*61 

-*92 

-*’.l 

-22 0 

18 

1*4 

1*6 1-8 

2 

3 



■34 

45 *59 

•69 

110 




QfffeT1. ( 0 ) ^tf%^tf5 y = f r , 9Ff-^tf*PFT*l 3 ?F? 

0* ^ 31 C?^| $||W W y = e x O$ lo? 10 y^.r log lo r 

f*T%1 I x-\tR ftfeji ’ffa'M 

•n-^tPl'^l ^CS 5 ( log, 0 r - *4343 ) ^1 I <*)£ 

^*ffnr y-a* CW ^1 W 3^11 

a^ST 2. (&) ssffsretfB y = log*#, *p5*K «rfas Tl 



Ifc* 8 




















































4*8 

3fw 31 *tTeHl 3fa ^3 y = log 10 tf x log fl 10 1%%1 *fe® 
C*K?f log e 10 = 2*3026, x-m 3t3 33t$Tl 31^*1 *Wffa(3 

'^tfWl log* # Tffer 3*91 31^3 I j -log* x (a > 0) 

CW 3t% Wl 383 I 

(a) ^<T3 ^ ^3$ 33T3 *05 'Q S§*f3 

«iwft w 5 ? *1 *fal y = C33f& *lt6¥l C33 I 

^<tOT f&3 *'$r® C3t3l 3t3 C3, 

(i) (0, 1) 1 

(ii) *-43 '<W f%*tT®T 3TC33 ^ y-43 3t3 'S 33T3FF f^T 









cm 


«it 

(iii) #-v£ft ftTO *TfOT M9F y-Vi TO TOt* 3$C«. 
SftiT 5 ^OT vm? m ^i, C^r^rfB ^TOC3» 

"^rf TOft *!i i <*pftoTO mfe* *1*1 <wl ^ i 

(fc) s§fcftm « C^tfS-^C’JpT fe*|« ^ TOOT« 

•05 TO*rl y=iog P r c®wft *itvrl i 
fas cron TO ct, wfB 

(i) (i, i 

(ii) 0 < x < 1 dRT WS y-4* TO vrm *-44 TO 

’JRM Tt> ?$w y-M TO w HTO4 « f<i 4 'l-T i$uz 

ftTOv ^£4 I tfrtfCT ctfft-w c^rfu t «l>ilW 53*4 l 

(iii) 1 < r < oo-^ v- T W \ TO sMK* * r-*4 TO-TOtf 

TO'Sy-iK TO I 

Evampl^s XXii 

Draw the following graphs of (mar the onpiiO . 

1. (i) y = 4*«. (ii) y = 5A*. 

(iii) y 9 = 2x. (iv) y 4 -3i*. 

2. (i) y*4.r B * a*. (ii) v -1 f 2 1 f.U°. 

(iii) 3 r«jr' + ^ 4 . (i\) y -2 + 3t * - 5 t 15 . 

3. (i) y-10*. (n) y-2\ 

(iii) >=.r. (iv) 5 vl1 -10 a. 

4. (i) y»log 10 *. (ii) y-l og 7 *. 

(iii) tf^-log^y. (iv) .r —log a y. 

5. Solve graphically 

(i) y=*x B t y=*x*. (ii) y-* B ,y--(*-!)■. 

(iii) y«10*, y = e T . (iv) y -log lo .r, y-log t *. 

6. Read from the graph 

(o) whei c y ■ 10* cuts y-axis. 

( b ) where y~log 10 r cuts A-axi 

ANSWERS 

5. (i) (0,0), (1,1). (ii) (*,*). (ui) (0,1) * (iv) (1,0). 
(.) (0,1). (ii) (1,0). 





(A) UNIVERSITY QUESTIONS 
1960 


1. (a) If .r= find the value of 

( b ) Simplify: j\>4 x 1 VifT 1 ]^ 

(c) Find the square root of 28- 6 */3. 


x*+xy+y* 

x*-xy+y*' 


2. Slove the equations : 

(a) 2* a +3*y+y 9 *=15 1 ( b ) 3.r+4y*»5.ry ’ 

5.r+2y**12 J 2y+3z*=2ys - 

5s+2x=6sx j 


3. (a) A class consists of a number of boys whose ages are in 
Arithmetical .Progression, the common difference being 3 months. If the 
youngest boy is just seven years old sftid the sum of the ages of the boys is 
153 years, find the number of boys in the class. 

( b ) If S lt S a , S a denote respectively the sum of the first n terms, 
first 2» terms and first 3» terms of a series in Geometrical Progression, 
prove that S a (S a -S 3 )«= (S a -.S\) 


4. (a) Find the cube roots of unity. If w be an imaginary cube root of 
unity, prove l+w+« 9 =*0. 

(b) The area of a circle varies as the square of its radius. If the 
area is 38} sq. ft. when the radius is 3 f t. 6 in., find the area when the radius 
is 4 ft. 8 in. 

x*+x+2 

5. (a) If x be real, prove that the value of the expression ^y^ ~ 2x+ 4 


must lie between } and *. 

(b) If a, |S are the roots of the equation * 3 -px+q^Q, form the 


■equation whose roots are a+4 and fl+~* 

p ft 


6, (a) Find the'value of the term independent of x, in the expansion of 

(r4>“ 


(b) Apply the Binomial Theorem to find the value of ('999)* to 
6 places of decimals. - 

7. (a) Simplify : 


* log*© njp+logio 3^+3 lo ?io -j +log»o g* ! 

(6) if *, y, s are n?' Geometrical Progression, orove that log««#i 

J ♦!':£ t>___.!_ 



UNIVERSITY QUESTIONS 


8. (a) Find the number of permutations of n different things taken 
r at a time, where r is less than or equal to w. 

( b ) How many numbers lying between 3000 and 4000 can be formed 
with the digits 1,2, 3, 4, 5 and 6 ? 

1961 

1. (a) Simplify : 

_3+ s/6 _ 

5 n/3-2 n/12- J32+ n/50* 

(6) Simplify : 



( c ) Find the square root of 33-4 n/35. 

2. (a) Solve the equations : x+y=3, 2x*-5xy+2y*=Q. 

( b ) The length of a pendulum varies inversely as the square of the 
number of beats it makes per minute. If a pendulum 16 ft. long makes 
27 beats per minute, find the length of the pendulum that makes 24 beats 
per minute. 

8. (a) A person lends Rs. 10'JU to a tricnd agreeing to etiarge no interest 
and also to recover the amount by monthly instalments decreasing 
successively by Rs. 2. In how many months will the loan be paid up, if 
the first instalment be Rs. 64 and its payment be made one month after the 
sum is lent ? 

(6) If l,*w, w a are the three cube roots of unity, prove that 

(1 + to — w a ) a <*(l — w + « a )*“— 8. , 

4. (a) If p, q are the roots of the equation 2jr a -5^+2=*0, find the 
equation whose roots are p+mq and q+mp. 

( b ) Find the maximum and minimum values of 

u 9 — ^ J 

*“+*+! * or rea * va * ues °* x " 

5. (a) Expand : 

(6) Write down the coefficient of x i0 in (x—2y ) ia . 

6. (o) Given, log 2='30103 and log 3"‘4771213, find the logarithm 
of -015. 

(b) Prove that 7 log^-2 log ff+3 log 94—log 2*>0.' 

7. (a) Find the number of combinations of n .dissimilar tilings taken 

r at a time. ... 

( b ) How many numbers each lying between 10 and 100 can be formed, 
with the digits 3,4, 0,5,6, 



*<ttr 


arfsofa? 

1962 


iJ3 

1. Given jt« find the value of 

JY+x — dl—r' 

^Jl + x+ *J\—x 

(b) Find the square loot of 17-12 J2. 

(c) Simplify : 

(8^»^27a- a )^x (64.v*+27a“ s )“^. 

2. (a) Solve the equations : 

3x -5y=2 1 
xy=&! 

(b ) Given tliat the area of a circle varies as the square of its radius 
and that the area of a circle is 154 sq. feet, when the radius is 7 ft., find the 
area of a circle whose radius is 10 ft. 6 in. 

3. (a) If S lt S if S t be the sums of n terms of three Arithmqjic series, 
the first term each being 1 and the respective common differences 1, 2, 3, 
prove that S 1 +S , ,*=25 , 9 . 

(b) If 1, w, w 9 are the three cube roots of unity, prove that 
(jr+y) a + Cr»+yw a ) fl + (.r« a +y«) a *=6 xy. 

4. (a) If a, j8 be the roots of the equation ax a +x+b**0, show that 

( 1+ !)( 1+ ^)“o6‘ 

(b) If x is real, prove that 
sr a +34 jr —7 1 
'x*+2x^7 

can have no value between 5 and 9. 

5. (a) Find the value of the term independent of x in ^2x* - ~ 

(b) Expand (l+2.r)~* to five terms, 

6. (a) Given log 2»’30103 and log 3-'4771213, find the logarithms of 
<i) 5 t V and (ii) *1875. 

(b) Find the value of 

• 7 lo$ 4#+6 log|+5 log |*»-log 

7. (a) Find the number of permutations of n dissimilar things taken 
r at a time where r is less than or. equal to ». 

(b) How inany permutations can be made out of the letters of the 

TRI^ ' TT___ .f i.1__ _lit I_!__,*.L *T* 1_i —_I 

with E 





UNIVERSITY QUESTIONS 


CO 


1968 


I. (<*) Simplify : 


(&) If a*=m, a v -n and a a » ( m y n *) a , prove tliat .aryxr- 1. 
(c) Find the square root of 


2. (a) Solve die equations : 


-r+ 


4 

y 



1 . 

25. 


(fe) The volume of a pyramid varies jointly as its height and the 
area of its base, and when the area of the base is 60 square feet and the 
height 14 feet, the volume is 280 cubic feet. What is the area of the base 
of a pyramid whose volume is 390 cubic feet and whose height is 26 feet? 

3. (o) If a, b, c, d be in G. P., show that 

(&-c)*+ (c-o) 9 + (d-6) a - (a-d) a . 

(6) If 1, w, w* be the three cube roots of unity, prove that 

(i) l+w+« a =-0; 

(ii) (3+3«-fc5« a ) e - (3+5«+3« a ) *64. 

4. (a) If the roots of the equation lx 2 +nx+n=0 be in the ratio p : q, 
prove that 

(b) Find die maximum and the minimum values of 
for real values of x. 


5. (a) Find the coefficient of x >% 


in the expansion of (x* - 


(b) Find the two middle terms in expansion of (a+x) 9 " +1 . 


6. (a) Write the series for e K , hence expand e*+J* in a series of ascen¬ 
ding powers of x. 

(h) Given log2=’30103 and log 3-*4771213, find (i) log 75 and 
(ii) log 4500. 

7. (a) Find the number of combinations of n dissimilar things taken 
r at a time. 

(b) From a company of 15 men, how many selections of 9 men can 
be made, so as to (i) exclude three particular men, 

(ii) to include three particular meft? 





Ssfr-’rriafaf 


I + J 

x y 


1904 

< / \ e* .i*r 3 >J2 4 s/3 , s/6 

1. (a) Simplify : ^ 3+ -^- ^ 6+ n/ 2 + V3+ n/2’ 

.1 i i 

(&) If jr fl =y ^ **s c and xys^l, prove that a+6+c*=>0. 

(c) Find the square root of 8+2<s/2-2/s/5--2<s/l0. 

2. (a) Solve the equations : 

2.v-3y *=4 

7 

8 10’ 

(b) Given that the illumination from a source of light varies inversely 
as the square of the distance ; how much farther from a candle must a book 
which is now 8 inches off, be removed so as to receive just half as much 
light? 

3. (a) A man arranges to pay off a debt of £3600 by 40 annual instal¬ 
ments which form an arithmetical series. When 30 of these instalments 
have been paid, he dies leaving a third of his debt unpaid; find the value 
of the first instalment. 

(Vi T f hi is an imaginary cube root of unity, prove that 
(1—ft- J ) (l-w 4 )(l-w B ) (1—« 10 ) =9. 

4. (a) If a and ft are the roots of the equation ox 3 -bx+c**0 t form the 

0 a A® 

equation whose roots are a+ ~ and £+—• 

\b) If the roots of the equation ax*+2bx+c=() be a, 0 and those 
of the equation Ax 3 +2Bx+C^0 be n+ni and /3+»t, show that 
b* -ac t a\* 

B*=2C m XAl * 

5. (a) Find the (r+l)th term in the expansion of O -v) -4 , 

(b) Write down the coefficient of x 19 in th* mrpaiisiji: of 

(2*-3* 9 > i0 . 

6. (a) Find the total number of permuca r ions ot » dissimilar things 
taken r at a time (r < n) in wtii^h a p •'tuvlar thhig aiv'ays occurs. 

’ (6) How many numbers o’ fen lir.r*r greate than 5000 can be 
formed out of the digits*3,4,5, 6 and 7, if no digit is repeated? 

7. (a) Given log 10 165«2’2175 and tog, 0 6974«3*8435, find the value of 

v-ooooBiss; 

lb) Write ; down the exponential scries, for e m ; hence obtain a series 
tore+~' 










